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A NOTE ON STRONG DIFFERENTIAL SUBORDINATIONS USING
A GENERALIZED SALAGEAN OPERATOR AND RUSCHEWEYH
OPERATOR

ALINA ALB LUPAS

ABSTRACT. In the present paper we establish several strong differential subordi-
nations regardind the extended new operator DRY" defined by the Hadamard prod-
uct of the extended generalized Salagean operator DY and the extended Ruscheweyh
derivative R™, given by DRY' : A%. — A%., DRY'f(2,() = (DY« R™) f(2,(),
where A% = {f € H{U x U), f(2,¢) =2+ an1 () 2" +..., €U, (e U}is
the class of normalized analytic functions.
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1. INTRODUCTION

Denote by U the unit disc of the complex plane U = {z € C : |z] < 1},
U=1{z€C: |z| <1} the closed unit disc of the complex plane and H(U x U) the
class of analytic functions in U x U.

Let

we={feHUxT), f(z,() =z+an1 ()" +..., 2€U,CeU},
where ay, (¢) are holomorphic functions in U for k > 2, and
Ha,n, () = {f € HUXT), f(2,¢) = atan (() 2" +ans1 () 2"+, 2 € U, € T},

for a € C and n € N, ax (¢) are holomorphic functions in U for k > n.

Generalizing the notion of differential subordinations, J.A. Antonino and S. Ro-
maguera have introduced in [7] the notion of strong differential subordinations, which
was developed by G.I. Oros and Gh. Oros in [9], [8].

Definition No. 1 /9] Let f(2,(), H (z,() analytic in U x U. The function
f(2,C) is said to be strongly subordinate to H (z,() if there exists a function w
analytic in U, with w (0) = 0 and |w(z)| < 1 such that f(z,{) = H (w(2),() for
all ¢ € U. In such a case we write f(2,{) << H (2,), z€ U, C€U.
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Remark No. 1 [9] (i) Since f(z,() is analytic in U x U, for all ¢ € U, and
univalent in U, for all { € U, Definition 1 is equivalent to f (0,() = H (0,(), for all
Cel, andf(UxU) cH(UxU).

(ii) If H (2,{) = H (z) and f (2,{) = f(z), the strong subordination becomes

the usual notion of subordination.

We have need the following lemmas to study the strong differential subordina-
tions.

Lemma No. 1 /4] Let h(z,() be a convex function with h(0,{) = a for every
¢ €U and let v € C* be a complex number with Rey > 0. If p € H*[a,n,¢] and

p(z0) + izp; (2,¢) << h(2,0),

then
p(2,¢) << g(2,¢) << h(z0),
where g (z,¢) = — [ h (L, () tnldt is convex and it is the best dominant.

nzn

Lemma No. 2 [}/ Let g (2,¢) be a convex function in U x U, for all ¢ € U, and
let

h(z,¢) = g(2,¢) + nazgl(z,(), 2€U €U,
where a > 0 and n is a positive integer. If
p(2,0) = 9(0,Q) +pa (O 2" +par1 (O 2" +..., 2€U (€T,
is holomorphic in U x U and
p(z,¢) + azpl(z,() << h(z,¢), z2€UCeU,

then
p(2,¢) << g(2,¢)

and this result is sharp.

We also extend the generalized Salagean differential operator [6] and Ruscheweyh
derivative [10] to the new class of analytic functions A7, - introduced in [8].
Definition No. 2 [5] For f € Aves A >0 and n,m € N, the extended operator
DY is defined by DY : Ay — A,
D3f(2.0) = f(20)
Dif(2,¢) = (1=X) f(20) +A2f(2,) = Dxf (2,¢)

DS\nJrlf(Z?C) = (1_)‘)DT]£(Z7<)+)‘Z(DT (Z,C))/:D)\(DT]C(Z,C)),ZGU,CGU.
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Remark No. 2 1If f € A7 and f(2) =2+ 3 72,1 a5 (¢) 2%, then
DYf(2,0) =24+ 2720 1+ -DAN e (() 2, 2€U,¢el.

