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ABSTRACT.In this paper we present a few conditions of univalency for the
operator F, g on the classes of the univalent functions S (p) and T5. These are
actually generalizations(extensions) of certain results published in the paper
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1.INTRODUCTION

Let be the class of analytical functions, A = {f : f =z + a22* + ...} ,z € U,
where U is the unit disk , U = {z : |z| < 1} and denote S the class of univalent
functions in the unit disk.

Let p the real number with the property 0 < p < 2. We define the class
S (p) as the class of the functions f € A, that satisfy the conditions f (z) # 0

and ‘(z/f ’ <p,z €U andif f € S(p) then the following property is true

— 1‘ <plz]*,z € U, relation proved in [3].
We denote Wlth T, the class of the univalent functions that satisfy the
ng (z) _ 1‘ < 1,z € U, and also have the property f”(0) = 0.
These functlons have the form f = z+asz® +asz* +.... For 0 < p < 1 we have
a subclass of functions denoted by 7,5, containing the functions f € T; that
satisfy the property Z;JES) — 1} <pu<lzel.

Next we present a few well known results related to these classes, results
on which shall rely in this paper.

condition
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THE SCHWARTZ LEMMA. Let the analytic function g be reqular in the unit
disc U and g (0) =0. If |g(z)| < 1,Vz € U, then

g (2)] < |2],V2 €U (1)
and equality holds only if g (z) = ez, where |e| = 1.
THEOREM 1.[2]. Let « € C,Rea >0 and f € A. If

1— [z 2" (2)
Rea f(z)
then V3 €,Ref3 > Rea, the function

<LVzelU (2)

1/8

Fy(2) = {ﬁ [t @ar (3)

18 univalent.
THEOREM 2.[1]. Let f;€Ty, f; (2) = z + a2® + aiz + ....Vi = 1,2, so that

a, 3 € C,Rea > &,Reﬁ > Rea. (4)

If |fi (2)] < 1,Vz € U,i = 1,2 then V(3 € C the function

Fog(z) = {6O/Ztﬂ1 (flt(ﬂ); , (th(t)f dt}ﬁ €5. (5)

THEOREM 3.[1]. Let fi€Ts,, fi(z) = z+asz* +aiz*+ ..., Vi = 1,2, so that

=

2 2
a, 3 € C,Rea > ('MT),Reﬁ > Rea. (6)

la

If |f; (2)] < 1,Vz € U,i = 1,2 then V(3 € C the function

Fop(z) = {ﬁ/ztﬁ—l (flt(t)>‘l’ , (f?f))é dt}é es. (7)

0

THEOREM 4.[1]. Let f;€S (p),0 <p <2, fi(2) = z+a2> +aiz'+..,Vi=
1,2, so that
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a, € C,Rea > ————=, Re3 > Rea. (8)

2(p+2)
|af

If | fi (2)] £ 1,Vz € U,i = 1,2 then V3 € C the function

Fop(z) = {@ 0/ 4B-1 (ﬁft))i . <f2t(t)> : dt}é €8S. (9)

2.MAIN RESULTS

THEOREM 5. Let M > 1,f;€Ty, fi (2) = 2z + a%2® + aizt + ...,Vi = 1,2, so
that
(4M + 2)
|al
If |fi (2)| < M,Vz € U,i =1,2 then V3 € C the function

Fop(s) = { 5 jtﬁ_l (flt@))i | <f2t<t>>3 dt} . )
Proof 0

z 1 1
We consider the function h (2) = [ (flT(t)) . (f%(t)) *dt.
0
We observe that h (0) = A’ (0) — 1 = 0.

