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N-LINEAR CONNECTIONS AND JN-LINEAR CONNECTIONS ON SECOND
ORDER TANGENT BUNDLE T2

ATANASIU GHEORGHE

ABSTRACT.On second order tangent bundle T?M we define an N-linear
connection which have nine coefficients in comparation with the JN-linear con-
nection which have three coefficients, only. To work with an N-linear connec-
tion on T2M is an advantage for the physical applications to electrodinamics,
elasticity, quantum field theories, etc.
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Let M be a real C°°- manifold with n dimensions and (T?M,m, M) its
tangent bundle, [1] - [3]. The local coordinates on 3n-dimensional manifolds
T*M are denoted by (z',y V!, y@") = (z,yM,y®) =u, (i =1,2,...,n).

Let (%, %, ﬁ)be the natural basis of the tangent space TT?M at

the point u € T?M and let us consider the natural 2—tangent structure on
T?M, J : x (T?M) — x (T*M) given by

/ (%) - ay(l)i’ J (ay(l)i) = ay(g)ia J (6y(2)i> =0. (1)

We denote with NV a nonlinear connection on 7?2 M with the local coefficients

Nt N?
( 1y (2 > (i, =1,2,...,n) ,[3], [6]. Hence, the tangent space of T?M in

the point v € T?M is given by the direct sum of the linear vector spaces:

T,T*M = Ny (u) ® Ny (u) ® Va (u),Yu € T°M (2)

An adapted basis to the direct decomposition (2) is given by {%, #, ﬁ },

where
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6 _ 0 _ NI_9  _ NI_O
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5 _ 9 ai_0 3
Sy7 = By {Xiay@)j? (3)

6 __ _90_
Sy Py @i-

The dual basis of (3) is {dz%,6yV", 6y} | where

Syt = dyMt 4+ N da,
Y Y 1’ (4)

Syt = dy@i + Ni dyDi 4 (Ni + Nt Nm> da?.
Y Y 1’ Y @™ o'’

DEFINITION. (/2],/3]) A linear connection D on T*M, D : x (T*M)xx (T*M) —
X (T?M) is called an N-linear connection on T*M if it preserves by parallelism
the horizontal and vertical distributions Ny, Ny and Vo on T?M.

An N-linear connection D on T?M is characterized by its coefficients, in
the adapted basis (3), in the form:

b _ i 6 s ri & 0 i _ 0

Dik Sud ((%) k527 Dhik sy (L) Jk Sy D% ay@i (2L0) ik 5y 2

D s L =i 95 ;s = — (' D s -9_— (i _9_
3R Sl (o1) Jjk sz Sy (DF (Sy(l)ﬂ (11 )]k (Sy(l)ﬂ 5y (D Ay(2)J (21) Jk 9y (2)i>

D 5 i 8 5§ i 6 o  _ i 9

5 = = oD s i = N AT s e = Oy =5,
5y @ 080 (o) IR 0wt TSy syt T gy dk ey TS 0y T 5y dk 9y

(5)

The system of nine functions

( ) ((Oo)jk‘ (10)]k (20)]k (o1) gk (1) jko (21)]k7 (02) jk» (12)jk7 (22) ]k) ) ( )

are called the coefficients of the N—linear connection D.
The torsion tensor T' of an N— linear connection DI' (V) is expressed, as
usually, by T(X,Y) = DxY — DyX — [X,Y] and, in the adapted basis (3),

it have fourteen components: T *, P %, Q"y, S %y, (a = 0,1,2; 8,7 =
(00) 7% (B 77 35y %7 ()
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1,2; (S © =0)(see (7.2),]2], pg.41). The curvature tensor R of DI'(N), in

jk
the adapted basis (3), have eighteen components: ((ﬁ); K> (5); K> (g); il (55;
(=0,1,2; f=1,2) (see (7.11) ,[2],pg.43).

Generally, an N-linear connection DI' (N) on T?M is not compatible with
the natural 2-tangent structure J given by (1).

%
)j kl>

DEFINITION. An N-linear connection DT (N) on T*M is called JN— linear
connection if it is absolut parallel with respect to J, i.e.:

DxJ =0, VX € x (T°M). (7)

THEOREM 1 (Gh. Atanasiu [2], pg. 39, [3], pg.25) A JN— linear connec-
tion on T*M s characterized by the coefficients JDT (N) given by(6), where

Li,=Li, =1 Li.
©00) 7% 10y I ()”( i)

Cci — i — i [=ci
onF T an e\ @) (8)
Ci =(Ci =(Ci (=(C'
0% ant e\ @t

It results that a JN— linear connection on T2M has three essentially
coeflicients JDI' (N) = (Lijk, (%ijk, (%ij) .
In the adapted basis (3), the torsion tensor 7" of a JN — linear connection

on T?M have thirteen components [ Q° k= ( ) “ix | and the curvature ten-
(21) 20

sor R of JDT' (N) have six components R’ ;, (: (({%); kl) ,(];); y (: (5); kl) ,

i (=i ). 8t (=95, ), (Va=01208=1,2).
jkl ( (8)] kl) (,3)] kl ( (,Ba)] kl> ( 6 )

Of course, for the physical applications there exists an advantage to work
with an N-linear connection (see [4], [5], [8]) in comparation with a JN — linear
connection (see [1],[6], [7]).
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