Definition No. 3 [5] For f € AL, nym € N, the extended operator R™ is
defined by R™ : A} — A,

Rof(zag) = f(Z,C)
le(Z,C) = Zf/(Z,C)

(m+1)R™f(2,() = 2(R"f(2,() +mR"f(2,(),2€UeU.

Remark No. 3 1If f € Ang, f(2,0) =2+ 372,41 a5 (C) 27, then
R™f (z, C)—Z—FZ <1 Oy j— 1a; ()29, 2€U,¢Cel.

We extend the differential operator studied in [1], [2] to the new class of analytic
functions A,

Definition No. 4 Let A > 0 and m € N U {0}. Denote by DRY' the extended
operator given by the Hadamard product (the convolution product) of the extended
generalized Salagean operator DY and the extended Ruscheweyh operator R™, DRY'
Abe = Ane

DR} f (2,¢) = (DX" = R™) f (2,() .

Remark No. 4Iff€.AnC, f(z,0) =24+ 23,1105 (¢) 7, then
Rg\nf( 7C)_Z+Z n+1 +] 1[1+(j_1)>‘]m ?(C)Zj,Z€U7C€U.

Remark No. 5 For A = 1 we obtain the Hadamard product SR™ [3] of the
extended Salagean operator S™ and the extended Ruscheweyh derivative R™.
2.MAIN RESULTS

Definition No. 5 Let § € [0,1),A >0 and m € N. A function f(z,() € Ay
is said to be in the class DRy, (3, A, () if it satisfies the inequality

Re (DRY'f(2,()). >0d, ze€U/CeU. (1)
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Theorem No. 1 Let g(z,() be a convex function such that g (0,() = 1 and let
h be the function h(z,¢() = g(z,¢) + H%zg’z (2,¢), 2€ U, C€U,c>0. If \ >0,
n,m €N, f € DRy (6,\,¢) and F (2,¢) = I.(f) (2,¢) = &5 [ft°F (t, () dt, 2 € U,
¢ €U, then

(DRYf(2,Q)). << N (2,¢),2€ U, €T, (2)

implies
(DRY'F(2,0)). << g(2,(),z€U €U,

and this result is sharp.

Proof. We obtain that
S (50 = (c+2) [ €5 (Ot (3)

Differentiating (3), with respect to z, we have (¢ + 1) F (z,{)+2F. (2,{) = (¢ +2) f (2,()
and

(c+ 1) DRYF (2,0)+2 (DRIF (2,0)). = (c + 2) DRV f (2,¢), z€U,CeT. (4)

Differentiating (4) with respect to z we have

(DRYF (5, 0). + — 2 (DEYF (5,0 = (DRSS (2,)),, €U, T, (5)

Using (5), the strong differential subordination (2) becomes

1 /

(DRYF (2.Q)), + — 52 (DRYF (2, O)la << 9.(2,0) + —520L (0. (©)

c+ 2

Denote B
p(2,¢) = (DRY'F (2,()),, z€Uc¢eU. (7)

Replacing (7) in (6) we obtain

p(2,¢)+ 2p), (2,¢) << g(z,¢) + zg, (2,¢),2€ U, CeU.

c+2 c+2

Using Lemma 2 we have
p(2,¢) <= g(2,(),z €U, €U,ie (DRYF (2,(). <= g(2,(),z€ U, €U,

and this result is sharp.
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Thoerem No. 2 Let h(z,() = W, 2€U,¢CeU,6€]0,1) and c > 0. If

A>0,méeN and I, is given by Theorem 1, then

I [DRm (6, A, Q)] € DR (67,4, C),, (8)

1 tz+1

where 5*225—(—1—%5 (%—2) and § (x) = [y rdt.

