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ABSTRACT.In this paper we define some subclasses on n-uniformly close
to convex functions with negative coefficients and we obtain necessary and
sufficient conditions and some other properties regarding this classes.
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1.INTRODUCTION

Let H(U) be the set of functions which are regular in the unit disc U =
{z€C: |z|<1},A={feHU): f(0)=f(0)—1=0}and S={fecA:
f is univalent in U}.

We recall here the definition of the well - known class of starlike functions:

. o 2f(2)
S —{fEA.Re ) >O,z€U}.

In [8] the subfamily 7" of S consisting of functions f of the form
f(z):z—Zajzj, a; >0,j=2,3,..., ze U (1)
=2
was introduced.

THEOREM 1.[7] If f(z) =2z — § ajzl, a; >0, =2,3,..., 2z € U then the
j=2

next assertions are equivalent:
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() X2 ja; <1
=
(i)feT
(ili) f € T, where T* = T'NS* and S* is the well-known class of starlike
functions.

Let D" be the Salagean differential operator (see [6]) D" : A — A, n € N,
defined as:

D°f(z) = f(2)
D'f(z) = Df(z) = 2f'(2)
D" f(z) = D(D""'f(2)).

REMARK 1.If f e T, f(2) = z — géajzj, z € U then D"f(z2) = z —
j=2

[&.°] . .
> J"a; .
i=2

Let consider the generalized Alexander operator I* : A — A defined as:
IAf(z):z—l-Zj—Aasz,)\ER,/\ZO, (2)
j=2

where f(z) =z + § a;zl.
j=2

For A = 1 we obtain the Alexander integral operator.

The purpose of this note is to define, using the Salagean differential oper-
ator, some subclasses on n-uniformly close to convex functions with negative
coefficients and necessary and sufficient conditions and some preserving prop-
erties of the generalized Alexander operator regarding this classes.

2.PRELIMINARY RESULTS

Let k € [0,00), n € N*. We define the class (k,n) — S* (see the definition
of the class (k,n) — ST in [2]) by f € S* and

D) D)

Re5 0 )

zeU.
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REMARK 2. (for more details see [2]).We denote by py, k € [0,00) the
function which maps the unit disk conformally onto the region ., such that
1€ Q and

O =u+iv: u? =k (u—1)72+k0.

The domain §, s elliptic for k > 1, hyperbolic when 0 < k < 1, parabolic for
k =1, and a right half-plane when k = 0. In this conditions, a function f is
in the class (k,n) — S* if and only zf b f(z < pg or Df(f()z take all values in
the domain €y .

In [1] is defined the class (k,n) — C'C thus:

DEFINITION 1. Let f € A, k € [0,00) and n € N*. We say that the
function f is in the class (k,n)—CC with respect to the function g € (k,n)—S*

if
D), D)
9(2) 9(2)
REMARK 3.Geometric interpretation: f e (k,n) — CC with respect to the
function g € (k,n) — S* if and only if b f ) < py (see Remark 1.) or (f())
take all values in the domain S (see Remark 1).

Re —1,z€eU.

REMARK 4.From the geometric properties of the domains €2, we have that
(k1,n) — CC C (kg,n) — CC, where ky > ky.

3.MAIN RESULTS

DEFINITION 2. We define the class (k,n) — T, where k € [0,00) and n €
N*, through
(k,n) —=T* = (k,n)—S*(\T.

THEOREM 2.Let f of the form (1), k € [0,00) and n € N*. Then f €
(k,n) —T* if and only if

fjjﬂ(kﬂ) — ka; < 1. (3)

Proof. Let f € (k,n) —T* with k € [0,00) and n € N*. We have

D) . D)
N
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If we take z € [0, 1), we have (see Remark 1)

11— jra;27 7t S (" = Da,zi ™t
= M =
1— > ajzi-! 1— > ajzi-t
Jj=2 Jj=2

From f € (k,n) — T* we have (see Theorem 1)
Zajzj’I < Zjajzj’I < Zjaj <1
=2 =2 =2

and thus
OO .
Zajzj_l <1
=2

or

o0
1= a;2/!
J=2

In this conditions from (4) we obtain

0 .
=1- Zajzj_l .
Jj=2

1= "2 > k) (5" — 1)a;2" .
=2 j=2
Letting z — 17 along the real axis we have
> iMk+1) —ka;<1.
j=2

Now let f € T for which the relation (3) hold.
The relation ReD;f @) > k ‘D;(J; ()Z) — 1’ is equivalent with

