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ABSTRACT. In this paper we study a new simple quadrature rule based
on integrating a spline quasi-interpolant on a bounded interval. We also give

error estimates for smooth functions.
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1. INTRODUCTION

DEFINITION 1 [1] The function s(z) is called a spline function of degree
d with knots {t;};_, if —00 1=ty <t; <+ <ty < tpp1 =00 and

i) for each i =0,...,n, s(x) coincides on (t;,t;11) with a polynomial of
degree not greater then d;

i) s(x),s'(z),...,s9"V(x) are continuous functions on (—oo, +00).

We shall denote by Sy(t1, ..., t,) the class of all spline functions of degree
d with knots at t,...,t, . For fixed {t;}}"_, , Sa(t1,--- ,t,) is a linear space
and dimSy(t1,--- ,t,) =n+d+ 1.

Let tyg < -+ < tgqy1 be arbitrary points in [a, b] such that ty < tgy1.

DEFINITION 2 [1] The spline function

B<t0a e 7td+1;t) = ( - t)i [t()a e atd—i-l]

15 called a B-spline of degree d with knots tg,--- ,tq:1.
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A property of B-spline it is:

b
1
Btg, -ty t)dt = ——.
/a (07 7d+17) d+1

Given the sequence (finite or infinite) of points {¢;} , such that
e Sl St S
and t; < t;y411 for all i , we shall denote by B; 4(t) the B-spline
Bia(t) = (- —t)% [tis-+ , tivasa] -

The spline function N; 4(t) = (tivar1 — ti)Bia(t) is called normalized B-

spline .

THEOREM 1 [1] Let a < tgi0 < -+ < t, < b be fized points such
that t; < tirqe1 for all admissible v . Choose arbitrary 2d 4+ 2 additional
points t1 < +-tgyy < a and b <ty < oo0 < tyigr and define Bi(t) =
B(ti,- -+ ,titar1;t). The B-spline Bi(t),-- , B,(t) constitute a basis for
Sa(tare, - ,tn) on [a,b.

In [3] is given a general construction of quasi-interpolants. Given a func-
tion f , the basic problem of spline approximation is to determine B-spline

coefficients (¢;)!; such that
n
Pf= ZCiNi,d
i=1

is a reasonable approximation to f . The basic challenge is therefore to devise
a procedure for determining the B-spline coefficients.

Let t = (t;)"4{"" be arbitrary points in [a, b] , nondecreasing with tq11 = a
and t, 11 = b. We assume that f is defined on [a,b] . We fix k and propose

the following procedure for determining c:

22



A.M. Acu - Spline quasi-interpolants and quadrature formulas

1) Choose a local interval I = (t,,t,) with the property that I intersects
the support of Ny 4 :

IO (th thyarr) # o

Denote the restriction of the space Sy to the interval I by Sgr, namely
Sd,[ = span {N;hd,d, T 7N1/fl,d} .

2) Choose some local approximation method P; with the property that
Prg=gforall ge Sy .
3) Let fr denote the restriction of f to the interval I . Then there

v—1
exist B-spline coefficients (bi);’;}_ 4 such that Prf; = Z b;N;q . Note that
i=p—d
nw—d <k <wv—1since supp N4 intersects I .

4) Set Cr — bk

THEOREM 2(de Boor-Fix) [3] Let r be an integer with 0 < r < d and let

x; be a number in [t;, t; 41] forj =1,...,n . Consider the quasi-interpolant

Qurf = N(f)Nja (1)

j=1

where

1 < ~

Ai(f) =~ (=1 D" pja(;) D" f(x;)
k=0

and p;a(y) = (y —tjs1) - (Y — tjza) . Then Qa, reproduces all polynomials

of degree r and Qg4 q reproduces all splines in Sq.

Suppose that d > 2 and fix an integer ¢ such that ¢;,4 > t;11 . We pick
the largest subinterval [a;, b;] = [t;, t;11] of [tiy1,tirq) and define the uniformly
spaced points

xi7k:ai+g(bi—ai)fork:O,l,---,d (2)

in this interval .
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To define P;f € S; by

n

Pif(x) = Z Xi( f)N;a(x), where

)
Az‘(f) = Z wi,kf(xz’,k) .
k=0

The following lemma show how the coefficients (w; 1.)¢_, should be chosen

so that Pyp = p for all p € P,.

