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ON SOME P-CONVEX SEQUENCES

TiNcU [OAN

Abstract. The aim of this paper is to give some properties of the p-convex
sequences.

Let K be the set of all real sequences, K, the set of all real positive sequence

and p € R\ {0}. We define a linear operator AT' : K — K, m € N*
A; = Apay, = apq1 — Pay, (1)

A;"“an = Ap(A)a,) , for every n e N.

DEFINITION 1. A sequence (an)nen from K is said to be p-convex of order
m € N* if and only if

Alta, >0, for allm € N. (2)

We denote by KP? the set of all real sequences p-convex.

PROPOSITION 1. Forn € N, m € N* and p € R\ {0} the equalities

A;”Han = Alan 41 — pA)ay (3)
m - m—k [TV m—k
Ao = S () @)

holds.

REMARK 1. For p =1, we obtain A'a, = A™a,, where A™a,, represents
the m-~th order difference of the sequence (an)nen-

ExAaMPLE 1. For p # 1, a sequences (a,)nen, Where a,, = p", is p-convex
the m-th order, but is not a 1-convex the m-th order for every m € N*.

EXAMPLE 2. Let (ay)nen from K, a, = n"p", r € {0,1,...,m — 1} where
mZ, m > 2, Al'a, = 0.
We have A = {&p", £np", £n?p", ..., 0™ 1p"} C KP.
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ProrosiTION 2. We have
m—+r _ m r o T m
Ap (n = Ap (Apa“) - Ap(Ap a”)’
for every m,r € N*, n € N, p € R.

THEOREM 1. Forn,m € N, the equality

m m -
Appm = Z (k)pm kA';an,

k=0
is verified.
Proof:
~ /m i k
pim = Z (k)pmk [Z(_1>kz< >p ZCLnH] —
k=0 =0 !
m k
= Z b(ma k:) Z C(k, i)an—l—i
k=0 i=0
where N
m — —i —1
bk = (7 ) et = (- ()
Un4m = Z Antk Z b<m7 Z)C<Za k) =
k=0 i=k

7:1 m—k
= anpr Y b(myi+ k)e(i + k, k) =
k=0 1=0

i=0
THEOREM 2. We have

A?anbn = I

i m
( )A’fanA;”L‘kbn+k,
k=

0

for alln € N and m € N.

Proof: We proceed by mathematical introduction.

250



I. Tincu - On some p-convex sequences

REMARK 2. For p =1, we obtain the results of T. Popoviciu (see [3]).

We consider a linear operator 1" : K? — K defined by

T(a; n)zz pr(n)asyk, where s € Nis arbitrary, pr(n) € R, n € N, k=0,n
(8)

Next, we will give some necesary and sufficienty condition for a matrix
p=lpe(n) | ez to vty
| T(K?) C K. (9)

LEMMA 1. Let m,s € N, m > 2, p = ||pr(n)|| ne~ . If
k=0,n

S o) =0, > Pk =0, i=12 .. m-1 (10)
k=0 k=0

then B
T(a;n) = ae(n) Ay ass (11)
k=0
where qx(n) — 1 rP— Zpl Pk — i 4 Dy, (2) = 2(2 + 1).(z +

[—1).

Proof: We proceed by mathematical induction.

THEOREM 3. Let T : K — K, T(a;n) Zpk n)asen, s € N. T(KP) C

K. if and only if

i) Zpkpk(n) =0, Zpkpk(n)ki =0, fori=1,2,..m—1
k=0 k=0

ii) Zpl (i—(k+1)(i—(k+2)...(i— (k+m—1)p ™ <0,

k—O,n—m.
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Proof: Necessity: We consider T'(KP) C K. In example 2 it is shown that
A= {4p", £np", ..., 0" p"} C KP .

For (a,)nen from A we obtain condition i) and ii).
Sufficienty: From lemma 77 we have

qr(n A Astk,
k=0

where ¢, = sz (i —(k+1))..(i — (k+m —1))p~~ ™.

From condltlon . 2 O k=0,1,...n—m and (a,),en € K it follows
T(KY) C K,.

For p = 1, we obtain the results of T. Popoviciu (see [4]).

Next, let (A, (a)),cn be the sequence of the means, that is A, ( =1 Z ag,
n € N.

