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NOTE ON CERTAIN ANALYTIC FUNCTIONS

SHIGEYOSHI OwA, TosHIO HAYAMI AND KAZUO KUROKI

ABSTRACT.Let A be the class of all analytic functions f(z) in the open
unit disk U. For f(z) € A, a subclass Bi(a, 3,7) of A is introduced. The
object of the present paper is to discuss some properties of functions f(z)
belonging to the class By(«, 3,7).
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1.INTRODUCTION

Let A be the class of functions f(z) of form

f(z)=z+ Z an 2" (1)

which are analytic in the open unit disk U= {z € C: |z| < 1}. A function
f(2) € Ais said to be a member of the subclass By (a, 3, 7) of A if it satisfies

Re{af®(2) + Bzf* D (2)} > ~ (ke N={1,2,3,...}; z€U) (2
for some a; € R (j =2,3,4,...,k),a e R, R (f#0),and y e R (0 <
v < klaay ; ap = 1). We consider some properties for functions f(z) belong-

ing to the class Bi(a, 8,7).

REMARK 1. By(a, 3,7) is convex.
Because, for f(z) € Bi(a, 5,7) and g(z) € Bi(a, 8,7), we define
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P(:)=(1-0f(:) +tg(z)  (0<t<1).
Then
Re {aF®(z) + pFFED(2)}

= Re{a(1 = t)f®(2) + atg®(2) + B(1 — t)zf#(2) + Btzg* ()}

= (1=tRe{afO(2) + B2f " ()} + tRe {ag® (2) + Bzg" ) (2)}
> (1—t)y+ty = 7.

Therefore F'(z) € Bi(a, 3,7), that is, Bx(a, 8,7) is convex.

In the present paper, we consider some properties of functions f(z) be-
longing to the class Bi(a, 3,7).

2.PROPERTIES OF THE CLASS Bi(«, 3,7) AND By(a, 3,7)

We begin with the statement and the proof of the following result.
For cases k = 1, we obtain

THEOREM 1. A function f(z) € A is in the class of Bi(«, 3,7) if and

only if

- 1 n—1_n
fz) =z +2(a =) /| (Z S )dum 3)

n=2

where p(x) is the probability measure on X = {x € C: |z| = 1}.
Proof. For f(z) € A, we define

p(z) = af'(z) J;ﬁ_z{y”(Z) —7 (4)
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Then p(z) is Carathéodory function . Therefore we can write
f )OSy [ Lt
a—y N gj=1 1 — 22

It follows from (5) that

dn(z)  (seell]).  (5)

37 (510420 = 55 k@) / S Za@) ©

o=1 1 — 22

- %zg_l {74— (a0 —7) /x|1(1 +a2)(1+zz+ 222+ ... )du(:z:)} :

Integrating the both sides of (6), we know that

/oz ¢ (%f’(@ + Cf”(C)) ac -

= % - { /0 z (acﬁ‘l +2(a—7) i x”<”+5‘1> dc} dp(),

that is, that

% / o l Z% _ - B nZn—f—% T
) = g lz_l{ﬂ +2(a 7><Zn@+a“’ >}du()

n=1
o a =~ 1 .
= 28 +2(a—)z" /|x:1 (; nﬁ—i—ozx 2 )d,u(a:).
Thus, we have
/ o . - 1 n.n
F(z) =142 7)/|z|:1 (Z T )du(rc)~ (7)

An integration of both sides in (7) gives us that

/Oz F(Q)d¢ = /0 {1+2(a—7) /|“ <i nﬁiawn<n> du(@}dg

n=1
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or

f(2) = 2 +2(a — ) / | (Z —— nﬁm)x”z"“) dy(z)

B *

This completes the proof of Theorem 1.

