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1. INTRODUCTION

Let H(U) to be the set of functions which are regular in the unit disc U,
A={f e H(U): f(0) = f(0) =1 =0}
and S = {f € A: f is univalent in U}.
In [7] the subfamily 7" of S consisting of functions f of the form

f(Z>:Z_Za’ij7 aj207j:2737"'7 ZEU (1)
7j=2

was introduced.

The purpose of this paper is to define a class of convex functions with
negative coefficients and to give some properties of its by using a modified
Salagean operator.
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2. PRELIMINARY RESULTS

Let D" be the Salagean differential operator (see [6]) D" : A — A, n € N,
defined as:
Df(z) = f(2)

D'f(2) = Df(z) = 2f'(2)

D" f(z) = D(D""" f(2))

REMARK 2.1. If f €T, f(z) =z — iajzj, aj >0,5=23,...,2€U
j=2

then D"f(z) =z — > j"a;2’.
j=2
DEFINITION 2.1. [1] Let B,A € R, >0, A >0 and f(2) = z+Zajzj.
j=2
We denote by Df the linear operator defined by
Df A— A,

fo(z) = z—i—Z(l +(j— 1))\)ﬁajzj.

THEOREM 2.1. [6] If f(2) =2— > a;27,a; >0, j=2,3,..., z € U then
j=2

the next assertions are equivalent:

(i ijajél
(i) feT

(iii) f €T, where T* =T () S* and S* is the well-known class of starlike
functions.

For a € [0,1) and n € N, we denote

D™ f(z)

>a,z€U}

the set of n-convex functions of order «.
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DEFINITION 2.2 [5] Let I. : A — A be the integral operator defined by
f=1.(F), where c € (—1,00), F' € A and

z

f) =22 [ep )

z
0

We note if F' € A is a function of the form (1), then

1

J

c+ ;
= a;’. (3)

f2) = LF(z) ===

We denote by f % g the modified Hadamard product of two functions
f(2),9(z) €T, f(z) =2—> a;27,(a;j > 0,7 =2,3,...) and g(z) = z —
j=2

S b7, (b >0, j=2,3,...), is defined by
j=2

(fxg)(z) =2— Zajbjzj~

An analytic function f is set to be subordinate to an analytic function g
if f(z) = g(w(z)), z € U, for some analytic function w with w(0) = 0 and
lw(z)| < 1(z € U). We denote this subordination by f < g.

THEOREM 2.2. [4] If f and g are analytic in U with f < g, then for
p>0and z=re? (0 <r < 1), we have

2

[1r@pras < 7|g<z>r“de.

0

DEFINITION 2.3. [2] We consider the integral operator I..s5: A — A,
O<u<l,1<d<o00,0<c< o0, defined by

1

f(z) = Ii5(F(2)) = (c+9) /uc+5_2F(uz)du. (4)

0

99



M. Acu, I. Dorca, D. Breaz - About some convex functions with negative...

REMARK 2.2. For F(z) =2+ Y a;z’. From (4) we obtain
=

Jj=

= +j+0-1
. c+9 .
Also, we notice that 0 < ————— < 1, where 0 < ¢ < o0, j > 2,
c+j+6—1

1<6 < 0.

REMARK 2.3. It is easy to prove that for F'(z) € T'and f(2) = I..5(F(2)),
we have f(z) € T, where I.,s is the integral operator defined by (4).

3. MAIN RESULTS

DEFINITION 3.1. Let f € T, f(2) = z— > a;27, a; >0, j = 2,3,...,
j=2
z € U. We say that f is in the class T°Lg(a) if:

R DA

>a, a€0,1), X\>0, >0, z€U.
DY f(z)

THEOREM 3.1. Let « € [0,1), A > 0 and 8 > 0. The function f € T of
the form (1) is in the class T°Lg(c) iff

DA+ G =N 1+ (G- DA —a)la; < 1 - a. (5)

Jj=2

Proof. Let f € T°Lg(c), with aw € [0,1), A > 0 and > 0 . We have

DI f(2)

M)

> Q.
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If we take z € [0,1), > 0, A > 0, we have (see Definition 2.1):

1- Z(l + (5 — DA g, 20
2 > a. (6)
1— Z(l + (5 — )Nt a;0
=2
From (6) we obtain:
DA+G =N+ -Dr—a)g2 < 1—a
j=2

Letting z — 17 along the real axis we have:
S+ G- DN+ (- DA —a)a; <1 -
j=2

Conversely, let take f € T for which the relation (5) hold.

DI f(2)

The condition Re FplaR! > o is equivalent with

f(2)

a — Re (Df”f(z) — 1> <1 (7)

DY f(2)
We have
DY?f(2) DY?f(z)
oo (Df“ﬂz) ) =D 1‘
> (4= )Ny - 1A
=a+ =2 =

1— Z[l +(j — DA a2
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D L+ (G = DA a1l — A2
<at 2 —
L= [+ (G = DA a2
j=2
D+ G = DA ey — DA
=2
= X + s
L= [+ (= DA ay|zp !
j=2

D [+ G = DA a5 — 1A

j=2
< a4+ = < 1.
L= 14— DA a,
j=2

Thus .
at+ > [+ (G- DN - DA+1-a] <1,
j=2

which is the condition (5).

REMARK 3.1. Using the condition (5) it is easy to prove that 7°Ls;4(a) C
T°Lg(a), where >0, a € [0,1) and A > 0.

THEOREM 3.2. If f(2) = 2 — Y a;27 € T°Lg(a),(a; > 0, j = 2,3,...),
j=2

g(z) = 2= bjz7 € T°Lg(a), (b; >0,5=2,3,...),«€[0,1), A\ >0, 3>0,
=2
then f(z) * g(z) € T°Lg(cv).

