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ABSTRACT.We present the concepts of Yang-Baxter equation and its gen-
eralisation, the Yang-Baxter system. We construct new Yang-Baxter systems
from algebra and bialgebra structures.

1.INTRODUCTION

In a previuos talk at ICTAMI-2002 conference, we introduced the concept
of Yang-Baxter system. In this paper, which follows a talk at ICTAMI-2005
conference, we first review the concepts of Yang-Baxter equation and its gener-
alisation, the Yang-Baxter system. We present briefly the concepts of algebras,
coalgebras and bialgebras. [12] and [4]constructed Yang-Baxter operators from
algebras and coalgebras. The following question arises: What is the relation
between those operators if we start with a bialgebra ? One answer is that
they are connected via a Yang-Baxter system (see theorem 6.2). Another
Yang-Baxter system is constructed directly from an algebra structure.

2. THE YANG-BAXTER EQUATION

The Yang-Baxter equation first appeared in theoretical physics and statis-
tical mechanics. Afterwards, it has proved to be important in knot theory,
quantum groups, the quantization of integrable non-linear evolution systems,
ete.

Throughout this paper k is a field. All tensor products appearing in this
paper are defined over k.

Let V be a k-space. We denote by 7: V®V — V®V the twist map
defined by (v ® w) = w ® v.

We use the following terminology concerning the Yang-Baxter equation.
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Some references on this topic are: [8], [9],[10],[11] etc.

Let R:V®V — V®V be a k-linear map. We use the following notations:
R?=R®I,R® =1 R,R¥*=(1®7)(R®I)(I ®T), where Iy, or simply [
is the identity map of the space V.

DEFINITION 2.1 An invertible k-linear map R:V @V — V ® V is called
a Yang-Baxter operator (or simply a YB operator) if it satisfies the equation

R12 o R23 o R12 —_ R23 o R12 o R23 (1)

REMARK 2.2.The equation (1) is usually called the braid equation. It is a
well-known fact that the operator R satisfies (1) if and only if R o T satisfies
the quantum Yang-Baxter equation (if and only if T o R satisfies the quantum
Yang-Baxter equation):

R12 o R13 o R23 — R23 o R13 o R12 (2)

REMARK 2.3.i) 7:V®V =V ®V s an example of a YB operator.
it) An exhaustive list of invertible solutions for (2) in dimension 2 is given

in [5].
iii) Finding all Yang-Bazter operators in dimension greater then 2 is an
unsolved problem.

3. YANG-BAXTER SYSTEMS

It is convenient to introduce the following notation from [7]: the Yang-
Baxter commutator [R,S,T] of the maps R: V@V - VeV S: VeV’ —
VeV"and T : V'@V" - V'@V"isamap [R,S,T] : VV'@V" - VeV'V",
such that

[R, S, T] — R12 o 513 o T23 o T23 o 813 o R12 ] (3)

In this notation the quantum Yang-Baxter equation is written as:

[R,R,R] = 0. (4)

DEFINITION 3.1. The following system of equations is called a WXZ system
(or a Yang-Baxter system):

190



F.F. Nichita - New solutions for Yang-Baxter systems

(W, W, W] = 0, (5)
(Z,2,7] = 0, (6)
W, X, X] =0, (7)
(X, X, 7] = 0. (8)

where W : V@V - VeV, Z . V'V - V'@V and X : VeV - VeV

REMARK 3.2. A WXZ system is a constant version of the spectral depen-
dent Yang-Baxter systems for nonultralocal models presented in [6].

REMARK 3.3. A WXZ system is also related to the method of obtaining
the quantum doubles for pairs of FRT quantum groups (see [15]).

REMARK 3.4. From a WXZ system with X invertible, one can construct a
Yang-Bagzter operator (see theorem 2.7 of [11]).

REMARK 3.5. For examples and the classification of WXZ systems in
dimension two (dimiV = dimV'=2), see [7].

4.ALGEBRAS, COALGEBRAS AND BIALGEBRAS

In this section we present briefly the concepts of algebras, coalgebras and
bialgebras. For more details we refer to [1], [3] or [14].

DEFINITION 4.1.A k-algebra is a k-space A with k-linear maps M : A ®
A— A and u:k — A called (associative) product and unit, respectively,
with properties M o (M @ I4) = Mo (In® M), and Mo (I, ®@u) = [4 =
M o (u X IA)

DEFINITION 4.2. A k-coalgebra is a k-space C' with k-linear maps A : C' —

C®RC and €:C — k called (coassociative) coproduct and counit, respectively,
with properties (Ic @A)oA = (A®Ic)oA, and (Ic®e€)oA = o = (e®@1c)oA.

191



F.F. Nichita - New solutions for Yang-Baxter systems

EXAMPLE. Let S be a set. Let kS be a k-space with S as a basis. Define
A kS —kS®KS, A(s) =s®@sVseS, e: kS —k, e(s)=1Vs e S. Then
kS is a coalgebra.

NoTATION. For C a coalgebra and ¢ € C, we use Sweedler’s notation:
A(C) = Z(c) €1 @ co.

DEFINITION 4.3.A k-space B that is an algebra (B, M, u) and a coal-
gebra (B, A, €) is called a bialgebra if A and € are algebra morphisms or,
equivalently, M and u are coalgebra morphisms.

