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1. Introduction 

 
The well-known Riemann-Lebesgue Lemma (see for instance [6, pp.22, 

Problem 1.4.11(a) and (b)] or [9, Problem9.48]) states that if Rbaf →],[:  is 
a Riemann integrable function on [a, b] then 

 

∫∞→

b

an
nxdxxf sin)(lim  = ∫∞→

b

an
nxdxxf cos)(lim  = 0            (1.1) 

 
That implies a classical result in Fourier analysis, i.e. if RRf →:  is a 

π2 -periodic with Fourier coefficients an, bn, then under suitable conditions 
)()( xfxSn → , where  

 

)(xSn  = 02
1 a  + ∑

=

+
n

k
kk kxbkxa

1
)sincos( . 

 
The following result is  well-known and represents a nice generalization of the 
previous one. It is also called the Riemann-Lebesque Lemma: Let f: [a,b]→R 
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be a continuous function, where 0 ≤  a < b. Suppose the function g:[0,∞ ) →  R 
to be continuous and T-periodic. Then 
 

           
∞→n

lim ∫∫∫ =
b

a

Tb

a
dxxfdxxg

T
dxnxgxf )()(1)()(

0
 (1.2) 

 
(see [5] for the special case a = 0, b = T). 

There are other extensions and generalization of the important result 
contained in (1.1). We mention here Knyazyuk A.V.[8] which gives necessary 
and sufficient conditions for the existence of the limit. 

 

 
∞→λ

lim ∫
b

a
gxh λ(,( dxx)  (1.3) 

 
for a given function g : [0,∞ ) →  R and all continuous functions h : [a,b] ×  
g([0,∞ )) →  R. The following multidimensional generalization of Riemann-
Lebesgue  Lemma is given in the recent paper Canada, A., Urena, A.J. [2, 
Lemma 3.1] and it is used to study the asymptotic behavior of the solvability 
set for pendulum-type equations with linear damping and homogeneous 
Dirichlet conditions: Let g : R →R be a continuous and T-periodic function 
with zero mean value and let 1u be given functions satisfying the following 
property  are real numbers sucs that 

 

00)(':],0[
1

>








=∈ ∑
=

N

i
ii xuxmeas ρπ  

 
then 0...1 === Nρρ . Let ],0[1 πCB ⊂ be such that the set { }Bbb ∈:'  is 

uniformly bounded in ],0[ πC . Then for any given function ],0[1 πLr ∈ we have 
u 
 

 0)()()(lim
0

1||||
=








+∫ ∑

=∞→

π

ρ
ρ dxxrxbxug

N

i
ii  (1.4) 

 
uniformly with respect to b∈  B. Other multidimensional version of Riemann-
Lebesgue Lemma is mention in Canada, A.,Ruiz,D.[3, Lemma 2.1] and it is 
applied to the study of periodic perturbations of a class of resonant problems. 
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Some other extensions and generalizations of Riemann-Lebesgue Lemma were 
obtained by Bleistein, N., Handelsman, R. A., Lew, J. S. [1], Kantor, P. A. [7] 
and Stadije, W. [10]. 
 In this paper we extend the relation (1.2). Our main result is contained 
in Theorem 2.1 and it shows that a similar relation as (1.2) holds for all 
continuous and bounded function g : [0,∞ ) →  R of finite Cesaro mean. Some 
applications are also given. 
 
 
2. The main results 
 

Let us begin whit some auxiliary results which will help us to derive our 
main result. 

 
Lemma 2.1.   Let ω  : [0,∞ )→  R be a continuous function such that 

∞→x
lim

x
x)(ω  = 0. If 1)( ≥nnc  is a sequence of non-negative real numbers such that 

1≥









n

n

n
c

 is bounded,  then 
n
cn

n

)(
lim

ω
∞→

 = 0. 

Proof.  We consider the following cases. 
Case 1. There exists nn

c
∞→

lim  and it is +∞ . In that case we have 

 

 
n
cn )(ω

=
n

nn

n

n

c
c

M
n
c

c
c )()( ωω

≤⋅ , (2.1) 

 

where M = sup 






 ≥ 1: n

n
cn . Since 

∞→x
lim

x
x)(ω  = 0, from (2.1) it follows 

0
)(

lim =
∞→ n

cn
n

ω
 hence the desired conclusion. 