Proof. The function h is convex and using the same steps as in the proof of
Theorem 1 we get from the hypothesis of Theorem 2 that

p(z,¢) + 2pl (2,¢) < h(2,Q),

c+2

where p (z, () is defined in (7).
Using Lemma 1 for v = ¢+ 2, we deduce that

P(2,¢) == 9(2,() << h(z(),

that is
(DRY'F (2,()), << g(2,¢) =< h(z,(),
where
_c+2 Z ez 1 CH+H(20—-Q)t B
9(2,0) = n;ﬁ/ot S e =
c+2
2(c+2)(¢—0) /Ztil
(20 —¢) + — ; e

Since ¢ is convex and g (U X U) is symmetric with respect to the real axis, we
deduce

Re (DRT (Za C)); > min\z|:1Re g (Z, C) =Reyg (17 C) =0" = (9)
25_C+2(c+27)1(C—5)ﬁ<c+2_2>'

n

From (9) we deduce inclusion (8).

Theorem No. 3 Let g(z,() be a convex function, g (0,() =1 and let h be the
function h (z,() = g(2,{)+29. (2,¢), 2€ U, (€ U. If\>0,me NU{0}, f € Ave

and verifies the strong differential subordination

(DRY'f (2,0)). << h(z,¢), z€U(eU, (10)
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then

W <=<g(2,(),2€U,Cel,

and this result is sharp.

Proof. ¥or f € AL, f(z ,C) =2+>52 4145 (C) 2J we have

RTf(vC)—ZﬁLZ n+1 +] 1[1+(]71)>‘]m ?(C)ZjaZEUCEU'

Consider p (z,() = DRYf(2.0) _ Z+Za nt1 Cmg—1 [LHG—DN™aF ()27 —
1+Z] n+10m+] 1[1+(]_1))\]m 3(C)Z] 1
We have p (z,¢) + 2p. (2,¢) = (DR{'f (2 <)>;,zeU (el.

Then (DR} f (2,¢))] << h( () z €U, ¢ €U,becomes p(z,()+2p, (z,() <<
h(z,¢)=g(z()+24d.(z(),z €U, €U. By using Lemma 2 we obtain p (z, () <<

g(2,¢),2z€U,CeU,ie. %ﬂz’o <=<g(2), z€U,¢eU.

Theorem No. 4 Let h(z,() be a convexr function, h(0,{) = 1. If A > 0,
me NU{0}, f € ‘A:C and verifies the strong differential subordination

(DRYf (2,Q)), << h(2,¢), z€UCeU, (11)

then

DRTJ;(Z’O <=<9g(2() << h(z¢),zeU eU,

where g (z,¢) = -1 [ h (¢, () tw=1dt is convezr and it is the best dominant.
Proof. For f € Ay, f(z, C) =24+ 23,1105 (¢) 27 we have

DRYf (2,¢) =2+ 3520 1 O 1+ (G — DA™ af (¢) 7, 2 €U, (€U

z z cm ma2(¢) 2
Consider p (z,¢) = 28BS0 _ e O - Tt RO

L+ 35201 Ot [1+(] -~ AN"a 3(029_1 E’H* [1,n,(].

We have p (2,0) + 2pt. (2,¢) = (DRYf (2,0)),, 2 € U, C € U,

Then (DR} f (2,()). << h(2,¢), 2z €U, ¢ €U, becomes p(z,¢)+zp, (z,() <<
h(z,¢),z € U, € U. By using Lemma 1 for v = 1, we obtain p (2, () << g (z,() <<
h(zC),z €U, ¢el,ie 2EIED L g(z0)= h(t, Q) tn—Ltdt << h(z,0),

z€U, ¢eU,and g(z/ ) is convex and it is the best dominant.

Corollary No. 1 Let h(z,() = % a convex function in UxU, 0 < B < 1.

IfA>0, mmneN, fec A;;C and verifies the strong differential subordination

(DRY f(2,0)). << h(2,(), z€U<(eU, (12)
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then

PRUIES) < g0 <= h(z.0) 2 € Ui €T,

where g is given by g(z,() =26 —( + 2(4 ’B foz tf+t dt, z € U, ( € U. The function

g is convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 4 and considering

p(z,¢) = %ﬂz’o, the strong differential subordination (12) becomes

(+(28-0¢)=

U U.
1+=2 » 2EUCE

(2, Q) + 2p(2,¢) << h(z,{) =

By using Lemma 1 for v = 1, we have p(z,() << ¢g(2,() << h(z,(), z € U,
Cel,ie.

