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Abstract. We show that a similar relation as (1.2) holds for all continuous and bounded
functions g :[0,00) — R of finite Cesaro mean. A result concerning the asymptotic behavior

in (210) when a=0, b = Tand f e CY[0,T] is given in Theorem 3.1. Some concrete

applications and examples are presented in the last section of the paper.
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1. Introduction

The well-known Riemann-Lebesgue Lemma (see for instance [6, pp.22,
Problem 1.4.11(a) and (b)] or [9, Problem9.48]) states that if f :[a,b] > R is
a Riemann integrable function on [a, b] then

lim [*f (x)sinnxdx = lim [ (x) cosnxdx = 0 (1.1)
n—oovYa n—oovYa

That implies a classical result in Fourier analysis, i.e.if f:R—> R isa

27 -periodic with Fourier coefficients an, b,, then under suitable conditions
S, (x) > f(Xx), where

S, (x) = %ao + " (ay coskx+by, sinkx) .
k=1

The following result is well-known and represents a nice generalization of the
previous one. It is aso called the Riemann-Lebesque Lemma: Let f: [a,b] > R
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be a continuous function, where 0 < a < b. Suppose the function g:[0,.0) —» R
to be continuous and T-periodic. Then

lim jbf (x)g(nx)dx:% [ g(x)dxj:f (X)dx (12)

(see[5] for the special casea=0, b =T).

There are other extensions and generaization of the important result
contained in (1.1). We mention here Knyazyuk A.V.[8] which gives necessary
and sufficient conditions for the existence of the limit.

lim j:h(x, g(2 X)dx (13)

for a given function g : [0,.0) — R and all continuous functions h : [a,b] x
9([0,%)) — R. The following multidimensional generaization of Riemann-
Lebesgue Lemma is given in the recent paper Canada, A., Urena, AJ. [2,
Lemma 3.1] and it is used to study the asymptotic behavior of the solvability
set for pendulum-type equations with linear damping and homogeneous
Dirichlet conditions: Let g : R — R be a continuous and T-periodic function
with zero mean value and let u, be given functions satisfying the following

property are real numbers sucs that

VT!%S{XG[OJZ’] : i,oiu'i (xX) = O} >0
i=1

then p; =..= py =0. Let B C'[0,7]be such that the set {0:beB} is

uniformly bounded in C[0, z] . Then for any given function r e L'[0, 7] we have
u

llpll—>e0 40

lim | § g(i .U (X) + b(x)Jr(x)dx =0 (1.4)
i=1

uniformly with respect to be B. Other multidimensional version of Riemann-
Lebesgue Lemma is mention in Canada, A.,RuizD.[3, Lemma 2.1] and it is
applied to the study of periodic perturbations of a class of resonant problems.
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Some other extensions and generalizations of Riemann-Lebesgue Lemma were
obtained by Bleistein, N., Handelsman, R. A, Lew, J. S [1], Kantor, P. A. [7]
and Sadije, W. [10].

In this paper we extend the relation (1.2). Our main result is contained
in Theorem 2.1 and it shows that a similar relation as (1.2) holds for all
continuous and bounded function g : [0,0) — R of finite Cesaro mean. Some
applications are also given.

2. Themain results

Let us begin whit some auxiliary results which will help us to derive our
main result.

Lemma 2.1. Let w :[0,0)— R be a continuous function such that

lim — o) = 0. If (c,) 1 isasequence of non-negative real numbers such that

X—>00 X
(C—”j isbounded, then lim—=2 (”)
N ) n>o N

Proof. We consider the following cases.
Casel. Thereexists limc, anditis+oo. Inthat case we have

N—o0

o(c,)
C

(c,)|_|e(c,) ¢
n | ‘ c, n

< M|l (2.1)

n

X—>00 X

where M = sup {&:nzl} Since lim —= o) _ = 0, from (2.1) it follows
n

lim|—"%| = 0 hence the desired conclusion.

