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THE HADAMARD PRODUCT IN GENERALIZED
UN(P,Q)-MATRICES
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ABSTRACT. In this paper we studied the generalized Fibonacci and Lucas matrix
U"(p,q), and we defined U"(p, q) o U~ "(p, q), Hadamard product of U"(p, q) matrix
and U~"(p,q) matrix. We investigated some properties of Hadamard product of
generalized Fibonacci and Lucas matrices.
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1. INTRODUCTION

In Horadam notation [3], we consider a sequence {W,,(a, b, p, q)}, or briefly {W,},
defined by the recurrence relation

Wn = an,1 - an727n > 2a (1)

with Wy = a, Wi = b, where a,b,p and ¢ are integers with p > 0, ¢ # 0, and
A = p? —4q > 0. We are interested in the following two special cases of {W,,}:
{Uy} is defined by Uy = 0, Uy = 1, and {V,,} is defined by Vo =2, Vi = p. It is well
known that {U,} and {V,,} can be expressed in the form
o — Bn
Up=—"7-Vo=0a"+p3", 2
V= @)

where o = pJ”F and 3 = &= ‘/K
Especnally, ifp=—q= 1 and 2p = —q = 2, {U,} is the usual Fibonacci and
Jacobsthal sequence, respectively.

We define U(p, q) be the 2 x 2 matrix
_ | P —q
U= |2 0], 3
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then for an integer n with n > 1, U™(p, q) has the form

u (p7 Q) B UnJrl _qUn—l ’ (4)

This property provides an alternate proof of Cassini Fibonacci formula:
Un+1Un71 - Ug = _qn—l'

Also, let n and m be two integers such that m,n > 1. The following results are
obtained from the identity U™ (p, q¢) = U"(p,q)U™(p, q) for the matrix (4):

Un+m+1 - Un+1Um+l - qUnUm7 (5)
Unim = UnUpni1 — qUp—1Un,. (6)
In [1], the author define the Lucas V(p, ¢)-matrix by
) -
P°—2¢ —pg
Vi(p,q) = . 7
o= | 0 g

It is easy to see that

Vn+1 _ Un Un+1 _ Vn
|: Vn :| - V(p7 q) |: Un—l :| a‘nd A |: Un ] - V(p7Q) |: Vn—l :|

where U,, and V,, are as above. Our aim, is not to compute powers of matrices. Our
aim is to find different relations between matrices containing generalized Fibonacci
and Lucas numbers.

That is, we obtain relations between the generalized Fibonacci U(p, ¢)-matrix
and the Lucas V(p, q). In particular,

Theorem 1.1. Let V(p,q) be a matriz as in (7). Then, for all integers n > 1,
the following matrix power is held below

A% |: Un—i—l _qUn

] if n even

Vip.g) = n=1 | Vpq1 q—q‘/l'n : (8)
A2 [ v, Vs ] if m odd,

with A = p? —4q and where U,, and V,, are the n-th generalized Fibonacci and Lucas
numbers, respectively.
Proof. We use mathematical induction on n. First, we consider odd n. For
n=1,
Vo —qWi }
Vilp,q) = ,
o =| v
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since Vo = p? —2¢q, V1 = p and Vj = 2. So, (8) is indeed true for n = 1. Now we
suppose it is true for n = k, that is

VE(p,q) = AT [ s ]
(p,q) N AR

Using properties of the generalized Lucas numbers and the induction hypothesis, we
can write

k1 |V —aV;
VI2(p,q) = VE(p, )V (p,q) = A2 [ e Vi ]
Vite —qVit1

as desired. Secondly, let us consider even n. For n = 2 we can write

Us —qU, ]
V3ip,q) =A .
®:0) [U2 i

So, (8) is true for n = 2. Now, we suppose it is true for n = k, using properties of
the generalized Fibonacci numbers and the induction hypothesis, we can write

VER2(p,q) = VE(p, )V (p,g) = A [ o } ’
Ukr2 —qUisr

as desired. Hence, (8) holds for all n.

