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1. INTRODUCTION

The multivariate polynomial interpolation is very important for the prac-
tical applications.

Let F be a set of analytic functions which includes polynomials. In multi-
variate polynomial interpolation we must find a polynomial subspace, P, such
that, for a given set of functionals, A, there is an unique polynomial p € P
which matches an arbitrary function f € F, on every functional from A, that
is

A(f) = Ap), VA€ A (1)
The pair (A, P) represents an interpolation scheme. The space P is named
an interpolation space for the set of conditions A. If there are not any other
interpolation polynomial subspaces of degree less than the degree of the poly-
nomials in P, then the subspace P is a minimal interpolation space.

The multivariate interpolation problem is more difficult than the univariate
interpolation problem. The first difficulty is given by the fact that the dimen-
sion of the subspace of polynomials of degree n does not cover the entire set
of natural numbers. The dimension of the subspace of polynomials of degree
n in d variables, T1¢, is

dimHﬁz(nji—d), (2)
so that, not for every set of functionals there is a natural number n such that
card(\) = dim T1¢ (3)
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Even that the equality (3) is satisfied, I1¢ is not an interpolation space for
the conditions A if there is a polynomial p € T1¢ such that

p € ker(A). (4)

In this paper we introduce and study a multivariate interpolation scheme of
Hermite- Birkhoff type. In order to present our results, we need some notions
which we present in this section.

For any analytic function f € Ay, the least term is f|= T} f, with j the
smallest integer for which 7} f # 0 and 7} f the Taylor polynomial of degree j.

We denote by pl¥l, the homogeneous component of degree k, of a poly-
nomial. By generalization, for an analytic function at the origin, f € Ay,
the homogeneous component of order k is fIFl = > DR F(0) - 2%/al, with

|a|=k
a=(ay,...,aq) € N |a| =a1+...aq,a! = aj-...-agand D* = D ... D™

Some of the properties of the interpolation scheme presented in section 2,
are proved using the general interpolation scheme named ”least interpolation”.
This scheme was introduced by C. de Boor and A. Ron. Let A be a set of func-
tionals and

Hy = span{\’; A € A}, (5)

where \” is the generating function of the functional A € A.
In [2] is proved that the least space

Hyl= span{gl;g € Hy}, (6)

is a minimal interpolation space for the conditions A.
The generating function of a functional \ is

N (z) = Z Da}\”(o)xa: Z A(ma)

aENd al aENd al

«

%, with my(z) = 2. (7)

The generating function can be obtained using the following relation:
N (z) = Me,), with e,(x) = ™", (8)

Very important for the study of the properties of "least interpolation space”,
is the pair < f,p >, between an analytic function f and a polynomial p:

Dep(0)Df(0)
o!

< fip>=(p(D)f)(0)= >

aeNd

: (9)
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If p = X cu) then p(D) is the differential operator with constant
la|<deg p

coefficients:
p(D) = Z caD”.

la|<deg p

Obviously, the pair (9) is a veritable inner product on polynomial spaces.
The action of a functional A\ on a polynomial p can be expressed using the
generating function of the functional A and the pair (9):

D\ (0)Dp(0)

Ap) =< X, p>= ) .

aeNd

= (p(D)A")(0).

For every g € Ay and p € 11, the following equalities holds:

[¥]

< gt p >=< gl pll > (10)

< g,9l>=<gl,g9l>. (11)

If the functionals from A are linear independent, than the generating func-
tions of these functionals represents a basis for the space Hy. The following
proposition gives an algorithm of obtaining a new basis, g;, of Hx, orthogonal

to g;l, j € {l,...,n}.

