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ABSTRACT.By using the Salagean differential operator D" f(z), z € U
(Definition 1), at the class of meromorphic functions we obtain some new
differential subordination.
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1.INTRODUCTION AND PRELIMINARIES
Denote by U the unit disc of the complex plane:
U={z€C: |z| <1},

and .
0 =U {0},
Let H(U) be the space of holomorphic functions in U.
We let
An = {f € H(U)a f(Z) =a+ an—i—lzn—H + an+2z"+2 +..., 2 € U}
with A; = A.

Let X, denote the class of functions in U of the form
1
f2)= —+ a2t M+ o me N ={1,2,3,..}
Zm

k integer, k > —m + 1, which are regular in the punctual disc U. If f and g
are analytic functions in U, then we say that f is subordinate to g, written
f < gor f(z) < g(2), if there is a function w analytic in U with w(0) = 0,
lw(z)| < 1, for all z € U such that f(z) = glw(z)] for z € U. If g is univalent,
then f < ¢ if and only if f(0) = g(0) and f(U) C g(U).
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A function f € H(U) is said to be convex if it is univalent and f(U) is a
convex domain. It is well known that the function f is convex if and only if

f'(0) # 0 and Re [ZJ{/,;;) +1| >0, for z € U.
We let .,
K:{feA, Re[zf (2) 4] >0, zeU}.
f'(2)

In order to prove the new results, we use the following results.

LEMMA A. (Hallenbeck and Ruscheweyh [1, p.71]) Let h be a convex func-
tion with h(0) = a and let v € C* be a complex with Rey > 0. If p € H(U),
with p(0) = a and

1
p(z) + ;Zp’(Z) < h(2)
then
p(2) < q(2) < h(z)
where .
9(2) = — [ n)ytilar.
nzn Jo
The function q is convex and is the best (a,n)-dominant.

LEMMA B. [1, p.66, Corollary 2.6.g.2] Let f € A and F is given by

2 z
F(z) = ;/O F(t)dt
! (2)
2f"(z 1
Re 72 —|—1>—§,26U
then

FeK.

For the case when F(z) has a more elaborate form, Lemma B can be
rewritten in the following form:
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LEMMA C. Let f € A, v > 1 and F is given by

1 Z 1
F(z) = — | rwyetan
zv V0
If
2f"(2) 1
Re +1>——2€U
f'(z) 2
then

FeK.

DEFINITION 1. [2|For f € A andn € N*U{0} the operator D" f is defined

by
D°f(z) = f(2)
D" f(2) = 2[D"f(2)], z € U.

REMARK 1. If f € A,

f(z)=2+) a7, z€U

=2

then .
D'f(z)=z+) j"a;2’, z€ U

=2
2.MAIN RESULTS
THEOREM 1.Let h € H(U), with h(0) = 1, which verifies the inequality:

i

1| > ——F—— U. 1
+'1 om+ k) ~© (1)
If f € X1 and verifies the differential subordination

(DT () < h(z), €U (2)
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then
D" () < g(z), 2 €U
where | .
2) = —1/ h(t)taE L dt,
(m + k)zm+x Jo

The function g is conver and is the best (1, m + k) dominant.
Proof. By using properties of the operator D" f we have

D f(2)) = 2D (), 2 €U

Differentiating (4), we obtain

(D" () = (DM ()] + 2D ()], 2 € UL

If we let
p(2) = [D"(z" f(2)], 2z €U,

then (5) becomes
(D" (2)] = p(2) + 20/ (2), 2 €U
Using (7), subordination (2) is equivalent to
p(z) 4+ 2zp'(2) < h(z), z €U,

where

p(z) = [D"(z" f(2))] =

/
z+ Z ajj”zj]

j=m+k+1

=1 + am+k+1(m + kf —+ 1)nzm+k 4+ ...

By using Lemma A, for v =1, n = m + k, we have

p(2) < g(2) < h(2),

where ] .
z) = —1/ h(t)tm%rk_ldt, zeU
(m + k)zm+x JO

and is the best (1, m + k) dominant.
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By applying Lemma C for the function given by (3) and function h with
the property in (1) for vy = m + k > 1 we obtain that function g is convex.

THEOREM 2.Let h € H(U), with h(0) = 1, which verifies the inequality

zh"(z2)
W ()

1 _
Rel %—]>2

e A—— U.
CET N

If f € Xk and verifies the differential subordination

(D" (=" f(2)) < h(2), z€U (9)
then il
D" (2 Zf(Z))) L), zeU
where ) .
2) = (erk)Zml*k/O h(t)tmstdt, 2 € U.

The function g is conver and is the best (1, m + k) dominant.

Proof. We let
D" ("1 f(2))

z

, z€eU (10)

p(z) =

and we obtain

D"(z™* f(2)) = 2p(2), z € U. (11)
By differentiating (11), we obtain
(D" (2" f(2))) = p(2) + 2/ (2), 2 € U.
Then (9) becomes
p(2) + 2p'(2) < h(z),

where

z4+ 30 a; "z

By using Lemma A, for v =1, n = m + k, we have
p(z) < g(z) < h(2),
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where . .
z) = —1/ h(t)tm#ﬁfldt, zel,
(m + k)zm+x Jo
and g is the best (1, m + k)-dominant.
By applying Lemma C for function g given by (3) and function h with the

property in (1) for v = m 4+ k > 1, we obtain that function g is convex.
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