In this paper we studied the generalized Fibonacci and Lucas matrix U™ (p, q),
and we defined U"(p,q) o U "(p,q), Hadamard product of U™(p,q) matrix and
U~"(p,q) matrix. We investigated some properties of Hadamard product of gen-
eralized Fibonacci and Lucas matrices.

2. SOME PROPERTIES OF THE U"(p,q) o U "(p,q) MATRIX

Let U™(p,q) be generalized Fibonacci matrix (4), and U~"(p, q) the inverse of
U™(p,q). Then, the Hadamard product of U™(p, q) and U~"(p, q), denoted U"(p, ¢)o
U~ "(p,q), is defined by

U(p,q) o U ™(p,q) = q "U"(p,q) o Adj(U"(p, q)) 9)

where Adj(U"(p,q)) is the adjugate of the U™(p, ¢) matrix, and o is the Hadamard
product.

Definition 2.1. [5] Let A = (a;j) be n x n matriz over any commutative ring.
The permanent of A, denoted by per(A), is defined by

per(A) = ZJ A151 Q205 * * * Anoy, s
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where the summation extends over all one-to one functions from {1,2,..,n} to itself.

Theorem 2.2. det [U"(p,q) oU "(p,q)] =1 —2¢ " "U2.
Proof. For all integer n, U™(p,q) o U™ "(p, q) is defined by

n —-n —-n Un —qUy —qUn— Un
U'p.q) o U™ (p.a) = ¢ [ U:l _qun—l } { q—Unl [j]'nH}

. .-n |: qUn+1Un—l q2U1% :|
4 Uy qUn+1Up—1

where U, is the nth generalized Fibonacci numbers. Then,
det[U™(p,q) o U (p,0)] = ¢ 2" ¢*(Uns1Un—1 — U})(Un1Un—1 + U;))
= _q72n+1(Un+lUn—1 - Uﬁ)(_Q(Un-i-lUn—l + Urzz))

= —¢ """ U1 Up1 — U)per(U™(p, q))
=q "per(U"(p,q)),

with per(U"(p, q)) = —q(Uns+1Un—1 + U2) = ¢" — 2qU2. This completes the proof.

Corollary 2.3. tr[U™(p,q) o U "(p,q)] = 2(1 — ¢ "F1U2).
Proof. By considering the previous proof,

—n qUn+1 Un—1 q2U1%

U™(p,q) o U™ (p,q) = —¢ U2 UnnUny | (10)
Then, tr[U"(p,q) c U""(p,q)] = —2¢ " U, 411U,—1. Furthermore, by Cassini for-
mula U, 1U,_1 = —¢" ' + U2, and we write
U™ (p,q) 0 U™ (p,q)] = 2(1 — ¢~ "HU).
Theorem 2.4. The eigenvalues of the matriz U™ (p,q) o U™ (p,q) are
A1 =1,X = q "per(U"(p,q)). (11)

Proof. The characteristic polynomial of the matrix U™ (p, q) o U~ "(p,q) is

Ay (pgyot-n(p,q)(A) = det (A = (U™ (p,q) o U "(p, q)))
A+ q_n—HUnJrlUnfl q_n+2UT2L
CI*"U,% A + qinJrlUn—‘rlUn—l

=\ +q"MU, U, 1) — ¢ UL,

= det
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where U, is the nth generalized Fibonacci numbers. Hence,

Ay (p.gyoU—n(pg)(A) =0 = (A + ¢ MU Un1)? — ¢ P2Ut =0
< (A—q "per(U™(p,q)))(A—1)=0

and the eigenvalues of U™ (p,q) o U "(p,q) are \; = 1, Ay = ¢ "per(U"(p, q)).

