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ABSTRACT. In this paper we define a general class of a-convex functions
with respect to a convex domain D contained in the right half plane by using
a generalized Salagean operator introduced by F.M. Al-Oboudi in [5] and we
give some properties of this class.
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1.INTRODUCTION

Let H(U) be the set of functions which are regular in the unit disc U,
A={feHU): f(0)=f'(0)—1=0}, H,(U) ={f € H{U) : f is univalent
in U} and S={f € A: f isunivalent in U}.

Let D" be the Salagean differential operator ([10]) defined as:

D":A— AneN
and
D°f(z) = f(2)
D'f(z) = Df(z) = 2f'(2)
D" f(z) = D(D""'f(2)).

REMARK 1.1 If f € S, f(z2) = z—i—% a;27,j =2,3,...,2 € U then D" f(z) =
j=2

oo .
z+4 > j"a;’.

=2

The aim of this paper is to define a general class of a-convex functions
with respect to a convex domain D contained in the right half plane by using

a generalized Salagean operator introduced by F.M. Al-Oboudi in[5] and to
obtain some leftoperties of this class.
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2.PRELIMINARY RESULTS

We recall here the definitions of the well - known classes of starlike func-
tions, convex functions and a-convex functions (see [6])

. n2l(2)
S —{feA.Re e >O,z€U},

SC:C’V:K:{feH(U); f(()):f’(o>-1=o,Re{1+z;/;(Z§)} >0, zeU},

M,={fe HU), f(0)=f(0)—1=0,ReJ(a, f;2) >0, 2€ U, a € R}

where

/() ( Zf”(Z)>
J(a, f;2)=(1—« +all+
iz = =) 72
We observe that My = S* and M; = S¢ where S* and S¢ are the class of
starlike functions, respectively the class of convex functions.

REMARK 2.1. By using the subordination relation, we may define the
class My, thus if f(z) = z + ap2®> + ..., z € U, then f € M, if and only if
J(a, fr2) < %7 z € U, where by "<” we denote the subordination relation.

Let consider the Libera-Pascu integral operator L, : A — A defined as:

f(z) = L. F(z) = 1+&/F(t)-t“_1dt,a€C7Rea20. (1)
0

ZCL

In the case a = 1,2,3, ... this operator was introduced by S. D. Bernardi
and it was studied by many authors in different general cases.

DEFINITION 2.1.[5] Letn € N and A > 0. We denote with DY the operator
defined by
DYy:A— A,

DSf(2) = f(2), DAf(2) = (1= N f(2) + A2 f'(2) = Daf(2),
Dy f(z) = Dy (Dy' ().
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REMARK 2.2.[5] We observe that DY is a linear operator and for f(z) =

) .
Z+ Y a2’ we have
Jj=2

DYf(z) =2+ i(l + (j — D)A)"a;27.

=2

Also, it is easy to observe that if we consider A = 1 in the above definition
we obtain the Salagean differential operator.

DEFINITION 2.2 [3] Let q(z) € H,(U), with ¢(0) =1 and q(U) = D, where
D is a convex domain contained in the right half plane, n € N and A > 0. We

say that a function f(z) € A is in the class SL:(q) if D {(z) <q(2),z€U.

n+1
A
DY f(2)

REMARK 2.3. Geometric interpretation: f(z) € SL:(q) if and only if
DY f(2)
DY)
plane.

take all values in the conver domain D contained in the right half-

DEFINITION 2.3 [4] Let q(2) € H,(U), with ¢(0) =1 and q(U) = D, where
D is a convex domain contained in the right half plane, n € N and A > 0. We

n+2
say that a function f(z) € A is in the class SLS(q) if giﬂﬁj <q(z),z € U.

REMARK 2.4. Geometric interpretation: f(z) € SLS(q) if and only if
DY*2f(2)
DY f(2)
plane.

take all values in the convex domain D contained in the right half-

The next theorem is result of the so called ”admissible functions method”
introduced by P.T. Mocanu and S.S. Miller (see [7], [8], [9]).

THEOREM 2.1. Let h convex in U and Re[fh(z) +~] > 0, z € U. If

p € H(U) with p(0) = h(0) and p satisfied the Briot-Bouquet differential
subordination

——~—— < h(z),then p(z) < h(z).
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3. MAIN RESULTS

DEFINITION 3.1 Let ¢(z) € H,(U), with ¢(0) =1, ¢(U) = D, where D is a
conver domain contained in the right half plane, n € N, A > 0 and « € [0, 1].
We say that a function f(z) € A is in the class M Ly, o(q) if

Ditf(s) | DIFR(2)
Dyf(z) DR ()

Jon(a, fi2)=(1—a) <q(2), z€ U.