DRI f(z,¢) 1 1 14+ (28-0)t
_ 2(¢— ) [Ftn! 77
=2+ /0 [t zeUCeT.

Theorem No. 5 Let g(z,() be a convex function such that g (0,{) =1 and let
h be the function h(z,() = g(2,¢)+24¢. (2,¢), z€ U, ¢ € U. If x>0, m € NU{0},
fe .A:LC and verifies the strong differential subordination

<zDR;”“f (2,¢)

DRI (2,0) >Z<<h(z,C), zeU/(eU, (13)

then
DRY™ f (2,¢)

DR} f (2,¢)

and this result is sharp.

<=<9g(2,0),2€U/Cel,

Proof. ¥or f € A}, f(z ,C) =2+ 2720410y (€) 27 we have B
DRKLf( 7C) _Z+Z n+1 +] 1[1+(]_1))‘]m ?(C)Zja S U, CEU
. _ DRerlf( 74-) z+Z] —nt1 C;’Zi]l 1+(j—]_)Mm+1a§(C)zj .
Consider p(2,C) = Dhrfg) = S35, Oy (IH G- D207 —
1430% L O (= )A  a2 ()2
1+Z]—n+1cm+J 1[1+(.7 HA }m 2(<)Z] te
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(DRY 1 1(2.0)) (DRYf(2.0))"
We have pl, (2,¢) = W -p(2,0)- W'

2DRT L #(2, !
Then p (z,¢) + zp’ (2,¢) = <D§§nf(fzfg)o)
Relation (13) becomes p(z,() + 2p. (2,() << h(z,() = g(2,() + 24 (2,0),

z € U, ¢ € U, and by using Lemma 2 we obtain p(z,¢) << g(2,¢), 2 € U, € U,

. DR™Mf(z¢ _
ie. Wéz))%%g(z,@, zeU CeU.

Theorem No. 6 Let g (z,() be a convex function such that g (0,{) =1 and let
h be the function h(z,() = g(z,() + mﬁ\i‘rlzg; (2,(), z€ U, €U, X>0, mmneEN.
If | € AL and the strong differential subordination

)\ —
mDRTHf(z,C) (milJrl))DRTf( ,() =< h(z,(), zeU(eU,
holds, then

(DRY'f (2,0)), << g(2,¢),2€U, (€U

and this result is sharp.

Proof. With notation ‘
P(20) = (DRYF (2.0)L = 1+ 53241 Oy a [L+ (G = DA™ a3 () 2/ and
p(0,¢) =1, we obtain for f(z,() = 2+ 372,11 a; (¢)#, A

p(z )+ 20, (2,0) =1+ 352, 1 Cm L+ (G — DA™ %2 ()27 =
Ml (o4 3200 O L4 (= DA™ 6l (¢) o9 + A==l
X Oty L+ (G = DA™ 2<<>zﬂ‘*1( —1+4)i-

2 O (14 (5 = D) A a3 (¢) 27~ 1202 -
m+1DRm+1f( O) — ( _'_%) (DRmf (1 )\)DRmf( Q) =

Thereforep(z,cwm“lwé( ’<>=% Ri”“f(z,o—&&%? R f (2,0).

We have p(z,¢) + mipg20% (2,0) << h(2,0) = 9(2,0) + 33770- (2,€), 2 € U,
¢ € U. By using Lemma 2 we obtain p(2,{) << ¢(2,(), z € U, ¢ € U, ie.
(DR} f (2,()). << g(2,(), z€ U, ¢ €U, and this result is sharp.

Z

Theorem No. 7 Let h(z,() be a convex function such that h(0,() = 1. If
A>0,mneN, fe AZ and the strong differential subordination

m+1
(mA+1)z

m(1—M\)

DR f (2,¢) — AT 1) 2

DRY'f (2,() << h(z,(), z€U(€U,
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holds, then
(DRY f (2,0)), <= g(z,C) << h(z(),2€U, e,

where g (z,() = )\m)r‘nth o ht, C)

nz An

Proof. With notation ‘
p(z7C) - (DRTf (Z7C)) =1+ Z =n+1 m—‘,-j 1 [1 + (.7 - 1) )‘]m a’? (C) Zjil and
p(0,¢) =1, we obtain for f(z,¢) =z + 332,41 a5 (¢) 2/,

P (20 + mrraph (2:0) = GAHE DRI (2,0) — (AL DR S (2,).