3. EIGENVALUES OF THE MATRIX U"(p,q) o U "(p,q)

If \;, i = 1,2, an eigenvalue of the matrix U"(p, q)oU " (p, q), the corresponding
eigenvectors v; are the solutions of

()\Z-I — (U™(p,q) o U "(p, q))) v; = 0. (12)
We first calculate the eigenvector corresponding to A\ = 1. Then,

n —n 1+ qinJrlUn Un* qin+2Ug
I—(U™p,q)oU"(p,q)) = [ q—nU2+1 1 1+ ¢ " U, Upn g

_ q—n—l—l U72L q—'rl-i-QU?%
¢"Us "y |

q—n+1U72L q—n+2Ug T B 0
¢"Uy U Ly ] L0

By using elementary row operations, the coefficients matrix of this homogeneous

system becomes
1 ¢ x| |0
0 0 y| |0}

Since the rank of the coefficients matrix of this homogeneous system is equal to
1, there exist infinitely many solutions dependent on one parameter. The solution
to this set of equations is x = —qy = —qt, where t is arbitrary. In this case, linearly
independent eigenvector corresponding to A; = 1 is equal to v; = (—q, 1)".

Now calculate the eigenvector to Ay = ¢~ "per(U™(p, q)). Then,

_q—n—l-lUgL q—n+2UT2L T B 0
T S

From (12),

By using elementary row operations, the coefficients matrix of this homogeneous

system becomes
1 —q x| |0
0 O y| |0]°
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The solution to this set of equations is x = qy = q¢t, where t is arbitrary. In

this case, linearly independent eigenvector corresponding to Ay = ¢~ "per(U"™(p, q))
is equal to vy = (g, 1)%.

Observation 3.1. The matriz U™ (p,q) o U " (p, q) is diagonalizable. In view of
the above, we can write

—q (g
P= { 11 ] ’
to obtain o y e 0
P (U (pa Q) © U (pa Q))P - |: 0 q*"per(U”(p, Q)) . (13)

Let M, denote the class of complex n X n matrices.
Definition 3.2. [4] The Iy norm on M, is defined by

n

1Al = layl,

ij=1
and the Euclidean norm or ly norm is
n 2
2
1Al = | D layl
i,j=1

Example 3.3. For each integer n, the Fibonacci matrix U™ (1, —1) satisfies
L |[U™(1,=1) o U™™(1, =1)[[1 = 2((=1)" + 2E})
2. [|U(1,—=1) o U™™(1, —1)||y = (4F* + (—=1)"4F?2 4 2)2

where F,, is the nth Fibonacci numbers.

Theorem 3.4. The matriz U™ (p,q) o U "™(p,q) is invertible and

1g v
n —-n -1 1—2¢g—n+1(2 1—2g—nF1[2
[U (p7 q) © U (p7 q)] = qq*"U?L " l_qqfnJrlUgl (14)
1-2¢—n+1U2  1-2¢—n+102

Proof. For each integer n, the adjugate of U"(p,q) o U "™(p,q) is

TN —n _ _ N qUn41Un—1 _qurzL
Adj(U™(p,q) o U "(p,q)) = —q [ e Uil |
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By using Cassini formula, we obtain Uy, 11U, _1 = —¢"~! + U2. For

_ ,—n+l7r2 —n+2772

¢"Up 1-q U
and from Theorem (2.2),
det(U™(p,q) o U™"(p,q)) = ¢ "per(U™(p,q)) = 1 — 2¢ " "'U..
Then,

B 1 1 1— q—n+1U2 q—n+2U2
[Un(p7 Q) olU n(p’ Q)] = 1— Qq_n+1U2 |: qfnUQ " 1— qfnJrlTbQ
n n n

4. SPECIAL CASE OF THE R(p,q) MATRIX

In general, by induction there is a way to build arrays of type U™(p, q).

Theorem 4.1. If A is a square matriz with A%> = pA—qI and I matriz identity
of order 2. Then, A™ = U, A — qU,_11, for alln € Z.

