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SOME PROPERTIES OF CERTAIN ANALYTIC FUNCTIONS

JUNICHI NISHIWAKI AND SHIGEYOSHI OWA

ABSTRACT. Defining the subclasses MD(«, 3) and N'D(a, 3) of certain
analytic functions f(z) in the open unit disk U, some properties for f(z)
belonging to the classes MD(«, ) and ND(a,3) are discussed. In this
present paper, some coefficient estimates and some interesting applications
of Jack’s lemma for functions f(z) in the classes MD(a, 3) and ND(«, 3)

are given.
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1.INTRODUCTION

Let A be the class of functions f(z) of the form
f(z)=z+ Z%Z"
n=2

which are analytic in the open unit disk U = {z € C||z| < 1}. Shams, Kulka-
rni and Jahangiri [3] have considered the subclass SD(«, 3) of A consisting
of f(z) which satisfy

2f'(2)

f ’(2)>
Re >«
( /() f(2)
for some a(a > 0) and B(0 < B < 1). The class KD(«, ) is defined by the
subclass of A consisting of f(z) such that zf'(z) € SD(«, 3). In view of the

classes SD(a, f) and KD(«, 3), we introduce the subclass MD(«, ) of A
consisting of all functions f(z) which satisfy

—1‘4—5 (z € U)
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2f'(2)

Zf’(z))

e (5) <=7
for some a(a < 0) and 3(3 > 1). The class ND(a,3) is also defined by
f(z) € ND(a, 8) if and only if zf'(z) € MD(a, ). The classes MD(a, [3)

and N'D(a, ) were introduced by Nishiwaki and Owa [2]. We discuss some
properties of functions f(z) belonging to the classes MD(«, 5) and N'D(«, ).

We note if f(z) € MD(«, ), then z;‘(’iz))
domain such that
(u_ &2—5)2+ o L _a(B-1)

<—
a? —1 a2 —1" (a2 —1)2

—1‘+5 (z € U)

= u + tv maps U onto the elliptic

for a < —1, the parabolic domain such that

1, B+1

u<—2(6_1)v + 5

for « = —1, and the hyperbolic domain such that

(u_ a? —ﬁ)2 of 5 o*(B-1)

a?—1) 1-a2 (a2 —1)2

for -1 < a < 0.
2.COEFFICIENT ESTIMATES FOR THE CLASSES MD(«, 3) AND N'D(«, )

By definitions of MD(«, 3) and ND(«, 3), we derive

THEOREM 1. If f(2) € MD(«, 3), then

f(z) € MD (o,ﬁ_a).

l1—«

Proof. 1f f(z) € MD(«, 3),
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Re(%)<a'%g—1'+ﬁga1%e(z}f;g)—1)+5 (2 €U)

implies that

Re (Z;;ij)) - f:z (@ <0,8>1).

o
> 1, we prove the theorem.

Since

COROLLARY 1. If f(2) € ND(«, 3), then

f(z) END (o,ﬁ_o‘) .

11—«

Our first result for the coefficient estimates of f(z) in the class MD(«, [3)
is contained in

THEOREM 2. If f(z) € MD(a, f3), then
2(8—1)

<
|a2|_ l1—«

and

20-1)  Tr (., 281
"‘"'S<n—1><1—a>£[1(”j<1—a>) =9

Proof. 1t f(z) € MD(«, 3), then

B—a+(a—1)Re (Zf/(z)) >0

f(2)
from Theorem 1. And let us define the function p(z) by
B—a+(a— 1)ZJ{ES>
p(z) = 71 : (1)
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Then p(z) is analytic in U, p(0) =1 and Rep(z) > 0 (z € U). Therefore,
if we write

D=1+ pae”, )
n=1
then |p,| <2 (n >1). From (1) and (2), we obtain that
(—1) Zn—lanz = —1)anz"(z+2anz")
n=2 n=1 n=2
Therefore we have
g—1

an = >(pn—1 + pp—2lo + - - + Paty_2 —i—plan,l)