 Case 2. The sequence 1)( ≥nnc  is bounded. Consider A > 0 such that 
Acn ≤  for all positive integers n 1≥ , and define K= )(sup

],0[
x

Ax
ω

∈
. It is clear that 

n
K

n
cn ≤

)(ω  for all n 1≥ , i.e. 
n
cn

n

)(
lim

ω
∞→

 =0. 
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 Case 3. The sequence ( ) 1≥nnc  is unbounded and  nn
c

∞→
lim  does not exist. 

For 0>ε  there exists 0>δ  such that 
Mx

x εω
<

)(  for any x >δ , where 

 

M = sup






 ≥1: n

n
cn

. Consider  the sets  

      δA  = {n∈N*: cn≤ δ } and  δB  = {n∈N* : cn >δ } 
       

If one of these  sets is finite, then we immediately derive the desired 

result. Assume that δA  and δB  are both infinite. Since 
n
cn

An

)(
lim

ω
δ∈

 = 0, it 

follows that there exists )(1 εN  with the property ε
ω

<
n
cn )(

 for all n∈ δA  

with n )(1 εN≥ . For n∈ δB , we have  
  

n
cn )(ω

= εεω
=<⋅ M

Mn
c

c
c n

n

n )(
, (2.2) 

 

  i.e 
n
cn )(ω

 < ε  for  any n )(1 εN≥ . Finally
n
cn

n

)(
lim

ω
∞→

 =0. 

 
Lemma 2.2 Let f :R→R be a continuous non-constant periodic function. 

If F is an antiderivative of f, then  
    

 F(x) = )()(1 xgxdttf
T

T

o
+






 ∫ ,                                                     (2.2) 

 
where T > 0 is the period of f and g : R →  R is a T-periodic function.  

 
Proof. Using the relation f(t + T) = f(t) for any  t∈R it follows  F(x + t) -

F(x) = ∫
T

o
dttf )(  for all x∈R. Considering  the function h(x) = xdttf

T
T

o






 ∫ )(1 , 
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we have h(x + T) – h(x) = ∫
T

o
dttf )( , i.e. F(x + T) - h(x + T)=F(x) - h(x). That is 

the function defined by g(x) = F(x) - h(x), x∈R, is periodic of period T. 
Moreover the formula (2.2) holds. 

 
Lemma 2.3 Consider 0≤  a < b to be real numbers and let f:[a,b]→R be 

a function of class C1. Let g : [0,∞ ) →R be a continuous function such  that 

∫ =
∞→

x

x
Ldttg

x 0
)(1lim  (finite). Then the following relation holds: 

 

 ∫∫ =
∞→

b

a

b

an
dxxfLdxnxgxf )()()(lim  (2.3) 

 

Proof. If G(x)= ∫
x

dttg
0

)( , then define the function LxxGx −= )()(ω , 

0≥x . It is clear that ω  is differentiable and it satisfies 0)(lim =
∞→ x

x
x

ω . 

We have  
 

∫ =
a

b n
dxnxgxf 1)()( ∫−−

b

a

dxnxGxf
n

naGafbfnbG )()('1))()()()(( = 

= ∫ +−−
b

a

dxnxLnxxf
n

naGafbfnbG
n

))()(('1))()()((((1 ω = 

= ∫ ∫ =−−−
b

a

a

b

dxxfnx
n

xdxxfLnaGafbfnbG
n

)(')(1)('))()()()((1 ω  

 +−−− ))()(())()()()((1 aafbbfLnaGafbfnbG
n

 

 + dxxfnx
n

dxxfL
b

a

b

a

)(')(1)( ∫∫ − ω  

  
Let us show that  
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 0)(')(1lim =∫∞→
dxxfnx

n
b

an
ω  (2.4)

    
Indeed, from the relations  
    

 dxxfnx
n

b

a
)(')(1

∫ ω ≤ dxxfnx
n

b

a
|)('||)(|1

∫ ω = 

 = ∫
b

a

n dxxf
n
c

,|)('|
|)(|ω  

where   ,nbcna n <<  by applying Lemma 2.1 it follows 0
)(

lim =
∞→ n

cn

n

ω
, i.e. 

the equality (2.4) holds. 
  