Mg

n((n—1) ﬁ—i—a)

n=2

COROLLARY 1. The extreme points of Bi(a, 3,7) are

0 Ll
fo(2) = 2+ 2(a — ) ggn n—1ﬁ+afn (lz| = 1).

In view of Theorem 1, we have the following corollary for a,,.
COROLLARY 2. If f(z) € A is in the class By(a, 3,7), then

2(a =)
n((n—1)0+a)

Equality holds for the function f(z) given by

lan| < (n=2,3,4,...).

n—1

f&) =z+20-0Y g (=1

Further, the following distortion inequality follows from Theorem 1.

COROLLARY 3. If f(2) € A is in the class Bi(a, 3,7), then

o

£ <l + 20— ) (Z e _‘Zl';ﬁw)) ()
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REMARK 2. If > 0 and % =7 (7=2,3,4,...) in Corollary 3, then we

see that . " o .
z|™ z 1
2 - ira) < 5 a1
122 (1 1
- BG-1) ;(5_H+J—1)
_ P -1 log()) o2
BG-1) 2 n = BG-1)
Therefore, we have that
2(o — y)log(j)
£ < ol + =G
2(o — y)log(j)
DTy

Next, for cases k = 2 we show
THEOREM 2. A function f(z) € A is in the class Bs(a, 3,7) if and only
of

f(2) = 2+ a2 + 2(2aay — ) Al <Z n(n—1) (?:1_— )3+ a) z") du(z)

n=3

where p1(x) is the probability measure on X = {x € C: |z| = 1}.
Proof.For f(z) € A, we define
B Oéf”(Z) + ﬁZf”’(Z) —

2cag — 7y

p(2)
Then p(z) is Carathéodory function. Hence, we can write

af’(z) + Bzf"(z) — v _ /|: 14 a2 (8)

d .
2cag — 7y 11 —xz Hiw)

In view of (8), we have that
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37 (G710 + 2 =

%zﬁ—l {74—(204@2— /|x 3 <1+2Zx ) } 9)

1
:B (2(1@22%3 +2(2aay — E T ) w(z).
jal=1

Integrating the both sides of (9), we have that
[ (5o cf“(c)) &
0

S o

that is, that

a a = I6] a
28 f"(2) = = 2Bas25 + 2(2aag — 22" du(x).
/'@ =3 x|:1{ 2 (2aa 7)(;nﬁ+a (@)
This implies that

f(z) = /||=1 {2a2 +2(2aag — ) (Z nﬁzi az"> } du(z). (10)

An integration of both sides in (10) gives us that

[e.9]

/OZ f"(Q)d¢ = /0 {2@2 +2(20as —7) /x|:1 (; n;i a<"> du(x)} d¢

f'(z) = 1 =2a9z + 2(2aag — 7) /|x|:1 <Z CES) nﬁ o n—H) dy(z).

n=1
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Therefore, we know that

ik 1

MS

1'(2) = 14 2a22 +2(2aas — /|| 1 ( ") dp(x). (11)

n(n—1)0+a)

n=2

Applying the same method for (11), we see that

/Ozf’(é)dCZ
:/OZ{1+2a2C+2(2aa2 /xu(

Thus, we obtain that

Mg

Y (CESITE: )<”> du(x)}dc.

n=2

o0 21
f(2) = z + az2® + 2(20ay — /Ix B (; S CENETS Zﬂ“) du(z)
2 S a2 n
= z+ ayz” + 2(2aay —fy)/pc1 (; Y p— ((n—2)6+a)2 > w(x)
This completes the proof of Theorem 2.
COROLLARY 4. The extreme points of Ba(a, B,7) are
0 =2

fo(2) = 24 a22° +2(20a5 — ) (; RYPRS Y oy Q)ZN> (lz| = 1).

In view of Theorem 2, we have the following corollary for a,,.

COROLLARY 5. If f(2) € A is in the class Ba(o, 8,7), then

2(2aaz — )
nn—1)((n—2)5+ «)

(n=3,4,5,...).

|an| <
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Equality holds for the function f(z) given by

f(2) = z4a2°+2(20a3—7) (Z:; Y p— (f:z_— S a)z"> (|x] = 1).

Further, the following distortion inequality follows from Theorem 2.