(2)
o ) <

Using Remark 1 and Theorem 1 we have

k

kPW@_%_M<Wﬂ@

) f@)_0§%+UPW@_4S

f(2)
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18

S (5" — 1) |2 (" — 1)q;

< (k+1)2

2

< (k1)
1— 3 a2 1-3 a;
j=2 j=2

> GV
Using (3) we have (k + 1)Z=*—%—— < 1 and thus the condition (5) hold.
l—z aj

DEFINITION 3.Let f € T, f(z) = z — ioj a;z?, a; >0,5=2,3,..,2€U.
j=2
We say that f is in the class (k,n) — CCT, k € [0,00), n € N*, with respect
to the function g € (k,n) —T%, if
D" D"
), D)

7(2) o rEY

Re

THEOREM 3.Let k € [0,00) and n € N*. The function f of the form (1) is
in (k,n)—CCT, with respect to the function g € (k,n)—T%, g(z) = z— ioj bz,
j=2
b; >0, 7=2,3,..., if and only if

STk +1) - |y — by| +by] < 1. (6)

=2
Proof. Let f € (k,n) — CCT, where k € [0,00) and n € N*, with respect
to the function g € (k,n) — T*. We have

D’n n
(), D)
9(2) 9(2)
If we take z € [0, 1), we have (see Remark 1)

Re —1,zelU.

o0

1— 3 jra;zi-! S [jha; — by 27!
= j=2
1= 3 byzit 1= 52, b2
i=

From g € (k,n) — T we have (see Theorem 1)

1-— ijzj_l >0

=2
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and thus from (7) we obtain

1— Zj”ajzjfl > k- Zj”aj — bjzjfl .

=2 j=2

Letting 2 — 1~ along the real axis we have

1—Zj”aj>k: Z (" a; —
=2 =2
and thus
koY jta;—bj+Y jta; —1<0 (8)
— =
From £ - ”-—bj+§j"aj—1§
j=2 j=2
<k lita; b+ j"a; — 1= [k-|j"a; — b + j"a;] — 1
=2 =2 =2
we obtain the condition
Yok — bl + j"as] < 1 (9)

which implies (8). It is easy to observe that if (6) hold then the inequality (9)
is true.

Now let take g € (k,n) — T, where k € [0,00), n € N*, and f € T for
which the relation (6) hold.

The relation

Re (D;{Z()Z)> - k|D”f(Z) _ 1|

is equivalent with

DUE) | (D)
'“' 9C) 1‘ i ( o) 1<1>' (10)
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Using Remark 1 and Theorem 1 we have

D" D" D"
k‘ f(z)—l‘—Re< f(z)—1> g(k;+1)’ f(z)—1‘§
9(2) 9(2) 9(2)
2 |7"a; — byl - El 2 |i"a; — byl
<k+) s <+ 1)——x
1—ij|Z|J_1 ]_—ij
=2 j=2
Using (6) we have
2 |i"a; — byl
(k+1)———sx— <1
1— 3 b;
j=2

and thus the condition (10) hold.

THEOREM 4.Let k € [0,00) and n € N*. If F(z) € (k,n) — T* and I*
is the generalized Alexander operator defined by (2) then f(z) = IMF)(z) €
(k,n) —T*.

Proof. From F(z) € (k,n) —T*, F(z) =z — § ajzl, a; >0, j =2,3, ...,

j=2
we have (see Theorem 2)
SOk +1) — ka; < 1. (11)
=2
From (2) we have f(z) = INF)(z) = z — io: ;29, where a; = %a; >0,
j=2

J>2, A eR, A>0.
By using Theorem 2 it is sufficient to prove that

ij”(k:Jrl) k<. (12)

We have
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g;ﬂ®+ i: (k+1) — ()A%Xj (k+1) — k] aj,

(13)
where a; > 0, 7 > 2,k € [0,00) and n € N*.
From (13) and (11) we obtain the condition (12)and thus f(z) € (k,n)—T".
In a similarly way we prove the next theorem:

THEOREM 4. Letk € [0,00), n € N*, A€ Rand A\ > 0. If F(z) € (k,n)—
CCT with respect to the function G(z) € (k,n) —T* and I is the generalized
Alexander operator defined by (2) then f(z) = I*(F)(z) € (k,n) — CCT with
respect to the function g(z) = I*(G)(z2) € (k,n) —T* (see the above theorem,).
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