THEOREM 4. Letp<1 If A,(a) € KP

r 1, m > 1, then operator A,
K} — K, Ay(a) +1E aj verify
n

An(K7,) € K7 (12)

Proof: aj, = (k+ 1)Ax — kAx_1, k=0,1,.... Then

From (?7?) we have

Amg, = ( @' )Ag(k F DA ) = > ( Z, )Aﬁk:(A;”‘lAkH_l) _
=0 =0

= (k + 1)A" Ay, + mAP T Ay — kAT A — mAPTLA,
AP Ay = APTHALAY) = AP (A — pAx) = A) T Ay — pAYT 1A,
AP A = AR AR + pAYTH Ay

252



I. Tincu - On some p-convex sequences

After that

Alay = (m+ k + AT A, — kA" Ay 1 +m(p — DA A, (13)

(m+k)! .  (m+k+1)! (m+k)! .,
TAP ap = TAP Ak - WAP Ak_1+
(m+E) .
+m(p — 1)T)Ap LA,
- ! 1)!
w = %Ag&z — (m+1)IAT Ag+
k=1 ) ’
- (m + k)' m—1
—I—m(p—l);TAp A, n>1
n! "L (m+k)!
Am — Am
P (m4n+1) ; W o
- (14)
m N (mAk)
+(m + 1)!1ATag +m(1 — p) Z T)Ap YA
k=1
In (?7?) let k = 0, we obtain
AZLCLD = (m + 1)AZLAQ + m(p — 1)Agb—1A0
1

From (7?) and (?7?) we obtain (?7).

REMARK 3. If we consider p =1 in (??), we obtain the result of A. Lupas

(see [2]).

We consider following question: What are the conditions for a sequences
(@p)nen from K to verify

A< Ala, < B, forall n€N, me&N", arbitrary (16)

where A and B are constants that are not dependent by m and n.
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THEOREM 5. The sequence (a,)nen satisfied the condition (??) if and only
if exists the real sequence (by)nen which verify

A<b,< B, forevery n>m (17)

an:g;@fnzfj;%%ufk, where () =z(x+1)..(x+1—1). (18)

Proof: Sufficienty:

m o(m\ .
Aytan = Z(_l)m k(k)p ey =

k=0

m n+k
o m—k m—k n+k—2+1)m1n+k i
=3 () e A
n+k

—Zcmkzdnk (m, 1)

m
Conke = (_1)m—k ( . )pm—k7

k=it 1),
dn,k(ma Z) _ (n + v+ ) 1pn+k—z

(m —1)!
n m m m
A;nan = Z bj Z Cm,rdn,r(ma .]) + Z anrj Z Cm,rdn,r (mu n+ j) =
7=0 r=0 j=1 r=j

= Z bjSm,r(na .7) + Z bn+jS1/n,r(n7 -])
§=0 J=1

where

with

m"’nj Zcmr nTmJ
Sq/n,r( ,J) = Zcm,rdn,r(man +J)

r=j
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Sm,r(n, ]) = Z(—Dmir (m> pm*r (n + ZTT:i i_)!l)m—lpnﬂ“j —

minljlzmj ( )r(n+r+m—j)_F<n—J+m)

'n+r—7+1) T'(n—j+m)

_1'2 ( )(n—j—l—m),(n—j%—r—i—l)
(n—j—l—r+2) n—j+m-—-1)=

m+n 7

m—1 'ic) (G—n—r=10G-n-r=2).

r=0
...(]—n—m+1)(n—j+m)rz

m—f—n—l—] m .
S (M s
- r

r=0

__pm+n—J . (O)m 0
m=1! j—n-m

In the previously calculations we have use the Chy-Vandermonde formula

0= (s

- r (m—1)!
pm_] — m—r—j m m—r—j
-1 2=V (r+j)p r+1)
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S{wT (T:T”_—Jl)' :0( 1)m—j—r <mr— ]) ((rﬂ)) (T n 1)
—pmij S m—j—r m—j m! rl B
(1] T:o(_l) ( r )(m—j)! ' (r+j)!(r+1)m—1_
_ pmI . m! T ymejr [T ['(m) .I‘(m_|_71) _
T (m—=1)! (m—j) r:O( 1) < r >F(fr—|—j+1) T(m)

For 7 < m — 1 we obtain
Spp(n,j) = 0.
For 7 = m, we have

r o (1)m*1 o
Stnr = Cmnpm(m,n +m) = i
Results AP a,, = by
Necessity: For all real sequence we may consider the sequence (b,,) which
define by

by = ap,

g e

—k D)o
Z LA I TN
o= — 1!

Because AT'a, = by, 4, We obtain (77).
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EXAMPLE 3. Let (an)nen, (bn)nen be the sequences defined by

b =p", pe(0,1),

'

= (n k 1)m—l —k p
_ E b n—k _ LI +1),.

From theorem 7?7 we obtain

0<AVa, <1, forall n€e N, meN" and pe€ (0,1).

'

We observe that then sequence (a,),en defined by a, = p—'(m +1), is p-
n!

convex with the order m.
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