PRrROPOSITION 1. ( [1]) If g1,...,g; are linear independent elements of the
space Hy, satisfying the condition < g;, gl >7# 0 < k =1, then the function

j—1

< pj, gil>
g =Pj — g
’ ’ ; < g, qil>

where p;, i € {1,...,n} is a basis for Hy, has the following properties:
1. <gj,0:il>=0,Vi<yjy.
2. < g;,9;1>#0.
3. If deg g;j|< deg g;], for one i < j, then < g;,g;]1>= 0.
4. If deg g;1> deg g;|, for one i < j, then the function

Gim g g = 9i> 9il>
T <gg, 00>

has the property < g;, g;l>= 0.
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Using particular choices of the functionals in least interpolation scheme,
we can obtain the classical interpolation schemes. The interpolation schemes
of Lagrange type are obtained using a set of evaluation functionals on a set of
distinct points, © C R4, that is A = {p|0 € ©}. The generating functions are
given by d; = ey. Consequently

Hy = Ho = span{ey|d € ©}; Hpl= Hol= span{g| |g € Ho}. (12)

Let be II? the space of polynomials in d variables, © C R?, a finite set of
distinct points and

A= {Xo|Nas(p) = (a(D)p) (0); g € Py; 0 € O; Py I} (13)
The generating function of the functional A, is
ao(2) =< A €. >= q(2)eq(2), that is Ay = q - eg (14)

Hence,

Hy = Z eogPy and Hp|l= (Z 69739)1

0cO 0co

This particular choice of the set of functionals, with additional conditions that
the polynomial spaces Py being scalar invariant, is the multidimensional ge-
neralization of the univariate interpolation schemes of Hermite-Birkhoff type.
If, more, all the spaces Py are D - invariant, then we obtain a Hermite inter-
polation scheme.

2. MAIN RESULTS

In this section we consider d = 2. We will denote by II2 the space of all
polynomial of degree less or equal n, in two variables, and with II9 the space
of homogeneous polynomials of degree n, in two variables.

Let © C R? be a set of distinct points:

fé; (’f’ino 776;
Ak — 61 51 m ... M ?é 0 (16)
&6 e o0
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We consider the following set of functionals:

Ao = {)\jﬁk | )‘jﬁk(f) :fm<9k:)7 €O, jJ€ {O?"'>n}7 ke {07]}}

(17)
THEOREM 1. Let consider the polynomials:
0%z
pik(@) = D2 === 0 €O (18)
lal=j

The polynomial space

P = span{pj,k(x) | .] S {07 v un}v ke {07 .- j}}? (19>
is a minimal interpolation space for the conditions Ng, defined in (17).

Proof: The generating function of the functional A; g, is A7y (2) = A, (e2) =
el (0x) = pjx(2). Using (5) we obtain:

Hy, = span{)\, |7 € {0,...,n}; k€{0,...,5}} C II%. (20)

© ‘770}@

H), is a polynomial space and therefore Hy,|= Hy, = S. Consequently S is
a minimal interpolation space for Ag.

THEOREM 2. The set of polynomials {p;x | 7 € {0,...,n}, k€{0,...5}}
defined in (18), is a basis for the polynomial space P.

Proof: The polynomials p;; are generators for the space P. We must only
prove that they are linear independent. We will prove that

n

J H e . .
NN aie > ’;! =0 = a;, =0,V €{0,...,n}, ke {0,...5}. (21

j=0k=0 |al=j

The set of monomials {z® | « € N2, |a| < n} represents a basis for the
polynomial space I12. Therefore, the system (21) leads us to n+1 homogeneous
systems, which determinants are given in (16), Ay # 0. Hence, all these
systems have only the zero solution, that is a;, = 0, V j € {0,...,n}, k €

{0,...5).

COROLLARY 1. The dimension of the space P is N = (nt1)(n+2)

B} .
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We make an indexation of the polynomials pj j:

Py = Doo
Py = Do
Py = Pia
P, = pjo withm= ](JTH) +1 (22)
P, m+1 =  Pji1
Potvj = Dpj;
PN = Pnn
If i € {m,...,m+ j} then the polynomials P; are homogeneous polynomials

of degree j.

COROLLARY 2. Let P; be the polynomials defined in (22). The orthogonal-
1zation algorithm from the proposition becomes the classical Gramm- Schmidt
orthogonalization algorithm with respect to the inner product defined in (9).
More, if m = @jtl, then gn, = Py, = pjo and g; € H?, Vie{m,...,m+j}.