We have p(z,() + m)’\\Hzp' (2,¢) << h(2,(), 2 € U, ¢ € U. Since p(z,() €
m)/‘\“, we obtain p (z,() << g (z,() << h(z,(),
€U, ¢el, ie (DRUf(2,0) <= g(z,() = —mML_ (Zh () t" % Ldt <<

nz an

h(z,¢),z€ U, ¢ €U, and g(z,() is convex and it is the best dominant.

H*[1,n,(], using Lemma 1 for v =

Corollary No. 2 Let h(z,() = % a convez function inUxU, 0 < 8 < 1.

IfA>0, mneN, fe .AZC and verifies the strong differential subordination

m+1
(mA+1)z

m(1—N\)

DRf\an (2,¢) — m

N(z,¢) << h(z,(), zeUc(eU,

(14)
then
(DRYf(2,0), << g(2.Q) << h(2,0),2 € U,C€T,
Af1 o
where g is given by g(z,{) =26 —(+ 20¢= mr(:fl\;rl) It Alj_t dt, zeU, (eU. The
function g is convex and it is the best domm(mt

Proof. Following the same steps as in the proof of Theorem 7 and considering
p(z,¢) = (DR} f(z,¢))., the strong differential subordination (14) becomes

/ _ ¢+ (28-¢)z 7
By using Lemma 1 for v = m)‘H , we have p (z,() << g(2,() << h(z(), z € U,
cel,ie.
m mA + 1
(DRPF(.0). << 9(200) = e [ h(2.0)1
Anz
mA+1
1 [* m 28 — 2(¢ — 1) (7t w1
%/tmlwdt:%“ oy fiE,
)\TLZ An 0 1+t )\nz n 0 1+t
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2€U, Cel.

REFERENCES

[1] A. Alb Lupas, Certain differential subordinations using a generalized Salagean
operator and Ruscheweyh operator I, Journal of Mathematics and Applications I, No.
33 (2010), 67-72.

[2] A. Alb Lupas, Certain differential superordinations using a generalized Salagean
and Ruscheweyh operators, Acta Universitatis Apulensis nr. 25, 2011, 31-40.

[3] A. Alb Lupas, Certain strong differential subordinations using Salagean and
Ruscheweyh operators, Advances in Applied Mathematical Analysis, Volume 6, Num-
ber 1 (2011), 27-34.

[4] A.Alb Lupas, G. I. Oros, Gh. Oros, On special strong differential subordina-
tions using Sdlagean and Ruscheweyh operators, Journal of Computational Analysis
and Applications, Vol. 14, No. 2, 2012, 266-270.

[5] A. Alb Lupas, On special strong differential subordinations using a generalized
Saldagean operator and Ruscheweyh derivative, Journal of Concrete and Applicable
Mathematics, Vol. 10, No.’s 1-2, 2012, 17-23.

[6] F.M. Al-Oboudi, On univalent functions defined by a generalized Sdlagean
operator, Ind. J. Math. Math. Sci., 2004, no.25-28, 1429-1436.

[7] J.A. Antonino, S. Romaguera, Strong differential subordination to Briot-
Bouquet differential equations, Journal of Differential Equations, 114 (1994), 101-
105.

[8] G.I. Oros, On a new strong differential subordination, (to appear).

[9] G.I. Oros, Gh. Oros, Strong differential subordination, Turkish Journal of
Mathematics, 33 (2009), 249-257.

[10] St. Ruscheweyh, New criteria for univalent functions, Proc. Amet. Math.
Soc., 49(1975), 109-115.

Alina Alb Lupag

Department of Mathematics and Computer Science
University of Oradea

Address str. Universitatii nr. 1, 410087 Oradea, Romania
email: dalb@uoradea.ro

114