REMARK 3.1 Geometric interpretation: f(z) € ML, ,(q) if and only if
Jax(a, fi2) take all values in the conver domain D contained in the right
half-plane.

REMARK 3.2 It is easy to observe that if we choose different function q(z)
we obtain variously classes of a-convex functions, such as (for example), for
A =1and n = 0, the class of a-convex functions, the class of a-uniform
conver functions with respect to a convex domain (see [2]), and, for A = 1,
the class UD, o(8,7), 8 >0, v € [-1,1), B+~ > 0 (see [1]), the class of

a-n-uniformly convex functions with respect to a conver domain (see [2]).
REMARK 3.3 We have ML, o(q) = SL}(q) and ML, (q) = SL(q).

REMARK 3.4 For ¢1(z) < ¢2(2) we have ML, o(q1) C ML, (q2). From
the above we obtain ML, o(q) C ML, (Hz)

1—z

THEOREM 3.1 For all a,a’ € [0,1], with a < o/, we have MLy, . (q) C
ML, .(q).

Proof. From f(z) € ML, (q) we have
Dy f(z) | DRf(2)
D) oy S B

where ¢(z) is univalent in U with ¢(0) = 1 and maps the unit disc U into the
convex domain D contained in the right half-plane.
With notation

Jn,/\ (Oé,f;Z) = (1 —Oé)

Dy f(2)
P& = Torre)

10
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where .
p(z)=14+piz+...andf(z) =z + Zajzj
we have ,
p(z) +a'X- Z;)(ij) =
DY) D) (DY) DY) - DY) (D37()
D3 f(2) Dy () (D3f(2))°

“A D) DG D)

DY) |, D) (H(DENE) i) 2Dy
D) D)

= . n+1 j /
DI f(2) . DyF() 2z <z —|—]§2 1+ - a2 )

~ D2 DY) Dy f(2)

e (+ Buro-ovas) _

D3 f(2) D5 f(2)

S . Y n+tl 51
_ D;LJrlf(Z) N N DQf(,Z) Z (1 +j§2j (1 —+ (] 1) ) a;z ) )

Dyf(2) DyTf(2) Dy f(2)

DZ\H—lf(Z) z (1 + Z j (1 + (.] - 1))\)” ajzj1>
DRf(2) D3 f(2)
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or

z2p® DY f(z)

D3 f(z)

p(Z)—f—o/-/\-p(Z) = DI

Dy f(z

D3 f(2)

s+ 21+ - DN g
+a' A — =
DY f(2)

)

We have

2+ > j(+(G -
=2

=z+> (1+
j=2

=2+ Df\LHf(z)

D} f(z) D3 f(z)

s+ X+ G- 1>A>“a]zﬂ)

j=2

DA™ g2+ 306~ 1) (14 (G — DA ayed =

=2

—z+ i(] 1)1+ G —-DN)"a =

Jj=2

= D3 f(2) ii ((G=DA) (L+ (= DA a2 =

. 1 & . n
_D“f Xz_: 1I4+G-DX=1) A+ (G —-1DN +1ajzj—

— Dn+1f Z

J=2

=Dy f(2)

= DY) -

Al
A A h\

DA™ e =24 Y (= 1)+ 1) (1+ (= DA 0 =

FG— DN a4 LY (0 (- DY) e

] =2

1 1

— 1 (DF ) = 2) + 5 (DEP ) - 2) =

A

1 ., z 1,
XDAHf(Z) Tyt XD)\+2f(Z) -3 =

>

SDY(E) + 1 DY) =

12
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1 n n
=5 (A= 1)Dy f(2) + Dy f(2)) -
Similarly we have

z—i—Zj(l—l—(j— 1)/\)"ajzj =
=2

(A= DD3f(2) + DEFf(2))

> =

From (3) we obtain

N ACN
p(z) +a' - A o)
D), DR 1 (0 DRTG)
T DR ADS‘“f(Z)A <(A b D} f(z)

Dyf(z)  DyFf(2),, . (DiTf(2))
i) D) Y (D’;f(z)))

_ DY) DRPf(z) D)

Dif(z) Dy D)
DGR, L DER)
= DpiG) T T e

From (2) we have

= Jua(d, f;2)

2p/(2)
p(e) + 2L
a}A p(Z)
with p(0) = ¢(0), Req(z) > 0,z € U, &’ > 0 and A > 0. In this conditions
from Theorem 2.1 we obtain p(z) < ¢(z) or p(z) take all values in D.
If we consider the function g : [0, /] — C,

Azp'(2)
p(2)

< q(2)

g(u) = p(z) +u

Y

with g(0) = p(2) € D and g(a/) = J,A (¢!, f;2) € D, it easy to see that

Azp'(2)
p(2)

g(a) =p(z) + « eD0<a<d.