Moreover we have 
 







 −=−

∞→∞→
)()()()(lim))()()()((1lim af

na
naGabf

nb
nbGbafnaGbfnbG

n nn
 = 

 
  ))()(( aafbbfL −=  
 
Using (2.4) and (2.5) the relation (2.3) follows. 
 
Theorem 2.1 Let 0 ≤  a < b, be real numbers and let f : [a,b] →R be a 

continuous function. Consider the function g : [0,∞) →R to be  continuous and 

bounded such that ∫ =
∞→

x

x
Ldttg

x 0
)(1lim  (finite). Then 

 

 ∫∞→

b

an
lim dxxfLdxnxgxf

b

a
)()()( ∫=                      (2.6) 

  
 Proof. Without loss of generality we can assume that 0 ≤  g(x) ≤  1for 

any x ∈  [0,∞). Applying the well-known Weierstrass approximation Theorem, 
it follows that there exists a sequence 1)( ≥mmf  of polynomials, mf :[a,b]→R, 
which converges uniformly to f . Consider ε  > 0 and define 'ε  = 
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)2)(( +− Lab
ε . Then we can find a positive integer M(ε ) such that 

ε<− |)()(| xfxfm ’ for any m  ≥  M ( )ε  and for all ],[ bax∈ . If ≥m I )(ε , then 
we have 

dxnxxgfdxnxgxf
b

am

b

a
)(()()( ∫∫ −  ≤  )()( xfxf m

b

a
−∫ )()( ' abdxnxg −≤ ε , 

for all positive n . Therefore, for m ≥M ( )ε  and ∈n N *  
 

 ≤≤−− ∫∫ dxnxgxfabdxnxgxf
b

am
b

a
)()()()()( 'ε  

  dxnxgxfab m
b

a
)()()(' ∫+−≤ ε  (2.7) 

from Lemma 2.3. it follows 
 

 
∞→n

lim .)()()( dxxfLdxnxgxf m

b

am

b

a ∫∫ =  

 
Hence, for ε  > 0 one can find a positive integer N ( )m,ε  such that for all 

≥n N ( )m,ε  we have  
  

 ).()()()()()( '' abdxxfLdxnxgxfabxfL m
b

am
b

am
b

a
−+<<−− ∫∫∫ εε  

 
Using the last inequalities and (2.7) we get  
 

 <<−− ∫∫ dxnxgxfabdxxfL
b

am

b

a
)()()(2)( 'ε  

  ).(2)( ' abdxxfL
b

a
m −+< ∫ ε               (2.8) 

 
But for all m≥M(ε ) we have )(xf -ε '  < )(xfm  < )(xf +ε '  for any 

x∈[a,b]. Thus 
          

)()()()()( '' abLdxxfLdxxfabLdxxfL
b

a

b

a
m

b

a

−+<<−− ∫∫∫ εε  (2.9) 
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From (2.8) and (2.9) it follows 
 

'' )2)(()()()()2)(()( εε +−+<<+−− ∫∫∫ LabdxxfLdxnxgxfLabdxxfL
b

a

b

a

b

a

 

 
for  all positive integers n≥N( ,ε m), i.e. 

 

 εε =+−<− ∫∫ ')2)(()()()( LabdxxfLdxnxgxf
b

a

b

a

 

 
and the desired conclusion is obtained. 

 
Corollary 2.1 Let 0 a≤ < b be real numbers and let f : [a,b] → R be a 

continuous function. Consider the function g : [0, )∞  →  R to be continuous 
such that Lxg

x
=

∞→
)(lim  (finite). Then 

 

 
∞→x

lim ∫∫ =
b

a

b

a

dxxfLdxnxgxf .)()()(  

 
Proof. Because g is continuous and )(lim xg

x ∞→
= L we obtain that g is 

bounded. Moreover, applying L’Hospital rule it follows 
 

 
∞→x

lim ∫
x

dttg
0

)(  = 
∞→x

lim g(x) = L 

 
and the conclusion follows from Theorem 2.1.  

