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ON SOME CONDITIONS FOR n-STARLIKENESS

VIOREL COSMIN HOLHOS

ABSTRACT. In this paper we obtain a sufficient condition for n-starlikeness

of the form: (2a—1) (D;:;{Z()Z) — 1) +(1—-«a) DDn:;{ )Z) < h(z)where h(z) is

an univalent function in the unit disc U and D" is the Salagean differential
operator.

1. INTRODUCTION

Let A,, n € N* denote the class of functions of the form: f(z) = z +

o
> apz® wich are analytic in the unit disc U = {z;2 € C, |2| < 1} and A; =
k=n+1

A.
We note S* = {f € A:Rezl ) f(z
which are starlike in the unit disc.
We denote by K the class of functions f € A which are conver in the unit
disc U, that is K={f € A:Rez[;{& +1>0,z € U}.

For f € A,, we define the Salagean differential operator D™ ([2]) by

Df(z) = f(2)
D'f(z) = Df(2)==2f(2)

and D" f(z) = D(D"f(z)); n € N*U{0}.
Let « € [0,1) and let n € N. The class S,, (o) named the class of n—starlike
function of order « is defined by S, () = {f € A:ReZ +ff >,z € U} )

Dn

) >0, z € U}the class of functions f € A

THEOREM 1.[1] Let q be a univalent function in Uand let the functions 6, ¢
be analytic in a domain D containing q(U), with ¢(w) # 0, when w € q(U).

Set Q(z) = 2¢'(2)¢ (¢(2)) , h(z) =0 (q(z)) + Q(2) and suppose that
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(i) @Q is starlike in U

o () pa [0a) L Q)
(i)ReGs = Re |55 + G5 >0 2 € UL

If pis analytic in U, with p(0) = q(0), p(U) C D, andf (p(z))+zp'(2)¢ (p(z)) <

0(q(2)) + 24 (2)p (q(2)) = h(z) then p(z) < q(z) and q is the best dominant.
2. MAIN RESULTS

THEOREM 2.Let o € [0,1], n € N, f(z) € A and let q be a convex
function in U with ¢ (0) = 1 and Req (2) > %, z e UIf

o= (G S 1) - ) )
< (1=a)@ () +R2a=1)(q(z) -1+ (1-a)zq () =h(z), (2

then
lm—<q(z),z€U (3)

and q 1is the best dominant of (2).

Proof. For a = 1 it is evident. Suppose that 0 < a < 1. In Theorem 1 we
choose

f(w) = (1-a)w?+2a—1Nw—a
p(w) = 1—a

and we have in (i) Q (2) = (1 — «) 2¢/(2) is starlike in U, because ¢ is convex.

e ) [Fa() Q@] [, a1 @
Wm£@@>‘R[¢m@»*’Q@>1 Rl%()+1—a*‘@@> -

1 2a-1 . 2Q' (2) _ o . 2@Q (2) B
>22+1_a+R[Q(2)] 1—a+R[Q(z) >0, zeU.
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The conditions of Theorem 1 are satisfied and for p (z) = 1+p1z+... which
satisfies

(1—a)p? (=) + 2o — 1) (p(2) = 1)+ (1 —a) 2p' () < h (2)
we have p(z) < ¢(z) and ¢ is the best dominant.

Let p(2) = DDn:;{Z()Z) then

(1—a)p*(2) + 20 = 1) (p(2) = 1) + (1 — ) 2/ (2)

— (20-1) (li;:f{;) _ 1) +(1—a) %L:sziz))

< (1=a)¢*(2) +2a—1)(q(2) = 1)+ (1 —a) z¢ (2)

which implies that

REMARK.For n = 0 we obtain the result given in [3].

COROLLARY 1. Let o € [0,1] and let f(z) € A, that satisfy

Dn+1f (Z) ) Dn+2f (z)‘| 1
Re|2a—1)| ———F—-1)|+(1l—-a)——F| >—=, z€U, 4
e (s A T IS R S
then
fes: (1> (5)
Proof. 1If we take ¢ (z) = 1le in Theorem 2, then the function h is equal to

h(z) = Z((Zl__ii)}z) and we deduce

Reh (eie) =—1-Leqgrl <1 0ec0,2n).

Now, if the relation (3) is satisfied, then (1) is true and from Theorem 2

we get DDnZ;{Z()Z ) < = which is equivalent to (4).

If a =0 we get
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COROLLARY 2. If f(z) € A satisfies

i), L,
an(z>]> e, (6)

Re ,
2

then
resi(3). (7)
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