LEMMA 1 [3] Suppose that in (3) the functionals \; are given by \;(f) =

J(tiv1) if tiva = tig1 , while if ti g > iy we set
Wi = ’yz(pz,k) ) k= 07 17 s ad

where v;(pi ) is the i th B-spline coefficient of the polynomial

d

L — Tij
pir(r)= [ —L.
o Lk — i
J=0,5#k

Then the operator Py in (3) satisfies Pyp = p for allp € Py.

LEMMA 2 [3] Given a spline space Sq and numbers vy, ...,vq . The i
th B-spline coefficient of the polynomial p(x) = (x — v1)...(x — vg) can be
written

%)== Y (tigy — o) (i, — va)
" (j1eda)€llg

where ], is the set of all permutations of the integers 1,2,...,d.

Interesting results about spline quasi-interpolants were obtain by P. Sablon-
niere in [4], [5], [6], [7], [8).
We choose —o00 < a < b < 400 and let w : (a,b) — [0, +00 ) be a weight

on the interval (a,b) . We denote
LP ={f:[a,b] — R| fw is measurable and |f"-w, p > 0 is integrable on (a,b)} .
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Let
b n
[ et =" cunf(eun) + Rl
a P (4)
f € Ly(a,b)
be a quadrature formulae , where 21, < 23, < --- < 2,, are the points from
la, b].

DEFINITION 3 [2] If the weight w is symmetric , namely w(z) = w(a +
b—x) any = € (a,b) and

Cin = Cn+l—jn

zj,n:a—l—b—znﬂ,j,n,j:1,2,...,n

then (4) is called the symmetric quadrature formulae.
THEOREM 3 [2] If the quadrature formulae (4) is symmetric and
Ralp] =0, any p € Pog

then
Rnlh] =0, any h € Pagiq .

LEMMA 3 [2] If —o0o < a < 8 < 400 and w is a weight on (a, 3) and

B n
| 50w =3t +rlr). £ € L)

>,x€(a,b), —00o<a<b<+oo
a
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where F € L} (a,b) and

RH[F]:E:Z%[F], F(t)zF(a—ir(b—a)t_a) .

We denote
W la,b] :== {f € C" Ya,b], £V absolutely continuous , Hf(’")Hp < oo}

with 1
b »
T { / |f(96)|pdx} forl < p < o

||fHoo = Supvraixe[aﬁ] |f(l’)| :

THEOREM 4 [1] (Peand's theorem) Let L(f) be an arbitrary linear func-
tional defined in W{la,b] such that the function K(t) := L [(x —t)}"] is
integrable over |a,b]. Suppose that L(p) = 0 for each polynomial p € P,y .
Then

L) = o= || KO£Owa
for each f € WTla,b].

2. MAIN RESULTS

If in Lemma 1 we choose d = 2 and t; =ty = t3 = a, the1 = thio =

tn13 = b, we obtain the operator
i=1

M) = =) +27 (52 - )

which satisfy Pop = p any p € Ps.
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If we integrate the approximation formulae of function f

Z)\ x) + 1ol f]

to obtain following quadrature formulae with the exactness degree 2:

[ ote =32 [ ) 25 (512 ) < St [
©)

For n = 3 we have the Simpson’s quadrature formulae. We shall study
the quadrature formulae for n > 6
We choose the equidistant nodes (¢;)!, from the interval [a,b] and for

simplicity of calculations we choose a =0, b= 1. If denote h =

we
n—2"'
have t; = (i — 3)h, i = 4,n and the quadrature formulae (6) can be written

/f dx—h{—f() 23 ( h)—gf(kh)—

=2 k=2

2F(tn-3)m) + —f( 5>}+Rdﬂ-

(7)
Because the quadrature formulae (7) is symmetric , from Theorem 3 fol-
lowing than the exactness degree of formulae (6) is equal with 3 and from

Theorem 4, the remainder has the form

Rn[f]:é 1K(t)f(‘l)(t)d , where f € W{0,1]
o1 (1=t 4 (h P05 ,
K{t) =R, [(-—1)3] = 1 —h{g(g—t)+—6(h—t)++
= (21 A , s A(m-—5
2“< 5 h—t)+—k2(kh—t)+— ((n—3)h—t)++§( 5—h t)
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LEMMA 4 The Peand's kernel , definite in (8) verifies