 
Corollary 2.2  (Riemann-Lebesgue Lemma) Let f : [0,b] →  R be a 

continuous function, where  0 ≤  a ≤  b. Consider the function g : [0,∞ ) →  R 
to be a continuous and periodic of period T. Then 
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∫∫∫ =

∞→

b

a

Tb

an
dxxfdxxg

T
dxnxgxf )()(1)()(lim

0 .   (2.10) 
 

Proof. Using Lemma 2.2 it follows that the function  G(x) = 







 ∫

x
dttg

T 0
)(1  has the representation 

 G(x) = 





 ∫

T
dttg

T 0
)(1 x + h(x),    x∈[0,∞ ) 

 
where h is continuous and periodic. We have 

 

 
x
xG )(  = ∫

T
dttg

T 0
)(1  + 

x
xh )( , 

 

hence 
∞→x

lim
x
1
∫

x
dttg

0
)(  = ∫

T
dttg

T 0
)(1 , and the relation (2.10) follows from 

Theorem  2.1.  
 
Remark. If g : [0,∞ ) →  R is  continuous and almost-periodic, then its 

Cesaro mean 
∞→x

lim
x
1
∫

x
dttg

0
)(  exists and it is finite (see for instance our paper 

[1] or any book on almost-periodic functions). Therefore the class of 
continuous functions g in Theorem 2.1 is more general than the class of 
functions g in Corollary 2.2. 
 
 
3. Some applications 

 
First of all we derive a result concerning the asymptotic behavior in 

(2.10) when a = 0, b = T and f 1C∈ [0,T]. 
     Theorem 3.1. Let g : [0,∞ ) →  R be continuous and T-periodic and 

let 1C  [0,T]. Then 

 ∫∫∫ =
∞→

b

a

Tb

an
dxxfdxxg

T
dxnxgxf )()(1)()(lim

0  
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  







−−= ∫

T

dxxGtGfTf
T 0

)()())0()((1  (3.1) 

where ∫=
x

dttgxG
0

.)()(  

 

Proof.  Denote by ∫=
T

g dttg
T

M
0

,)(1  the Cesaro’s mean of g on the 

interval [0,T]. According to Lemma 2.2 we have )()( hhxMxG g +⋅= , 
),0[ ∞∈x , where h is continuous and T-periodic. 

We can write 
 

∫∫

∫∫

∫∫

∫

∫ ∫∫

′−=

=′−+−

−=′−′−

−+=′−=

=′−=′=

TT

g

TT

gg

g

TT

g

T

g

T TT
T

dxnxhxfdxxfnM

dxnxhxfdxxfnMTTfnM

TTfnMdxnxhxfdxxfxnM

nThnTMTfdxnxGxfnTGTf

dxnxGxfnxGxfdxnxGxfdxnxgxfn

00

00

00

0

0 00
0

.)()()(

)()()()(

)()()()(

))()(()()()()(

)()()()()()()()(

 

 
That is equivalent to 
 

∫∫ ∫ ∫ ′−=







−

TT T T

dxnxhxfdxxfdxxg
T

dxnxgxfn
00 0 0

.)()()()(1)()(  (3.2) 

 
From Corollary 2.2 it follows that 
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







−−=

=′−=

=′=′

∫

∫ ∫

∫ ∫∫∞→

T

T T

T TT

n

TGdxxGfTf
T

dxxfdxxhfTf
T

dxxfdxxh
T

dxnxhxf

0

0 0

0 00

)()())0()((1

)()())0()((1

)()(1)()(lim

 

 
and the desired formula is obtained from (3.2). 
 