Proof. If n = 0, then the proof is obvious. It can be shown by induction that
A" = U, A — qU,,_11, for every n. We now show that A= =U_,A — qU_,,_11 for
every n € N. Let B = pIl — A= qA™!, then

B? = (pI — A)? = p*T — 2pA+ A% = p(pl — A) — qI = pB — qI,

this shows that B" = U,B — qU,_1I. That is, (¢A™")" = U,(pI — A) — qU,,_11.
Therefore ¢"A™" = —U, A + (pU,, — qUp—1)I = —Un A + Uy y11. Thus,

A" = —q "U A+ q "Up1 I =U_,A—qU_p,11.
Thus, the proof is completed.
The well-known identity
Upi1 — qUyp = Usnpa (16)
has as its Lucas counterpart
Vi — qVy = AU 1. (17)

Indeed, since V11 = Upt2 — qU, = pUpy1 — 2qU, and V,, = 2U, 41 — pU,, the
equation (17) follows from (16). We define R(p, ¢) be the 2 x 2 matrix

R(p,q)zi[f i}, (18)
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then for an integer n, R"(p,q) has the form

R(p,q) = = [ Vn AU } :

2| Un Vo (19)

Theorem 4.2. V2 — AU2 = 4q", for all n € Z.
Proof. Since det(R(p,q)) = q, det(R"(p,q)) = (det(R(p,q)))" = ¢". Moreover,
since (19), we get det(R"(p,q)) = 1(V,? — AU?2). The proof is completed.

Let us give a different proof of one of the fundamental identities of Generalized
Fibonacci and Lucas numbers, by using the matrix R"(p,q) and R™"(p,q). Then,
the Hadamard product R"(p,q) o R~"(p, q), satisfies

_ AU?

Theorem 4.3. det [R"(p,q) o R™"(p,q)] = 1+ 5

Proof. For all integer n, R™(p,q) o R™"™(p, q) is defined by

1 [Vn AUn}[ |78 —AUn]

R"(p,q) o R"(p,q)

Tar | UV, U, Vi
— i Vn2 _(AUR)2
T 4qn | U V? ’

where A = p?—4q, and U,,, V,, are the nth generalized Fibonacci and Lucas numbers,
respectively. Then,

det[R"(p,q) o R™"(p,q)] = (V2 — AU2)(V? + AU?)

(4qm)?
1 ) o (V2 4+ AU2)
- AV T =)
1
= 3 (V.2 — AU2)per(R"(p, q))
1
= ﬁper(Rn(pa Q))7

with per(R"(p,q)) = M = 2¢" + AU2. This completes the proof.

Corollary 4.4. tr[R"(p,q) o R™"(p,q)] =2+ %;{:2’
Proof. Tt is easy to see that tr[R"(p,q) o R™"(p,q)] = Q%nVnQ. Furthermore, by

theorem (4.2), V.2 = 4¢™ + AU?2, and we write

n —n AU%
tT[R (p, Q) °oR (pa Q)] =2+ 2q™ ’
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Theorem 4.5. The eigenvalues of the matriz R"(p,q) o R™"(p,q) are

_ per(R"(p,q))

A =10 = (20)

2q™

Proof. The characteristic polynomial of the matrix R™(p,q) o R~"(p, q) is

ARn(p.gor—n(p.q)(N) = det (A = (R"(p, q) o R™"(p, q)))

V2 (AUR)?
= det [ U724qn 4q"V2 ]
1 ~agn
(Ve A
4qm (4qm)%’

where V,, is the nth generalized Lucas numbers. Hence,

Vn2 per(R"(p, q
Ao (pgyot—n(pg)(A) = 0 & A% — + per(f'(p. ) _ 0

2¢" 2¢"
- (A _ per(R (p,Q))> (A—1)=0
2q"
and the eigenvalues of R"(p,q) o R™"(p,q) are A\; = 1, Ay = %’“ﬂ(p,q))'

Theorem 4.6. The matriz R™(p,q) o R™"™(p, q) is invertible and

V2 (AU,)?

- -1 4qn+2AUZ  4q"+2AU2
[R"(p.q)o R"(p,q)] = | “" 13 e

4q"+2AU2  4q"+2AU2

Proof. For each integer n, the adjugate of R"(p,q) o R™"(p,q) is

o . 1 [ V2 (AU,)?
Adj(R"(p,q) o R (p,Q))—W[U’% (VQ) ]

and from Theorem (4.3), det(R"(p,q) o R""(p,q)) =1+ %;Jj. Then,
n —-n -1 _ 1 Vn2 (AUH)2
[R (psq) o B™"(p, Q)] = m [ U2 V2 :
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