THEOREM 3. The space 112 is an interpolation space for the conditions
Ae.
: . 9 n+2
Proof: We easily observe that card Ag = dim 11 = 5
not any polynomial p € II2 such that p € ker(Ag), then IT? is an interpolation

space for Ag. We look for ker(Ag).

. If there is

ker(Ao) ={pell | \jx(p) =0, Vje€{0,....n}, k{0,....j}}

Letbep = Y ¢,z € II2. Then, p € ker(Ag) if and only if pll(6;) =0, Vj €
loe|<n

{0,...,n}, k € {0,...,5}. The coefficients of the homogeneous component

pl¥ are obtained from an homogeneous system with the determinant, A, # 0.

Consequently, ¢, =0, Va <= n, that is ker(Ag) = {0}.

COROLLARY 3. The orthogonal basis g; of the space P, given in the propo-
sition s the monomial basis of the polynomial space T12.
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THEOREM 4. The interpolation operator with respect to the conditions Ag
1s the Taylor operator of degree n, that is

D f(0)x”
o!

Lyo(f) =Tu(f) = >

la|<n

(23)

Proof: We prove that X, (f) = Ajo,(Lag(f))

I
H_M

B (0% (6%
N (Lao(f) = (N Lng) = 3 Z O Df(o)<xa’xﬁ>: 5 %eD1(0)

| |
laj=j 18l<n @ p! lal=j &

DEFINITION 1. Let L : X — 'Y be a linear operator. The dual operator L*
is the operator L* : Y' — X' having the property:

< L*(g),f >=<g,L(f) > geY' feX, (24)

We use the identification between the algebraic dual, II" of the space of
multivariate polynomials with the space R[[X]] of formal power series, given
in [2]. In the same paper is proved that a polynomial can be consider as an
element of II, as a linear functional (power series) in II' and as an analytic
function on R*. Furthermore, many non-polynomial A\ € II’ of interest, can
also be reasonably interpreted as a function analytic at origin. Taking into
account the previous specifications we can formulate the following theorem:

THEOREM 5. The dual operator L* : Ay — 11 is given by:

CRUES> DL (25)

Proof: By a simple calculation we obtain:

Df(0) - D*q(0)

ol

< Lag(f),qa >=<f, Ly (q) >= >

laf<n
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COROLLARY 4. The operators La, and L} coincide.
The following proposition proves that the interpolation scheme (Ag, IT2)
is a Hermite-Birkhoff interpolation scheme, in the sense formulated in (13).

PROPOSITION 2. The interpolation scheme (Ae,113) is equivalent with the
interpolation scheme (Ae, I12), with

Ao = {qu,ek | Ags0 = (4;(D)P)(0k), 45 € Py k €10, .. 'n}}’ (26)

0y x> .
Py = {q €T [q(z) = 3 - +a(@), deg(ar) > J} (27)
jal=i

Proof: The point 0 intervenes in n — k + 1 conditions. That is why, we
consider that in the set © we have n — &+ 1 copies of 8, which we will denote
by 0,[31, j € {k,...n}. With this notation, the polynomials in the space Py
satisfy the equality: ’

(Q(z) : eek'z)lz (e"’“'z) v (28)

Hence the interpolation scheme (Ag,I12) and (Ag,II?) are equivalent. Ob-
viously, the spaces P,i; are scalar invariant. Consequently, the interpolation
k
scheme (Ae,II7,) is one of Hermite - Birkhoff type.d
The conditions in the set (Ag,I12) are not linear independent. The next
proposition improves the set of conditions.

PROPOSITION 3. The interpolation scheme (Ae,113) is equivalent with the
interpolation scheme (Ao, I12), with

Ao = {0, | Ao = (@(D)p)(0k), q € Py k€{0,...n}}, (29
L
.me{k,...n}
Py, = span { pm, | pm(x) = a%:m o (30)
Pm =0 ,m <k

Proof: We easily observe that
span {)\qjﬂk | g; € 779;5]; ke {0,... n}} = span {0, | ¢ € Po,; k€{0,...n}}
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