(n—1(a—1
for all n > 2. When n = 2,

-1 200 —1
And when n = 3,
o] < gy Il + Il
26-1) (, . 28— 1)
= 31—a) )(H 1—a)‘
Let us suppose that
2070 (1 1 Jag| -+ o] + o] 3)

o] < k—1)(1—a)

Then we see
k—2
2( -1
1+|a2|+ +|6Lk 2|+|ak 1|§ (1—1——‘(5 i) (4)
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By using (3) and (4), we obtain that

%(1 + lag| + - 4 ak—o| + |ar—| + ax])

28—1) \2B-D) 717 (. 26-1)
<(1+ i 2a) wa L (4 5=a)

26 -D 77 (1, 20-1
<t 10 ima)

e (1 —a)

|ak+1‘ <

This completes the proof of the Theorem.

COROLLARY 2.1If f(z) € ND(«a, 8), then

and

26-1)  Fr(,.208-1)
]S - —ay 1] O =) IR

Proof. From f(z) € ND(«, 3) if and only if 2 f'(2) € MD(«, 3), replacing
a, by na, in Theorem 2, we have the corollary.

3.APPLICATIONS OF JACK’S LEMMA FOR THE CLASSES MD(«, 5) AND

ND(a, 3)

In this section, some applications of Jack’s lemma for f(z) belonging to
the classes MD(«, 3) and N'D(«, 3) are discussed. Next lemma was given
by Jack [1].

LEMMA 1. Let the function w(z) be analytic in U with w(0) = 0. If

max |w(z)| = |w(zo)],
max ()] = (o)
then
zow' (20) = kw(zp),
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where k is a real number and k > 1.

Applying the above lemma, we derive

THEOREM 3. If f(z) € MD(«, 3), then

(14+6)(1—w)

<f(2))<2+w—”_1
z

for some a(a < 0) and B(6 > 1), or

<1490 (0>0)

(148)(1+a)

(1)

for some a(a < —1) and B(3 > 1).

<1496 (6>0)

Proof. Let us define

_ (1+9)(1 — )
ENCETICESY
fora <0and § > 1, and

> 0,

B (1+6)(1+ «)
"“eroe-n Y

for « < —1 and § > 1. Further, let the funcion w(z) be defined by

)Y’
w(z) = & (6> 0)

1+0

which is equivalent to

2f'(2) . (14 6)zw'(2)

) A+ ouw(z) + 1y

(2
Then we see that w(z) is analytic in U, and w(0) = 0. On the other hand, if
f(z) € MD(a, ) (a < 0,5 > 1), then

(1+90)zw'(2)

()l = e (e sa)
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Furthermore, if there is a point zg (29 € U) which satisfies
max [w(z)| = [w(z)| =1,
2| <20l
then Lemma 1 gives us that

1+ 1Re (((1 +0)zw'(20) ) a

kol

(1+®%w@@‘

vy 1+ 0)w(z) +1 (I+d)w(zp) +1
o k(1+9) 1 ak(1+9) 1
e () - [ e

_1+k(1+5) 146+ cosf — ar/(1+6)% +2(1 4 6)cosd + 1 _ F(0)
B 0% (140)2+2(1+0)cosh + 1 B ‘

When v > 0,
E(1+0)(1—a)

- 7(2+9)
(1+0)(1—a)
=t (2 + 0)

:67

because
(14+6)(1 —a)

T ereB-1)

Further, when v < 0,

E(1+9)(1+ «)
FO)>1+
(6) = v(2 +0)
(1+90)(1+ «) _ 3
v(2+9) '
This contradicts our condition of the theorem. Thus there is no z5 € U such
that |w(z9)| = 1. This completes the proof of the Theorem.

> 1+

COROLLARY 3. If f(z) € ND(«, 3), then

(1+6)(1—a)

(f'(z)EED — 1| <1446 (0 >0)

for some a(a < 0) and (6 > 1), or

(1+6)(14a)

(f(2) @D —1| <145 (5>0)
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for some a(a < —1) and B(3 > 1).

Proof. Replacing f(z) by zf'(z) in Theorem 3, we have the corollary 3.
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