Thus we have
Jn,)\(aa f7 Z) < Q<Z>
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or

f(z) € MLya(q).

From the above theorem we have
COROLLARY 3.1 For every n € N and « € [0, 1], we have

ML, (q) C ML,o(q) = SL;,(q)

REMARK 3.5 If we consider A = 1 and n = 0 we obtain the Theorem 3.1
from [2]. Also, for A\ =1 and n € N, we obtain the Theorem 3.3 from [2].

REMARK 3.6 If we consider A = 1 and D = Dg_, (see [1] or [2]) in the
above theorem we obtain the Theorem 3.1 from [1].

THEOREM 3.2 Let n € N, a € [0,1] and A > 1. If F(z2) € ML, ,(q)
then f(z) = L F(z) € SL!(q), where L, is the Libera-Pascu integral operator
defined by (1).

Proof.
From (1) we have

(14 a)F(z) = af(z) + 2f'(2)

and, by using the linear operator DY and if we consider f(z) = Py a2,
we obtain

(1+a)DYT F(2) = aDy ™ f(2) + DY (z + Zjasz) =

j=2
=aDVP () 42+ Y (1 + (G — DN a2
j=2

We have (see the proof of the above theorem)

DGO e = S (A DDEAE) 4 DEE) ()

Jj=2

14
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Thus

(1 + @Dy F(2) = aDy™ f(2) + 5 (A= DY (=) + DYP2£(2)) =

A —
= (0 A5 D3+ S DE

or

M1+ a)DyPF(z) = ((a+ DA = 1) Dy £(2) + DY £(2).

Similarly, we obtain

M1+ a)DyF(2) = ((a+1)A = 1) D f(2) + Dy £(2).

Then
Dit2f(z) DItf(z) Dy f(2)
Dy F(z) | i) ppre T (et DA D) B
p = n+1 2
DYF(2) ((a+ 1A= 1)+ 270

With notation

Dn+1
A = b0 =1
we obtain
DrEG) B p) + (@ DA -1 p(2) 5
DYF(z) p(z)+(a+ 1A -1 (5)
Also, we obtain
Dyf(z) _ DYPA(s) | DY) 1 DY) )

Dyt f(z)  Dif(z) DyFf(z)  pl2)  Dif(2)
We have

Dy f(z) i

=
D3 f(z) z+ io: 1+ (G —1N) a2

and
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H(DRE) D) s (DYE)
Dif) DG DY)

2p(2) =

2z (1 + ioj (1+ (G —DN)" jajzj_1>
=

Dy f(2)
2 (14252, (14 (= D) jiayz 1)
s D)
Zp/(z) _ 2+ Z;.;ZJ (1 + (] i 1))\)n+1 CLij _p(z) z +j2=:2j (1 + (] - 1)/\)n ajzj
D5 f(2) Dy f(2) (7)'
By using (4) and (7) we obtain
oy = L (A= DDYT ) + DYPf(E) (A= DDRf(2) + D?“f(Z)) _
7o =5 DL P DY)
1 Dy f(2) B
=5 (0= + B - 0+ 0o -
_L(DRTIGE) e
3By )
Thus D"+2f( )
Azp'(z) = DIy p(2)
" DY) _
D) p(2)” + Azp'(2).

From (6) we obtain

Di\lﬁf('z) . 1 )2 o0 (2

16




M. Acu - On a class of a-convex functions

Then, from (5), we obtain

DYY'F(2) _ p(2)* + 22/ (2) + ((a+ 1A = 1) p(2) 2/ (2)

=p(z)+A

DYF(z) p(z) + ((a+ 1A —1) p(z) + ((a+ 1A —1)

WhereozEC Rea>0and)\21.
D"F( ) = h(z), with A(0) = 1, we have from F(z) € M L, ,(q)
(see the proof of the above Theorem):

If we denote

zh (z)
h(z)
Using the hypothesis, from Theorem 2.1, we obtain

h(z) < q(2)

Jor(a, Fy2) =h(z) +a- X q(z)

. zp'(2)
p(z)+ ((a+ DA =1

By using the Theorem 2.1 and the hypothesis we have

p(z) + A ) =< q(2).

p(z) < q(2)

. Dyt f(2)
Dif(z)

This means f(z) = L,F(z) € SL:(q) .

=< q(2).

REMARK 3.7 If we consider A =1 and n = 0 we obtain the Theorem 3.2
from [2]. Also, for A =1 and n € N, we obtain the Theorem 3.4 from [2].

REMARK 3.8 If we consider A =1 and D = Dg, ( see [1] or [2]) in the
above theorem we obtain the Theorem 3.2 from [1].
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