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THE NONCOMMUTATIVE DIRAC EQUATION FOR SOME
WAVE FUNCTIONS
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ABSTRACT. In this paper we will analyzed the noncommutative Dirac
equation which was introduced in the paper [7], for some wave functions. For
instance, we will study the movement of an electron inside of an atom using
the noncommutative Dirac equation.
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1. INTRODUCTION

In the paper [7], we construct the ”noncommutative Dirac equation”,
which was:

.0
it ) = Qe 0,)0(t,7) (1)

Here Q(z, d,) represent the noncommutative harmonic oscilator which is
the second-order ordinary differential operator:

Q(%@:)Z(S‘ %) <—%§+%2>+((1) 81><x3x+%):
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where «, 3 are two constants, «, 5 > 0. 1(x,t) represent the wave function
and h represent the Planck constant.

The wave function ¥ (x,t) describe the probability distribution in time
and space of an particle.
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For instance, the wave function v (z,t) for an electron which is moving
inside of an atom in the fundamental state, defined for n = 1 in the equa-
tion £ = 8’;"26;2 -, have the following wave function (see [4]): ¥ (z,t) =

\/ #6_5 coswt where a = hmse% and r represent the radius of the orbit of an
electon.

2. MAIN REsSuULT

THEOREM 2.1 For the wave function ¢ (x,t) = ,/%e’g coswt , which

represent the wave function of an electron which is moving inside of an atom,
the noncommutative Dirac equation is: hw tanwt = x0, + %
Proof.Starting with the noncommutative harmonic oscilator :

Q(z,0,) = ( ey il )

20, + 3 —p% — p=

and using the noncommutative Dirac equation, one obtain :

m%w@,mz( ey —ad- )wt,x)

In this equation we take

2 v
t,r) =\ —5e acoswt
ot ) = =
and we get:
T 2 —aag —|— a—mz —xa — l 2 T
ihwe oy —(—sinwt) = 2 2 ;2 \| —5¢e @ coswt
7ra3( ) ( 10, + 3 _Bo: _ p=? a3

2 2

. 1
Using the matricial representation for the complex numbers, i = ( (i 10 > ,

one obtain :

(0 puen \ (=2 4 o) it ) (—xx—w(t,az)
hadztz) 0 -
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Identifying, one obtain the following equation:

r 2 1 2 r
hwe™ e[ —5 sinwt = | 20, + 5 | \/ —5€ = coswi
ma3 2 Ta3

Finally, one obtain: hwtanwt = —z0, + %, so the theorem is proved.
In the paper [7], we obtain the noncommutative Dirac equation for a free

particle as:

h% (x,t) = — (x@x + %) P(x,t) (2)

LEMMA 2.2. If we take the deBroglie wave function (t,x) = Ae'n +
Be_%, (where E represent the total energy), using the noncommutative
Dirac equation (1), one obtain the total energy:

iEt

1 1\ Ae'n + Be™ "%
E - — <xa7: + _) ei;& ki ‘ i;t .
7 2) Aes 4+ Be &

Proof. Applying equation (1) to the de Broglie wave function (2) , one
obtain:

E 1Bt E 1Bt ]_ t 1Bt
h (AZEGg — B%eg) =— (:C@x + 5) <Ae% + Be™'® ) =

iB(Ae® — Be ') = — (20, + §) (AeH + Be )
Finally, one obtain:

iEt

1 1\ Ae'" + Be "%
E=—- (xam+_) ei;t e i:?t
( 2) Ae'n — Be n

so, the lemma is proved.

COROLLARY 2.3. If we consider a plane wave function: (t,x) =
ce(_%Apx_lE%), where A, B are constants, using noncommutative Dirac equa-
tion one obtain the total energy:
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Proof.
h% (Ce(ip;:‘wf%)) = — <J]a$ + %) 06(%*%) N
heel e —52) (_if;B) __ (xax + %) oo e 1Bty

So, finally, we obtain:

1
1EB = 20, + 5 =
1 1 1 ih h 1 h
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