K(t)=K(1—t)anytel0,1] (9)
K(t) >0 any t € [0,1] (10)
max K(t) = % (11)

/01 K(t)dt = 4;0 % (12)

Proof. Using the symmetry of nodes and coefficients we obtain

K(l—t)—§_h{;l<_g)3 5 +2§<t_2k—1)+

+

4 (t — kh)? S(t—( —3)h)i+§<t—2”2_5h>3}.

k=2 +

n—

(13)
If in the quadrature formulae (7) we choose f(z) = (z —t)® € P3 we

obtain

From the relations (8) , (13) , (14) and the formulae

(ti =)} — (t—t)% = (ti —t)°

we have K(t) = K(1—1t).
We denote K(t) = K;(t) for t € [O

=T,2n—4.

—1Dh jh
2 2|’
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From the relation (13) we obtain

zi:(t—k;h)?’} i=2.n—4.

k=2

From the relation (8) we have

KQn_G(t) =

4

1—-t4 4 /2n—5 3

1-v!
TR

We observe than

—h{—g((n—?))h—t) +§

Kgn_4 (t) -

2%—1.\" =
Kgl(t):KQZ,1<t>—2h t— 5 h 7222771—4;

Koig1(t) = Ky(t) + h(t —ih)* | i =2,n — 4.

29
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We have

h
K{(t)=t*>0 for t € {0,5} ;

Ky(t) = (t — h)(t* — 3ht + h*) > 0 for t € gh} ;

(t —h) (t—%) (t+h) <0 for t € {h%}

2
2”_7h) (t— (n—3)h) (t— (n— 1)h) > 0 for

K3(t)
Ky, ¢(t) = (1t —
_M7 (n— 3)4 :

Ky () = (t— (n—3)h) [t + (=2 + 3h)t + (h? — 3h+1)] < 0 for
t e [(n—3)h,

te

o2 —5
Ky, 4(t) = —(1—1)> <0 for t € { "2 h, 1].

We prove by induction

21— 1
) = (-2

h) (t—ih)(t—(+2h) , i=Z7=E (17

21+1

Kj () = (t —ih) (t— h) (t—(G@—2)h) ,i=2n—4.  (18)

Now suppose than (17) and (18) hold for an arbitrary ¢ . We have to
prove than (17) and (18) hold for i — i + 1.

’ , 2 +1\°
K2i+2(t) = K2i+1(t) — 6h (t i h) =
21 +1 2+ 1 \?2
(t—ih)(t— Z;_ h)(t—(i—?)h)—(}h(t— Z; h) =

(t_Qi—i-lh) (t— (i +1)h) (t — (i +3)h);

2
Ky (1) = Kb pp(t) + 30 (t = (i + 1)h)* =

(t—%;lh) (t = (i + 1)) (t = (i +3)h) +3h (t = (i + 1)h)" =

(t— (i + 1)h) <t—2i+3h> (t—(i—1)h) .
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We observe than

2i —1)h
K, (t) >0 for t € [Q,zh} ;

2
2141
K5 4(t) <0 for t € [ih, W] :
From elementary calculations we obtain
Kl(O)ZO;Kl (—> ( )
4 3h 7h4
K (1) = 15 K (0 (
(20 — 1)h
K s | T ——— K 7 h 27 - 47
2 ( 2 92 2 (th) = "
, ht (2 +1)h 7h4
Kt (Zh) ~ 19 Kait T) @ , 1=2,n—4,
(2n —7)h 7h4 B h4 B h4
Kan6 9 ] T 102’ , Kon—6 ((n—3)h) 127 Kon5((n—3)h) = 127
2n — 5)h h* 2n — 5)h ht
Ko (%) 61’ ; Kon—a (%) =61 Kon-4(1) = 0.
h4
Therefore K (t) > 0 any ¢ € [0, 1] and max K(t) =
te[0,1) 127

1 1 9 1 2= 1o 5
- 5 __ il 9 _14__ 4 v o 4
/0 K(t)dt = 55— h {48 T3 2 k=1 4k§2:k 57 (= 3)'+

