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1.INTRODUCTION

Let A,, denote the class of functions of the form
fz)=z24+ > apz®me N*=1{1,2,...} (1)
k=n+1

analytic and univalent in the unit disc of the complex plane
U={z€C: || <1} (2)

with ./41 == .A
F.M. Al-Oboudi in [1] defined, for a function in A,,, the following differential
operator:

D°f(z) = f(2) (3)
Dif(2) = Daf(2) = (1= N f(2) + A=f'(2) (4)
DY f(2) = DA(DY ' f(2)), A > 0. (5)

When A = 1, we get the Salagean operator [6].
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If f and g are analytic functions in U, then we say that f is subordinate
to g, written f < g, or f(2) < g(z), if there is a function w analytic in U with
w(0) =0, |w(z)| <1, for all z € U such that f(z) = glw(z)] for z € U. If g is
univalent, then f < g if and only if f(0) = ¢g(0) and f(u) C g(U).

We shall use the following lemmas to prove our results.

LEMMA 1.1.(Miller and Mocanu [3]).Let h be a convex function with h(0) =
a and let v € C* be a complex number with Re v > 0.1 fp€ H[a,n] and

p(z) + izp%z) < hz)

then
p(2) < q(2) < h(z)

where

g(z) = -2 / " R84,
0

o nz’Y/n
The function q is convex and is the best (a,n)-dominant.

LEMMA 1.2.(Miller and Mocanu [4]).Let ¢ be a convex function in U and
let

h(z) = q(2) + nazq'(2)

where a > 0 and n is a positive integer. If
p(2) = q(0) + puz" + ... € H[g(0), n]

and
p(z) + azp/(z) < h(z)
then
p(z) < q(2)

and this result is sharp.
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2.MAIN RESULTS

DEFINITION 2.1. Let f € A,, n € N*. We say that the function f is in
the class ST (A, ), A >0, a« € [0,1), m € N, if f satisfies the condition

Re[DY f(2)] > a,z € U. (6)

THEOREM 2.1.Ifa € [0,1), m € N and n € N* then

S\, @) C S™(\, 6) (7)
where
1 1
5= 6\ a,m) = 20— 1+2(1 - a)—f (m) (8)
5a) = [ S 9

1s the Beta function.
Proof. Let f € S™ (A, ). By using the properties of the operator DY,
we get
DY f(z) = (L= MDY f(2) + A2(DX f(2))' (10)
If we denote by
p(z) = (DX f(2)) (11)
where p(z) = 1+ p,2" + ..., p(z) € H[1,n| then after a short computation we
get

(DX f(2)) = p(2) + A2p/(2), 2 € U. (12)
Since f € S™1(), a), from Definition 2.1 one obtains
Re(DY f(2)) > a,z € U.

Using (12) we get
Re(p(z) + Azp'(2)) > «

which is equivalent to
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p(z) + Azp'(2) < WZ = h(z2). (13)

Making use of Lemma 1.1 we have

p(2) < q(z) < h(2),

where . 4@ i
= t1/AM =1 g
a(z) nAzl/An /0 1+t
The function ¢ is convex and is the best (1, n)-dominant.
Since

(DTf(z))/ <20 —1+ 2(1 _ a)i ' 1 /z t(l/,\n)_ldt
n\ 2V Jo o t41

it results that

Re(DPF(2)) > q(1) = 5 (14)
where ] 1
5 =60\ a,n) =20 —1+2(1-a)-—5 (M) (15)
1 1 t(l/)\n)—l
b (M) - /o 1 o (16)

From (14) we deduce that f € S"(A «,0) and the proof of the
theorem is complete.

Making use of Lemma 1.2 we now prove the next theorems.

THEOREM 2.2.Let q(z) be a convexr function, q(0) = 1 and let h be a
function such that

h(z) = q(z) + nAz¢'(2), A > 0. (17)
If f € A, and verifies the differential subordination

(DYFHf(2)) < h(z) (18)
then

76



A. Catag - A note on subclasses of univalent functions defined by ...

(DY'f(2))" < q(2) (19)

and the result is sharp.
Proof. From (12) and (18) one obtains

p(2) + A2p'(2) < q(2) + nAzq'(2) = h(2)
then, by using Lemma 1.2 we get

p(2) < q(2)

or
(DY f(2)) <q(2),z€U
and this result is sharp.

THEOREM 2.3. Let q be a convex function with ¢(0) = 1 and let h be a
function of the form

h(z) = q(z) + nzd'(2),\ >0, z€ U. (20)
If f € A, verifies the differential subordination

(DX f(2)) < h(z), 2 €U (21)
then
DY f(z
L) (22)
and this result 1s sharp.
Proof. 1f we let
Dm
pe) = B0 ey

then we obtain
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The subordination (21) becomes

p(2) + 21'(2) < q(2) + nzq'(2)

and from Lemma 1.2 we have (22). The result is sharp.

REMARK.
a) For n =1 these results were obtained in [2].

b) Forn =1, A\ =1 the results were obtained in [5].
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