By calculating the derivatives of the order I and II for this function we

a, 3 € C,Rea > , Re3 > Rea. (10)

@l

obtain:
h/ (Z) _ <f1t(t)>a . (f?t(t)>a (12)
respectively
B (2) = ;h’ (2)- By + ;h’ (2)- By (13)
where
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z 2fi (2) = fi (2)
Br = . k=1, 2. 14
* <fk (Z)> 2? ’ ’ (14
We calculate the fraction Z:,/ES) and we obtain:
are TANE B o
k=1
B (z) n(z) " 2:: Bz el (15)

Replacing By, k = 1,2, in formula (15) we obtain:

) 12\ L1 (R
W () =3 ( (o) 1) + a ( (o) 1) . (16)

We evaluate the modulus and we multiply in both terms of the relation
2Rea
(16) with ““E—" obtain:

1— |Z|2Rea

Rea

zh" (2) 2fi (2)
h' () 17 (2)

Because |f; (2)| < M,Vz € U ,Vi = 1,2 and applying Schwarz Lemma we
obtain that

2Rea 2
§1_|Z| Z(

la| Reaw =

()] 1) . an

2|

|f()|<MVz€UVz—12 (18)

||

We apply this relation in the above inequality and we obtain:

L — |2 [zh” (2)| _ 1= [z & (|22 (2)
Rea | () | = TalRea 2 ( 72 () ) (19)
But
Z;{Z/(S) ;{/<()) -1+ 1‘ ;{/(()) — 1‘ +1,Vz e U Vi=1,2. (20)
Because f € T5, so 2;2 - 1’ < 1.

Applying this property and (20) in (19), obtain that:
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2Rear 2Rea
_ B 1—1z AM + 2 AM + 2
1 o2 opr(z) ] (1= 12 ( ) UMy o
Rea B (2) || Reav |a| Rear
Because Rea: > (41‘@“2), we obtain that
1— 278 | 20" (2)
<1,Vzel. 22
Rea h(z) | — vz E (22)

Applying Theorem 1 we obtain that F, 3 € S.

REMARK. Theorem 5 is a generalization of the Theorem 2.

THEOREM 6. Let M > 1, fi€Ty,, fi(z) =z +ai2® + a2 + ..., Vi = 1,2,
so that

2(pM +M+1)
|

a,f € C,Rea > , Re3 > Rea. (23)

If |fi (2)] < M,Vz € Ui =1,2 then V3 € C the function

Fag(z) = {5O/Ztﬁ—1 (flt(t)>‘1‘ , <f2t(t)>i dt}é €s. (24)

Proof. Considering the same steps as in the above proof we obtain:

. 2Rea 2
< 1 —|2] Z(

la| Reav =

1— |Z|2Rea

Rea

zh'" (2)
W (2)

21 (2)
[ (2)

—1‘M+M+1>. (25)

But f € T5,, which implies that
In these conditions we obtain:

2f'(z) _
720 1‘ < p,VzeU.

1— ’Z|2Rea

2h" (2)| _ 2(uM + M +1)

Vzel. 26
Rea B (z) |a| Rea : (26)
By applying the relation (23) we obtain that 17|sz|;¥"°” Z;LL,IES) <1,vzeUl.
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So according to the Theorem 1 the function Fj, g is univalent.
REMARK. Theorem 6 is a generalization of the Theorem 3.

THEOREM 7. Let M > 1, f,€S (p),0 <p <2, fi(z) = 2+ a}z* + a’}2* +
.. Vi=1,2, so that

2(pM + M +1)
1ol

If |fi (2)| < M,Vz € U,i =1,2 then V3 € C the function

Fag(z) = {ﬁ/ztﬁ—l (flt(t)>‘1* , <fzt(t>>; dt}é € s. (28)

0

a, 8 € C,Rea > , Re8 > Rea. (27)

Proof. Considering the same steps as in the above proof we obtain:

1— |2 2h ()| 1 =[] & (| 22f1 (2)
Rea | W () | = [a|Rea ;( 20 1‘M+M+1> - (29
But f € S(p), so
Z;f,(g) — 1 <plz]?, V2 €U (30)

In these conditions we obtain:

1— ‘Z|2Rea 2R (Z) 1 — |Z|2Rea 2 )
M+ M+1),VzeU 31
Rea h' (2) || Rear ; (p|z\ T )’ zel. (3
S0,
1— 2] 20" (2)| _ 2(pM + M +1) (32)
Rea h' (z) |a| Rear
By applying in (32) the relation (27) we obtain that 1_‘112;% ZZ;S) <
1,Vz e U.
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So according to the Theorem 1 the function Fj, g is univalent.

REMARK. Theorem 7 is a generalization of the Theorem 4.
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