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ABSTRACT.In this paper we construct and study a linear bivariate oper-
ator of Stancu-Hurwitz type. The approximation formula has the degree of
exactness (1) and for the remainder we use a method of T. Popoviciu.

1.INTRODUCTION

In a paper published in 1902 by Hurwitz A. [3] there has been given an
identity, generalizing the classical identity of Abel - Jensen, namely

(ut+v)(u+v+p0+...4+ 6"t = ]
=Y u(u+ By + ...+ 6, o+ B, + .+ 6, ) (1)
where (1, ..., 3, are m nonnegative parameters.
In the special case 31 = B, = ... = (3,, = (3, this identity reduces to the

case of Abel-Jensen:

m

(u+v)(u+v+mB)™ "t =>" (?)u(u + kB (v + (m — k)B)" L

k=0

Replacing in (1) u = z and v = 1 — x, the identity becomes

(1+Bi+...+ 8" = 5
=S z(z+Bir+. .. +6,) A —2)(1—z+6;,+.. .+ 53, )" L 2
Using this relation in a paper published in 2002 [11], D. D. Stancu construct
an approximation linear positive operator, depending on m nonnegative pa-
rameters 3y, ..., B, defined for any function f € C[0, 1], denoted by S\Pt-fm)
having the following formula 97
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(S £ (2) = 3 w2 (a) £ (’“) | g

k=0
where

(U B o )y () = 0
= x(z+Bi+.. +@k)k H1- x)(l x+ﬁjl+ A B )™

This operator is interpolatory at both sides of the interval [0, 1] and repro-
duces the linear functions.

2.CONSTRUCTION OF STANCU-HURWITZ OPERATOR FOR TWO VARIABLES
We consider the space of real-valued bivariate functions C(D), where D is

the unit square [0, 1] x [0, 1] and we construct by a tensor product a bivariate
polynomials of Stancu-Hurwitz type given by the formula

S(ﬂlv"vﬁm;’ylr"?’%ﬂ ﬁl’ ’ﬁm) (Fylv 7777«) -
(S5 DICOES TS Wi~ ©
v=0
where
(L4 B1+ .+ B TS (@) ©)
=S a(z+Bir+.. . +8,) T (1—2)(1—2+6j+.. .+, )" !
(L4 A+ o) (y)
v—1 ' n—v—1 (7)
=Xy +vs - 4s) T A=y)A=y+r+- - +.)

and B1,..., Bm,71,- .-, Vs are nonnegative parameters.

This operators represents an extension to two variables of the second op-
erators of Cheney-Sharma [1] because for the special cases ;= ... =, =
and v; = ... =, = we obtain the Cheney-Sharma-Stancu operator

(s8207) (o) = 3 3 llhoniinns (5.2
k=0 v=0 7 m-n
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where

(e mar i) = (oo 9101 Gy

(14 ) el(y) = (:)y@ )= ) (L= g+ (1= )y

THEOREM 2.1. The polynomial defined at (5) is interpolatory in the corners
of the square D and the approximation formula

Flay) = (S £ (@, y) + (RGP £) (a,y) ()

has the degree of exactness (1,1).
Proof. We can write

(14814 A 8m) ™ A+ +. . +90)" 1(5 By i1 Wf)( ,Y)

= (I—z)(1=z+5+. . +6n)" (1 —y)(1=y+n+.. +%)” '£(0,0)

+1—2)l—z+bi+.. . +8)" Wy +mn+.. +7w)" 1 f(0,1)

(x4 + .. +@QW%1—wu—y+m+- )i, (9)
+a(l - 2)y(1 - y) z py “w ) (o) (y) £ (£, %)

k=1 v=1

Fr(r+ G4+ Bn)" Yy o+ +%W1ﬂLD

and we can see that the polynomial reproduces the values of the function
f € C(D) in the corners of the square D : (0,0),(1,0),(0,1),(1,1). Hence

(10)

S(ﬁl ..... By ’Y")f (17 1) = f(17 1>

it follows that the operator reproduces the linear functions and the approxi-
mation formula (8) has the degree of exactness (1,1).

If we apply a criterion of T. Popoviciu [7], we find that the remainder of
the approximation formula (5) is of simple form and we can state

99
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THEOREM 2.2.If the function f has continuous second-order partial deriva-
tives on the square D, then the remainder of the approximation formula (5)
can be represented under the form:

(Riy o) £) (2, )
= 3 (RGmes ) (2) fROE, y)+5 (REeos) () fOD (w,m) (1)

where e2,0(z,y) = 2%, eoa(z,y) = y*.
Using a theorem of Peano-Milne-Stancu type the remainder can have an
integral representation.
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