(2n—5)*\ 1 29n-88
480 (n—2)

THEOREM 5 If f € W0,1], n > 6 and there exist real numbers m, M
such that m < fM(t) < M, t € [0,1] , then

IRIAI < (19)

29n — 88 M—m M+m
2880(n — 2)° '
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Proof. We can write

= % /0 1 K@) f@(t)dt

1/Olf<(1t) {f(‘l)(t)—mJ;M} dt+%-m;M~/lK(t)dt:

6
1/t m+ M m+M 1 29n—88
— [ K@) |f®) - dt ‘ : :
6/0 <>[f ®) 2 ] 2 2880 (n-—2)
Therefore
1 M M 29n — 88
RIf]| < = max | (1) — m+ / K (1)) di+ m+ n _
6 tefo,1] 2880 (n—2)5
20
2880(n — 2)° | te0,1]

But m < fW(t) < M , that is

‘f(4) (t) —

M M —
m + ’S m (21)

From (20) and (21) we have
RIS < 29n — 88 M—m+M+m
— 2880(n — 2)° '

THEOREM 6 Let f € W0,1], n > 6. If there exist a real number m such

that m < f&(t), t €[0,1] , then

1 29n — 88
R <—— - |T - Y aR— 22
where T = f®(1) — £©3)(0).
If there exist a real number M such that f&(t) < M, t € [0,1] , then

29n — 88 | |} ‘ (23)

1
RUN = 72(n —2)t {M_T+ 40(n — 2)
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Proof. We can write

/K () FO ) /K ) (F9 ) )dt+%/01K(t)dt:

1 @ _ . 29n—88
G/OK(t)(f () — m) dt +

2880(n — 2)5
Therefore
29n — 88
< K(t (4) dt ——F =

1 20n — 88
72(n — 2)* [P = 1O = m] +|ml - 28807275 — 95

1 T n 29n — 88 im|
—— [ T—m+——|m|| .
72(n — 2)* 40(n — 2)
In a similar way we can prove than (23) holds.

R
Using Lemma 3 and Lemma 4 and denoting h = —C; , for f € C%a, ],
n —

the quadrature formulae (7) can be written

/bf(ﬁ)dx: (b:a) {%f (a—l—%) —gf<a+l~z>—|—2n_3f a+2k‘2—1B>_
k
S ol Sy

200 — 88
2880T(Ln (b —alf)  a<<h.

(24)
If we integrate the approximation formulae of function f | obtained from

(1) , and we choose d = r = 2 then we obtain following the quadrature
formulae with the exactness degree 2 :

[ s fﬁgt {a) - 520 = G+ 2] P

1 )
¢%—wﬂxw—uwﬁ%%ﬁ
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tivg +t;
We choose x; = gl T gt2

and the equidistant nodes (¢;)_, from the interval
[a,b] and for simplicity of calculations we choose a = 0, b = 1 . If denote
h =

n —

can be written

[ o= {3020 (3) + 57 (200) + 20 (22520)

, we have t; = (i —3)h, i = 4,n and the quadrature formulae (25)

2 n—3
—f( ) - }; [ ( )+; ”(2k_1 >+§f”(2”2_5h) }+Rn[f]-
(26)
The exactness degree of formulae (26) is 3 , and the remainder has the
form |
Ralfl = 5 0 K@) fW(t)dt , where f e Wi0,1]

W2 |2 (h = (2 —1 2n —
—(1—t)3—3— “(=—t) + h—t) + nhy
3\2 ), & . 2 .
(27)
LEMMA 5. The Peano’s kernel, definite in (27) verifies
K(t)=K(1—1t) any ¢t € [0,1] (28)
—5h4<K(t)<h4a t €10,1] (29)
192" =W =g W R
! 1 43n—136

Kt)dt = — - ————. 30
/0 (Dt = 560" =25 (30)

Proof. To prove in a similar way than Lemma 4.
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U -
Using Lemma 3 and denoting h = —;, the quadrature formulae (26)
"’I/ pa—

can be written
b ' n—3
f(x)dx:ﬁ{%f(a)+§f (a%—%) +Zf(a+ 2k2_1ﬁ)+

) e ). o
(
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