5.YANG-BAXTER OPERATORS FROM (CO)ALGEBRA STRUCTURES

Let A be a k-algebra, and «, 3,7 € k. We define the k-linear map:

Rls, :A®A—-A®A, Rl (a®b)=aib®1+pl@ab—ya®b.

By

THEOREM 5.1. (S. Dascalescu and F. F. Nichita, [4]) Let A be a k-algebra
with dim A > 2, and o, 3,7 € k. Then Raﬁv 1s a YB operator if and only if
one of the following holds:

(i) a=~v#0, B#0;

(i) o = 3 =0, v#0.

If so, we have (Raﬁ,y) =R

RA in case (111).
0707% ( )

in cases (i) and (ii), and (Rg,.,)"" =

@l

Q~

1
Y

REMARK 5.2.The previous theorem can be transfered to coalgebras (see

[4])-

Let C' be a k-coalgebra with dimC > 2, and «, 3,7 € k. We define the
k-linear map RS ;. : C®C — C®C, Raﬂw(c@)d) = ae(d)A(c)+Pe(c) A(d) —

By -
ve ® d.
Then RC . is a YB operator if and only if one of the following holds:
(i) a #0 B #0;

Oﬁﬁ 7#0,a¢&
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(i) a=F=0, v#£0.

If so, we have (RS, )~! = RY
57

o in cases (i) and (i), and (Rf,,)"" =

Q=
Q=

RC

in case (iii).
0,07% ( )

6. YANG-BAXTER SYSTEMS FROM ALGEBRA AND BIALGEBRA STRUCTURES

THEOREM 6.1. (F. F. Nichita and D. Parashar, [13]) Let A be a k-algebra,
and X\, € k. The following is a Yang-Baxter system:

W:A®A—-ARA W@®b)=ab®1+ A ®ab—-b®a,

Z ARA—-A®A, Z(a®b)=pb1l+1®ab—->b®a,

X ARA—-A®A X@®b)=wol+1l®ad-bxa.

THEOREM 6.2. Let B be a k-bialgebra, and r,s,p,t € k. The following is
a Yang-Bazter system:

W:BB—-B®B, Waeb)=sba®1+rl®bs—sb®a

X:B®B—B®B, X(a®c)=Y,a1 ® cay

Z:B®B — BB, Z(b®c)=te(b) X () c1@ca+pe(c) Xy b1 @by —pe®@b

Proof. We present a direct proof. Another proof can be obtained as a
consequence of the theory developed in [2].

(W, W, W] =0 and [Z, Z, Z] = 0 follow from section 5.
[VV,X,X] =0 <— W120X130X23:X230X13owl2
Wig0 X130 Xp3(a®@b®c) = Wi20 X13(3 ) a®b1 @cb) = Wia(X(a), () 01 @01 ®
(cba)az) = 534y, ) D101 @1 @ (cb2)az +1 3 (o) 1) 1®b1a1 @ (cba)as — 5 34y ) 01 @
(a),(b) (a),( (a),(b)
a1 ® (Cbg)&g

Xozo Xj3oWpn(a®@b®c) = Xog0 Xi3(sha®@1®@c+rl @ba®c— sb®
a®c) = Xo3(5 X (pay(ba)1 ® 1 @ c(ba)s + 1l @ba @ c— s bi ® a® chy) =
$ 2 (ba) (b@)1 @ 1@ (ba)e+1 3 (4ay 1@ (ba)1 ®c(ba)s — $ 3 a), 1) b1 ® a1 ® (cba)as =
S Z(a),(b) braq ®1®C(bza2) +r Z(a)@) 1®biay ®c(b2a2) —S Z(a),(b) b ®a® (cbg)ag

The last equality holds because we work with a bialgebra.

Thus, ng e} X13 e} X23(a & b® C) = X23 ©) X13 e} ng((l X b® C)
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(X, X, 7] =0 < XZ2oXBoZ®=720cXB0oX"

X2oXB0ZB(a@b®c) = X0 XB(te(b) X a®cy ®ca+pe(c) X
by @by —pa®c®@b) = X (te(b) X)) 01 @ 1 @ C2a2 + pe(€) X a), 1) 01 ® b1 ®
b2a2 — pZa a ®c® bCLQ) = tE(b) Z(a),(c) a1 @ crag Q CoQ3 + pE(C) Z )5( CL1 X
biaz @ byaz — p>-, a1 ® caz @ bas

ZBoXPoXP(a®b®c)=2% 0 XP(X a1 ®@bay @ c) = Z%(X () a1 @
bag & CGQ) = te(ba4) Z(QMC) a1 ® cras X caasg +pe(ca2) Z(a),(b) a1 ® b1a3 & b2a4 —
pZ(a) a1 Q cas @ ba3 = t€<b) Z(a),(c) a1 ® cras @ coa3 + pe(c) E(a),(b) a; ® b1a2 &
beaz —p>-, a1 @ caz @ bas

The last equality holds because we work with a bialgebra.

Thus, X2 o XBoZ®a@b®c) =220 XP o X2(a@b®c).

REMARK 6.3. In theorem 6.2, if B is a Hopf algebra then X is invertible. A
large class of Yang-Baxter operators can be obtained in this case using remark
3.4.

REMARK 6.4. Theorem 6.2 was generalised in [2]. Thus, one can construct
Yang-Baxter systems from entwining structures. A reciprocal of this theorem
also works.
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