N—o0

n
Case 2. The sequence (c,),s; is bounded. Consider A > 0 such that

< A for dl positiveintegersn> 1, and define K= sup |(X)|. It is clear that

xe[0,A]
C
— fordln=>1,i.e lim——= C)
n n—o N

“"(C )l ¢ =0.

n
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is unbounded and limc, does not exist.

n—o0

Case 3. The sequence (c, )

nx1

w(X)

X

For £ > 0 thereexists 6 > 0 such that <ﬁ for any x >¢ , where

M :sup{c—”:nzl}Consider the sets
n
As ={neN:c,<58} and B; ={neN :c,>J}

If one of these sets is finite, then we immediately derive the desired

o . . G .
result. Assume that A; and By are both infinite. Since |I2# =0, it
Ne
follows that there exists N,(g) with the property ‘@ <¢ for dl ne A;
withn > N, (¢) . For ne B;, we have
|@(co)| _|e(ey) e <EM=¢ (2.2)
n | ‘ c, n| M
. . : C
i.e @ < g for anyn > N,(¢g). FlnallyllmM =0.
noo N

Lemma 2.2 Let f :R— R be a continuous non-constant periodic function.
If Fisan antiderivative of f, then

F(9 = (% K (t)dtjx+ 90, (22)

where T > Oisthe period of f and g: R = RisaT-periodic function.

Proof. Using the relation f(t + T) = f(t) for any teRit follows F(x +t) -

F(x) = jT f (t)dt for al xe R. Considering the function h(x) = (% jT f (t)dtjx,
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we have h(x + T) — h(x) = J'OT f(t)dt,i.e. F(x+T) - h(x+ T)=F(x) - h(x). That is

the function defined by g(x) = F(X) - h(X), xeR, is periodic of period T.
Moreover the formula (2.2) holds.

Lemma 2.3 Consider 0< a < b to be real numbers and let f:[a,b] > R be

afunction of class C. Let g: [0,.0) — R be a continuous function such that

Iimljoxg(t)dt =L (finite). Then the following relation holds:

X—0 X
lim [*f (9 g(mddx = L[ (x)dx (2.3)
n—oova a

Proof. If G(x)= joxg(t)dt, then define the function w(x) = G(x) - Lx,

x> 0. Itisclear that @ isdifferentiable and it satisfies Iim@:O.

X—0 X

We have

a b
jf(x)g(nx)dx:% (G(nb) f (b) — f(a)G(na))—%j f'(X)G(nx)dx =
b a

_1 17, _
—E(G(nb(f(b)— f(a)G(na))—EJ'f (X)(LnX+ @ (nx))dx =

b a

=2 (G(b) f (b) - T (@)G(na) — L ' (x)xek—= [ () ' (x)cx =
n a n b
%(G(nb) f(b)— f (2)G(na)) — L(bf (b) - af (a)) +

b 1b
+ Lj f (x)dx—ﬁja)(nx) f(x)dx

Let us show that
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lim = [* () (k=0 (2.4)
n—o NYa
Indeed, from the relations

‘ijba)(nx)f'(x)dx{ slﬁw(nx) I () | dx=
n a n a

- _|a’(°n)|jb| £1(x) | dx,
n a

o
where na<c, <nb, by applying Lemma 2.1 it follows Iimmz 0, ie

n—oo n

the equality (2.4) holds.

Moreover we have
[im 1(G(nb) f(b)—G(na)f(a)) = Iim(bw f(b)— aM f (a)j =
n—w N n—o nb na

= L(bf (b) — af (a))
Using (2.4) and (2.5) the relation (2.3) follows.

Theorem 2.1 Let 0 < a<b, bereal numbersand let f : [a,o] >R bea
continuous function. Consider the function g : [0,.0) — Rto be continuous and

bounded such that Iimij'xg(t)dt =L (finite). Then
x—o0 X ¥0

lim jb f (X)g(nX)dx = ij f (x)dx (2.6)

Proof. Without loss of generality we can assume that 0 < g(x) < 1for
any X € [0,0). Applying the well-known Welerstrass approximation Theorem,
it follows that there exists a sequence (f),., Of polynomials, f.:[ab] >R,

which converges uniformly to f. Consider ¢ > 0 and define & =
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&
(b-a)(L+2)"
| f,(X)—f(X)|<e’ forany m > M(e) and for adl xe[a,b].If m>I(g), then
we have