Proof. We have

i[l +G =N —DA+1—ale; <1—a

J=2
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and .
ST+ G- DA~ DA+ 1—alb; < 1-a.
j=2
We know from the definition of the modified convolution product that

f(2)xg(2) = 2= > a;b;z?. From g(z) € T, by using Theorem 2.1, we have
=2

=
o0

>~ jb; < 1. We notice that b; <1, j=2,3,....
j=2
Thus,
D [H+G=DN G- DA+1=alasb; < D [1+(G—DA [ —1)A+1—ala,
j=2 =2

<1l-oa.
This means that f(z)*g(z) € T°Lg(a), >0, a€0,1)and A > 0.

THEOREM 3.3. If F(z) =z — > a;27 € T°Lg(a), then f(z) = [.F(z) €
j=2
T¢Lg(a), where I, is the integral operator defined by (2).

Proof. We have f(z) = z— > b;z’, where b; = et ~a;, c¢€ (—1,00),
=2 cT)J

j
=23,
Thus b; < a;, j=2,3 ... and using the condition (5) for F'(z) we obtain

S [+ G=DAP =D+ 1—alby < S [+G=DAP [~ DA+ 1—ala; < 1-a.

This completes our proof.

THEOREM 3.4. Let F'(z) be in the class T°Lg(a), F(z) = z — Y a2,
j=2

a; > 0,7 >2. Then f(2) = I..5(F(2)) € T°Lg(c), where 1.5 is the integral
operator defined by (4).

Proof. From F(z) € T°Lg(a) we have (see Theorem 3.1)

o0

S+ G = DN A+ (G- DA —a)la; <1 —a

=2
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where A >0, 3> 0,0<c<ooand 1 <4 < oo. Let f(z) =2z — Y bjz7,
=2
where (see Remark 3.2)

o 4]
bj:L >0 and O<L,<1.
c+d+j—1" c+o+j—-1

From Remark 3.3 we obtain f(z) € T. We have

(14 G =DV A+ G = DA=a)lb; < [A+G = DN 1+ - 1A - a)]a

Thus,
i[(H(j—l)/\)ﬂ“(lJr(j DA—a)] f: [(1+(G =D)AL (1+(—1)A—a)]a;

<1l—-«.

This completes our proof.

THEOREM 3.5. Let fi(z) =z and

-«
fi(z) =2~ 1+ G-V (1 —a+ (- DN

2.5 =23, ..

Then f € T°Lg(a) iff it can be expressed in the form f(z) = > X;fi(2),
j=1

where Aj >0 and ) \; = 1.
=1

Proof. Let f(z) = > \;fi(2), A; >0, j=1,2, ... , with >  \; = 1. We
j=1 j=1
obtain
= 1 -« A
— )\ s Aj j
R SR Z (- aro-oE T e o)
11—«

o ;A"‘ Tr GO —at G- TN
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We have

= . 11 . 1 -«
21+ G DN —at (= DA oy i e T = DN

J=2

[e.e]

:(1—a)2)\j:(1—a)(2)\j—)\1)<1—a

=2
which is the condition (5) for f(z) = > A\;fj(z). Thus f(z) € T°Lg(a).
j=1

Conversely, we suppose that f(z) € T°Lg(a), f(2) = 2 — > aj27,a; > 0
=2

14+ (G~ DAL —at (— DA -

T a; >0, j=2,3, ..., with

and we take \; =

M=1-) )
=2
Using the condition (5), we obtain

o0

S A= S (- AP =k (= DA < (1 —a) = 1

. -«
=2

Then f(z) = > \;fj, where \; >0, j=1,2, ... and )  \; = 1.
j=1 j=1
This completes our proof.

COROLARY 3.1. The extreme points of T°Lg(a) are fi(z) = z and

11—«

WO = gy —ar g —n T

THEOREM 3.6. Let f(z) € T°Lg(a), B3>0, A >0, a € [0,1), p >0

l1-a i
and fi(z) = z — [(1+(j—1))\)ﬁ+1(1+(j—1)/\—oz)]z , j=2,8... . Then

for z=re? (0 <r < 1), we have

27 2m
/ |f(2)]"do < / | £, (re®)|d6.
0 0
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Proof We have to show that

27 ® 2w
[ |we
0 0

From Theorem 2.3 we deduce that it is sufficiently to prove that

I

do.

1 -« i1
G0y G- —a)”

[e.e]
— gl
1 a;z
j=2

A _ l-a i1
D D a1V (e v vy
Considering
oo i1 11—« w(z j—1
1= o =l g g
we find that
, )AL a2
{w(z)V! = [(1+ (G —1DA) : Elojr (= DA —a)] Zajzy—l

which readily yields w(0) = 0.
By using the condition (5), we can write

L—a>[(1+N 1+ X—a)]ay + [(1+20)77 (1 + 2\ — a)lag + ...

1+ (G = DN A+ (G = DA = a)lay +[(1+ A1+ 5A = a)]agen + ...

> 300+ G- DN+ G- DA - ala,

=2

(L4 G = DY+ G = DA = )] Y ai.

Thus

0 l—-a
Z“J‘ < (L+ (G —DA)P 1+ — DA — )]

Jj=2

and

(046 - DY+ G-DA—all =

z
11—« J

w2} =

j=2
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. [(1+( — 1)A)5?£1a+ (U= DA —a)] iaj 12 < 2] < 1.

This completes our theorem’s proof.

REMARK 3.2. We notice that in the particulary case, obtained for A =1
and B € N, we find similarly results for the class TS(«) of the n-convex
functions of order av with negative coefficients.
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