ACTA UNIVERSITATIS APULENSIS No 11/2006

Proceedings of the International Conference on Theory and Application of
Mathematics and Informatics ICTAMI 2005 - Alba Iulia, Romania

THE ASYMPTOTIC EQUIVALENCE OF THE DIFFERENTIAL
EQUATIONS WITH MODIFIED ARGUMENT

OLARU ION MARIAN
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1. INTRODUCTION

In 1964,W.A. Coppel [1] proposed an interesting application of Massera and
Schéfer Theorem ([4],p. 530) obtaining the necessary and sufficient conditions
for the existence of at least one solutions for the equations

w'(t) = A(t)x(t) + b(t) (1)
for every b(t) function.

More precisely, they consider b € C', C being the class of the continuous and
bounded functions defined on Ry = [0,00) with the norm ||b|| = sup |b(t)|,
teR 4

where | - | is the euclidian norm of R".
W.A. Coppel([2],Ch.V) treated the case when b € L', L' represents the Ba-
nach space of the Lebesgue integrable functions on R with the norm [|b]|;, =

Jr, [b(t)]dt.
Using W.A.Coppel method in 1966 R.Conti [3] studied the same problem
for the particular case when b € LP, 1 < p < 0o, LP being the space of the func-

1
tions with |b(¢)|P integrable on R, with the norm ||b||,, = { Jr+ |b(t)|pdt}p.
In 1968, Vasilios A. Staikos [6] studied the equation:

o' = A(t)r + f(t, ), (2)
where the function f belongs to a class of functions defined on R, and
satisfies some restrictive conditions .
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All along the mentioned paper the authors consider the subspace X of the
points in R™ which are the values of the bounded solutions for the equations

= A(t)x (3)

at moment ¢ = 0 and Xy C R"is a supplementary subspace R" = X; @ Xo.

The fundamental conditions which was interpolated in W.A. Coppel paper,
for equation (1) to have at least one bounded solution is the existence of
projectors P, and P, and a constant K > 0 such that

t

[1xwpx <|@+/w )P X (s)|ds < K, (4)
0
when b € C,
IXOPX M) <K, 0<s< 5)
(X)X Y(s)| <K, 0<t<s’
when b € L.

In their paper R. Conti and V.A. Staikos replaced conditions (4), and (5)
with

1

(/\X () PLX ypds+/|x () PoX ™ (s)|p)” <K, (6)
for p > 1 and
sup [X(O)PX2(s) + sup |X(OPX ()] < K, (7)
0<s<t t<s<oo

for p = o0.
In [6] Pavel Talpalaru consider the equation

= A(t)z (8)

and the perturbed equation

y =A)y + f(t,y), (9)

where x,y, f are vectors in R", A(t) € M,,«n,continuous in relation to t and y
for t > tg, |y| < oc.
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He demonstrated that under some conditions (see Theorem 2.1 from [7])
for all the bounded x(t) solutions of the equation (8) there exists at least one
y(t) bounded solution (9), such that the next relation take place :

tlim |z(t) — y(t)| = 0. (10)
Next we introducing the notion of p-contraction and comparison function

by:

DEFINITION 1.1.[8]p : Ry — R, is a strict comparison function if ¢
satisfies the following:

i) p is continuous.

i) is monotone increasing.

iii) lim @"(t) — 0, for all t > 0.

iv) t-p(t) — oo,for t — oo.
Let (X, d) be a metric space and f : X — X an operator.

DEFINITION 1.2.[8] The operator f is called a strict p-contraction if:
(i) ¢ is a strict comparison function.

(1)d(f(x), f(y)) < e(d(z,y)), for all z,y € X.

In [8] I.A Rus give the following result:

THEOREM 1.1.Let (X,d) be an complete metrical space , p : R, — R,
a comparison function and f : X — X a p-contraction.Then [, is Picard
operator.