Ub (09— [ f(xg(nx)dx{ < [ 11,09 (0] gk < &' (b-a),

for al positive n. Therefore, for m>M(s) and neN’

Then we can find a positive integer M(e) such that

[} fn()a(midx—c'(b-a) < [ f(x)g(ndx <

<&(b-a)+ jb f_(X)g(nX)dx 2.7)
from Lemma 2.3. it follows

lim [ fa(0amdx=L]" f,(adx

Hence, for ¢ > 0 one can find a positive integer N(g,m) such that for all
n>N(g,m) we have

L[ £ —£'(b-a) < [ fu(gmidx< L[ f(x)dx+ & (b-a).
Using the last inequalities and (2.7) we get
L[ £, (9cx—2¢'(b-a) <[ f(x)g(ma)dx <

b
< Lj f(X)dx+ 2 (b—a). (2.8)

But for al m>M(¢) we have f(x)-¢ < f (X) < f(X)+¢ for any
xe[a,b]. Thus

LJlz f (x)dx—Le (b—-a) < T f_(X)dx <LT f(X)dx+Le (b—a) (2.9
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From (2.8) and (2.9) it follows
b b b
Lj f(x)dx—(b—a)(L +2)e <j f (X)g(nx)dx <Lj f(x)dx+ (b—a)(L +2)e’

for al positiveintegersn>N(¢g, m), i.e.

b b
I f(X)g(nx)dX—Lj f (x)dx‘ <(b-a)L+2e =¢

and the desired conclusion is obtained.

Corollary 2.1 Let 0<a< b berea numbersand let f : [a,b] —> Rbea
continuous function. Consider the function g : [0,0) — R to be continuous

suchthat lim g(x) = L (finite). Then
X—>0

b b
lim j f (X)g(nx)dx = Lj f (X)dx.

Proof. Because g is continuous and limg(x)= L we obtain that g is
X—>00

bounded. Moreover, applying L' Hospital ruleit follows
X
lim jg(t)dt = lim g(x) =L
X—>00 X—>©
0

and the conclusion follows from Theorem 2.1.
Corollary 2.2 (Riemann-Lebesgue Lemma) Let f : [Ob] & R be a

continuous function, where 0 < a < b. Consider the function g : [0,0) = R
to be a continuous and periodic of period T. Then
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LLTL f (x)g(nx)dX=?IO g(x)dxja f (X)dx_ (2.10)

Proof. Using Lemma 2.2 it follows that the function G(x) =
(% ong (t)dtj has the representation

G(Y) = (%J'()Tg(t)dth+ h(x), xe[0,)

where h is continuous and periodic. We have

G(x) _ 1 h(x)
T 7l 90d =

hence lim = [“g()ct = % 7 (v, and the refation (2.10) follows from

X—0 X

Theorem 2.1.

Remark. If g: [0,0) = Ris continuous and almost-periodic, then its

Cesaro mean |lim 1 Oxg(t)dt exists and it is finite (see for instance our paper

X—0 X
[1] or any book on amost-periodic functions). Therefore the class of
continuous functions g in Theorem 2.1 is more general than the class of
functions g in Corollary 2.2.

3. Some applications

First of al we derive a result concerning the asymptotic behavior in

(2.10) whena=0,b=Tandf € C*[0,T].
Theorem 3.1. Let g : [0,0) = R be continuous and T-periodic and

let C* [0,T]. Then
. b 1,7 b
LL“QL f (x)g(nx)dx:?fo g(x)olxja f (x)dx
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=%(f(T)— f(O))(G(t)—J'G(x)de (3.1)
where G(X) = Jx'g(t)dt.