COROLLARY 6. If f(z) € A is in the class By(a, 3,7), then

£ < |2l +Haal = +2(20,7) (Z T ﬁw)) (- 0)

3.PROPERTIES OF THE CLASS By («, 3,7)

For cases k is any natural number, we have

THEOREM 3.A function f(z) € A belongs to the class B(a, 3,7) if and
only if

f(2)=z4a2® +...

+ap2"+2(klaay—) /x|=1 ( > nn—1)...(n—k+1)((n—k)B+ O‘)> e

n=k+1

for k =1,2,3,..., where p(x) is the probability measure on X = {z € C:
|| =1}

Proof.For f(z) € A, we define

af®(z) + Bzf*(2) -y
klaay, — v '

p(z) =
Since p(z) is Carathéodory function, we can write that

afM(z) +Baf* V(=) —y / L (). (12)
|

kElaay —~ o=1 1 — 2
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This means that

251X pW) () 4o kD
(5796 +24490)) =
251 {74— (klaay, — ’y)/Hl (1 + 22:6”2") du(m)} = (13)

1
- (k:!aakzﬁ + 2(klaay — vy Zx"z”ﬂa ) w(x).
|z[=1

I

g

Integrating the both sides of (13), we obtain that

/ e (%ﬂk)(o - Cf““*”(()) d¢
0

; - {/Z (k!aakéﬁ + 2(klaay, — (Z x”éml)) d(} du(z),

that is, that

28 f®)(2) = % - {k!ﬁakzg + 2(kloay, — ) <§: nﬁﬁ%— aa:”zg_1> } dp(z).
x|= n=1

This is equivalent to

F®(2) = /||:1 {k!ak + 2(klaag — ) (Z n;i a2n> } du(x). (14)

Now, since f(0) =0, f/(0) = 1, and f™(0) = mla,, (m =2,3,4,...),
we see that

/Oz f(m)<<“)d§ _ f(mfl)(z) _ f(mfl)(o)
= f () — (m = 1Dlagp_1.
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Furthermore, we know that

//Cm /CQm'amde@ dCy, = 2™

and

xn2n+k

“(n+k)ntk-1)...(n+1)(nB+a)

mnszn

nn—1)...(n—k+1)((n—k)B+a)

5

n=k+1

Therefore, integrating k times the both sides in (14), we obtain that

Ck C2
/ / M(¢)d¢dG . . . dG,
z Ck (2 . Q;TZCTL

that is, that

z z (2 z (3 C2
0 —i—/o JH(O)dCH_/O /0 f"(O)dC1d§2+/0 /0 ; F"(0)d¢ydCadCs+. . .
2 pCk 2 & xngn

Thus, we conclude that

f(2) =2+ a2 +az2® + -+ + ap2”

+2(klaa =) /x|1 (nz nn—1)...(n—k+ 1) ((n—k)B+ a)) ()

k+1

The proof of Theorem 3 is complete.

COROLLARY 7.The extreme points of By(a, 3,7) are
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fo(2) = 2+ ag2® + as2® + - + ap2”

2(kaa, =) ( Z nn—1)...(n—k+1)((n— k)ﬁ+a)> (o] =1).

n=k+1

In view of Theorem 3, we see that

COROLLARY 8.1If f(z) belongs to the class By(a, 3,7), then

2(klaay, — )

|“n|Sn(n—1)...<n—k+1)((n—’f)5+a)

(n = k+1,k+2,k+3,...).

Equality holds for the function f(z) given by

f(2) = 2+ a2 + as2® + - + ap2”

+2(klaa,—7) ( Z nn—1)...(n—k+1)((n—k)B+ a)) (lef = 1)

n=k+1

Further, the following distortion inequality follows from Theorem 3.

COROLLARY 9.1If f(z) belongs to the class By(«, 3,7), then

()] < J2] + laal |2 + lasl=l® + - + Jax] 2"

[e.e]

4"
Zn<n_1>"'<”_k+1)((n—k)ﬁ+a)> (z€0)

n=k+1

+2(klaag—) (
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