Remark. In the similar way we get the following result when a = kT, b 
= (k+1)T, where k  is a fixed positive integer: 

 

 
∞→n

lim ∫ ∫∫
++

−




 T Tk

kT

Tk

kT
dxxfdxxg

T
dxnxgxf

0

)1()1(
)()(1)()(  =  

 = ))())1(((1 xTfTkf
T

−+ 




 − ∫

+
dxxGTG

Tk

kT

)1(
)()( . (3.3) 

 
The asymptotic behavior of the Fourier coefficients is given in  the 

following result. 
 
Corolary 3.2. Let f : [0,∞ ) →  R be a function of class C 1 . Then  
 

 
∞→n

lim n ∫
+ π

π

)1(2

2
sin)(

k

k
nxdxxf  = f( πk2 ) - f(2(k+1)π ) (3.4) 

 
 

 
∞→n

lim n 0cos)(
)1(2

2
=∫

+
nxdxxf

k

k

π

π
. (3.5) 

 
Proof. In formula (3.3) take g(x) = xsin , respectively g(x) = xcos  and 

obtain the desired results. 
 
In what follows we shall present some concrete applications. 
Application 1. 1) Let f : [0,∞ ) →  R be a continuous and periodic 

function of period 1. Then 
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∞→n

lim ∫ =
1

0
)()( dxnxfxf

2
1

0
)( 







∫ dxxf . (3.6) 

 
2) If f is of class C1  on [0,∞ ) then 
 

 
∞→n

lim n 












− ∫∫

21

0

1

0
)()()( dxxfdxnxfxf  = 0. (3.7) 

 
Indeed, from Corollary 2.2 we have 
 

 
∞→n

lim ∫ =
1

0
)()( dxnxfxf

1
1

∫ ∫∫ 




=

1

0

21

0

1

0
)()()( dxxfdxxfdxxf , 

 
that is (3.6). In order to obtain (3.7) we apply Theorem 3.1 and the relation 

).1()0( ff =  
Application 2. The following relation holds: 
  

 =∫∞→

π

π

2 sin
lim dx

x
nx

n
.2ln2

π
                               (3.8) 

 

Let us apply Corollary 2.2 to functions →]2,[: ππf R,    
x

xf 1)( =  and 

→∞],0[:g R,   g(x) = xsin . Taking into account that g is periodic of period 
π , it follows 

 

 .2ln21sin1sin
lim

2

0

2

π
π

π

ππ

π
== ∫∫∫∞→

dx
x

dxx
x

dx
x

x
n

 

 
Application 3.  The following relation holds 
  

 =∫∞→
dx

x
nxn

n

π

π

4

2 2

sinlim 216
3
π

.                                   (3.9) 
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In formula (3.3) take ,sin)( xxg =     ,1)( 2x
xf =   T = 2π  and k = 1. We 

have 1cos)( +−= xxG  and ∫ =
π

π
π

4

2
2)( dxxG . Then 

 

 .
16

3)2(
4

1
16

1
2
1sinlim 222

4

2 2 π
π

πππ
π

π
=−






 −=∫∞→

dx
x

nxn
n

 

 
For a fixed positive integer k we have 
 

 22

)1(2

2 2 )1((4
12sinlim
π

π

π +
+

=∫
+

∞→ kk
k

x
nxn

k

kn
                         (3.10) 

 
(see also formula (3.4) in Corollary 3.2). 

 
Application 4. ([9, Problem 9.2]) The following relation holds: 
 

 2
cos1
sinlim

0 2 =
+∫∞→

dx
nx

x
n

π
.                           (3.11) 

 
We apply Corollary 2.2 to functions →]2,[: ππf R,  xxf sin)( =  and 

→∞],0[:g R, 
x

xg 2cos1
1)(

+
= . The function g g is periodic of period π , 

hence 
 

 =
+

=
+ ∫∫∫∞→

dxxdx
x

dx
nx

x
n

πππ

π 00 20 2 sin
cos1
11

cos1
sinlim  

 = ∫∫∫
∞

+
=

+
=

+ 0 2
2

0 20 2 1
4

cos1
4

cos1
2

u
du

x
dx

x
dx

πππ

ππ
 

 = 2
22

4
0 =
∞uarctg

π
. 
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