Next we using the following lema:

LEMMA 1.1.[6] We suppose that X(t) is a continuous and invertible matrix
fort >ty and let P an projector;If there exists a constant K > 0 such that

t 1
{/|X(t)PX1(s)\q}q <K for t>t, (11)
to
then there exists N > 0 such that

| X (t)P| < Nmp(—qK_lt%tl*%) for t >t (12)
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2. MAIN RESULTS

Let to > 0. We consider the equation:

() = A(t)z(t),t > to (13)

and perturbed equation

y'(t) = At)y(t) + f(t,y(g(1))), t > to, (14)

under conditions:
(a) A € M,«p, continuous on [tg, 00);
(b) g : [to, 00) — [to, 00), continuous;
(c) f e C(ty,0) x S), where S ={y € R"| |y| < oc}.
We note with C,,, the space of functions continuous and bounded defined
on [a, 00).

THEOREM 2.1. Let X(t) be a fundamental matriz of equation (13).
suppose that:
(i) There exists the projectors Py, Py and a constant K > 0 such that

(/|X )PLX |st+/|X ) P,X <)|st> <K,

fort>ty, ¢ >1;
(ii) There exists ¢ : Ry — Ry, comparison function , and X € LP([ty, 00) such
that
[F(ty) = Fty)l < MOy —yl),
forallt > ty, y,y € S,
(i) £(-,0) € D¥({to, )

Then, for every solution bounded x(t) of equation (13), there exists a unique
solution bounded y(t) of equation (14) such that

lim |2(t) —y(t)] =0 (15)

t—o00

Proof. For xz € C, we consider the operator
Ty(t) = +/|X (OVPX ()1 (5. y(g(5)))ds— /!X (Y PX ()1 (5. y(g(5)))ds
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We show that the space (Y, is invariant for the operator T'.If y € C},, then

[F (& y(g(D] <[5 y(g(0) = F& O+ [ 0)] < AB)e(llyll) + 1f(E 0)]-

From:

/ X ()P X (5) (5, y(g(s)))lds <

() / X()PX 7 (s)ds) (ZA spas)” +
o frorcton)'(fireor) <
< Kol / syas) / .00)’]

we have that the definition of 7" is corect .
Let = a bonded solution for the equation (13) and y € C,. Then:

Ty < Jo(t) + [ 1X(OPX(5)f (s, y(g(s)lds +
+ [ IXOPX ()1 (s y(a(s)))lds <

<7~+/\X ()P ()1 (5, y(g(s))) - <sowds+/\x (H)PLX " (3)] (s, 0)]ds+

to

[e.e]

+ [IXOPX ()1 (5. 9(0(5))~ 1 <sO|ds+/ X(OPX " (5)|-£(5,0)ds <

2t () ( [ 3oras)” + ( firs.0)) <o

We show that the operator 1" is p-contraction .

Ty(t) - Ty(t)]| < / X (P (5)] - 1f(5,9(9(5)) = (5. 7g(s)))lds+
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+ [IX@PXT )] £ (5. (9(5))) = £, U9 (s))lds <

<2t [ 757as) ol - 7

We choose ty such that T)\(s)pds < o
t

0
From Theorem 1.1 we obtain that there exists a unique solutions of equation
(14).
Let y(t) be solution of (14) corespondent to x(t).Then

|z(t) — y(1)] <

< [IXOPX () f(s.y(g(s)lds+ [ [XOPX () f(5,y(g(s)))lds = Li+Ln

to

I = [IX(OPXT ()f (s p(9(s))lds

ty

< [IXWORX )/ (s, ylg())lds + [ IXOPX )/ (s,y(g(s)lds <

to

< XA / X uta s Kl ( [ 36r) 1 ( [150p)’

1 1
We choice t; > ¢ such that (f)\( )P ) < W(Hy\\’ and (f |f(s7())|p>” <
t1

3

3K
By using lema (1.1), we obtain that [; < e.

For I, we have:

f2</|X VPX (5|1 £ (s, y(g(s))) — <50|ds+/|x ) PX Y (s)||£(5,0)ds <

< kel [ 3er)’ + & [1s0p)
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