.
Proof. Denote by M :%jg(t)dt, the Cesaro’s mean of g on the
0

interval [0,T]. According to Lemma 22 we have G(x)=Mg-x+h(h),

X €[0,) , where h is continuous and T-periodic.
We can write

T T T
n j f (X)g(nx)dx = j f (X)G'(NX)dx = f(x)G(nx)\g - j f/(X)G(nX)dx =
0 0 0
T
= FM)G(NT) - [ F'(G()dx = f (T)(M ¢nT +h(nT)) -
T ° T
—nM gj xf '(X)dx — j f'(x)h(nx)dx =nM ,Tf (T) -
0 OT .
—nM ,Tf (T) + nM gj f (x)dx — j f/(x)h(nx)dx =
. . 0 0
=M [ F(x)ax -] f'()h(nx)ax
0 0
That is equivalent to
nU f (x)g(nx)dx—%]- g(x)dx.T[ f (x)de = —]. f'(x)h(nx)dx. (3.2

From Corollary 2.2 it follows that
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LI_)I‘Q-JE f'(x)h(nx)dx = %'T[ h(x)dx.T[ f'(x)dx =

_ %( F(T)— f (0))i h(x)dx]; F/(x)dx =

= %( F(T)—f (0))@G(X)d><— G(T)J

and the desired formulais obtained from (3.2).
Remark. In the similar way we get the following result when a = KT, b
= (k+1)T, where k isafixed positive integer:
. (k+)T T (k
im ([0 099t [ g0

1 (k+)T
= Z(1(k+)T)~ (1)) (G(T)— e G(x)dxj. (33)

1 +1)

T
f(x)dx =

The asymptotic behavior of the Fourier coefficients is given in the
following result.

Corolary 3.2. Letf: [0,.0) — Rbeafunction of classC'. Then

limn j;k(k””’ f () sinnxdx = f(2kr ) - (2(k+1) 7) (34)
_ 2(k+l) 7
lim nLkﬁ f (x) coxdx = 0. (3.5)

Proof. In formula (3.3) take g(x) = sinx, respectively g(x) = cosx and
obtain the desired results.

In what follows we shall present some concrete applications.
Application 1. 1) Let f : [0,.0) — R be a continuous and periodic
function of period 1. Then
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lim [ 109 f (ndx = ( [ £ (9x j . (36)
2) If fisof classC" on[0,) then
lim n(ﬂ F(x)f (nx)dx—U; i (x)dx)zj -0. 3.7)

Indeed, from Corollary 2.2 we have

lim [ £ (0 f (nX)ax = % {71 (9o f (x)x = U: i (x)dx)z ,

that is (3.6). In order to obtain (3.7) we apply Theorem 3.1 and the relation
f(0)= (D).
Application 2. The following relation holds:
_c2r[sinny 2
lim| ——dx=—In2. (3.8)

n—ow J7 X V4

Let us apply Corollary 2.2 to functions f :[7,2z] > R, f(X)= 1 and
X

g9:[0,] >R, g(X) = [sinX. Taking into account that g is periodic of period
7, it follows

lim 2”Molhlj”|ginx|o|xj2”1c;|x:Elnz.
n—ow Jz X X J0 T X V/

Application 3. The following relation holds

[y 3 (3.9)

limn
2r 2 1672

n—oo
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In formula (3.3) take g(x)=sinx, f(x)_i2 T=27 andk =1 We

have G(x) =—cosx+1 and [ G(x)dx =2z . Then

Insmnx [ 1 J(_Z”): 3
M 2 T 27\167%  4r? 1672

For afixed positive integer k we have

. 2(k+)7 SINNX 2k +1
limn = 3.10
n—o Lkﬂ X A(k(K +1)? 7> (310
(see also formula (3.4) in Corollary 3.2).
Application 4. ([9, Problem 9.2]) The following relation holds:
sm X
2. 311
rHooJ‘O 1+ cos —_— x=+2 (310

We apply Corollary 2.2 to functions f :[z,2z7] > R, f(x)=sinx and

g:[0,0] >R, g(x) = >— - The function g g is periodic of period 7,
1+ cos® x

hence

smx
j = 4dx " sinxdx =
n—>°0 0 1+ cos? nx 0 1+ cos? x

2 ¢x dx 4 = dx 4 o du

== === 2— —

01+cos X 7% 1+cos®x 7% 1+u?

Rl

——arctg
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