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1 Introduction, Definitions and Notations

Let f(z) and g(z) be two transcendental entire functions defined in the open complex
plane C| it is well known [I] that lim,_ % = 00 and lim, o % =
0. Later on Singh [II] investigated some comp’arative growth of logT (r, foiq) and
T(r, f). Further in [I1] he raised the problem of investing the comparative growth
of logT(r, fog) and T(r,g). However some results on the comparative growth of
logT(r, fog) and T(r,g) are proved in [6]. Also in [7] Lahiri and Datta made close
investigation on comparative growth properties of logT'(r, fog) and T'(r, g) together
with that of loglog T'(r, fog) and T'(r, f*)).

Recently Banerjee and Dutta [2] made close investigation on comparative growth
properties of iterated entire functions. In this paper, we study growth of iterated
entire functions to generalist some results of Banerjee and Dutta [2] in terms of p-th
order and lower p-th order.

The following definitions are well known.

Definition 1.1 The order py and the lower order Ay of a meromorphic function is
defined as

logT logT
py = lim sup M and Ay =lim inf Lm.
r—oo  logT r—oo  logr
If f is entire then
loglog M (r, f)

log log M
py = lim sup w and Ay = lim inf ————"=.
r—00 log r r—00 log r
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R. K. Dutta - The growth estimate of iterated entire functions

Definition 1.2 The hyper order py and the hyper lower order Xf of a meromorphic

function is defined as
loglog T'(r, f)

= — lim s
pr=1m :BEO logr
and los 1o T
3 = lim inf 281087
r—00 log r
If f is entire then
. log® M (r, f)
pf = lim sup —————-
r—00 log r
and g
3 = lim inf 28 M),
r—00 log r

Notation 1.3 [10] logz = z, expllz = x and for positive integer m, log™z =
log(log™—z), exp™z = exp(expmz).

Definition 1.4 The p-th order p]; and the lower p-th order )\fc of a meromorphic
function f is defined as

[p]
ph = lim sup log" T(r, /) T, f)
Y roo  logr
and .
1 T
M =lim inf w.
S r—o0 log r

If f is an entire function then

log” 1 M (r, f)

p]; = lim fﬂopo log r
and 1]
log!?
A =1lim inf 08 M{(r, f)
f r—o0 log r

Clearly p]; < p?fland )\1]9c < )\};fl for all p and when p = 1 then p-th order and
lower p-th order coincides with classical order and lower order respectively.

Definition 1.5 The hyper p-th order g and the hyper lower p-th order )\T} of a
meromorphic function f is defined as

_ loglPt1
p? = lim sup log?” " T(r,f)
r—00 logr

82



R. K. Dutta - The growth estimate of iterated entire functions

and 1)
— 1 T
A = lim inf og—(r,f)‘
f r—00 log r

If f is an entire function then

log?*2 M (r, f)

pT’ = lim sup
f P00 log
and p2]
— 1 M
)\7} — lim inf =% (r, f).
r—00 log r

Clearly g < p};fland )\7? < )\?71 for all p and when p = 1 then hyper p-th
order and hyper lower p-th order coincides with hyper order and hyper lower order
respectively.

Definition 1.6 A function \¢(r) is called a lower proximate order of a meromorphic
function f if

(i) A¢(r) is nonnegative and continuous for r > ry, say;

(it) A¢(r) is differentiable for r > ro except possibly at isolated points at which
)\/f(r —0) and )\lf(?" +0) exist;

(4ii) limy o0 Af (1) = Ap < 00;

(1v) lim, s 00 r)\;c(r) logr = 0; and

(v) liminf, TTA(;’/:)) =1.

According to Lahiri and Banerjee [4], f(z) and g(z) be two entire functions then
the iteration of f with respect to g is defined as follows:

hz) = [f(z)
fa(z) = [f(9(2)) = f(91(2))
f3(z) = [(9(f(2)) = f(92(2)) = fg(f1(2)))

fulz) = flg(feuein (f(z) or g(2))........ ),

according as n is odd or even,

= [flon1(2)) = f(g(fn—2(2))),
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and so are

91(z) = 9(2)
92(2) = 9(f(2)) = g(f1(2))

gn(2) = g(fa-1(2)) = 9(f(gn-2(2))).

Clearly all f,(z) and g,(z) are entire functions.

Throughout the paper we assume f,g etc. are non constant entire functions
having respective p-th orders ,0?, ph and respective lower p-th orders )\?, AJ. Also we
do not explain the standard notations and definitions of the theory of entire and
meromorphic functions because those are available in [3], [12] and [13].

2 Lemmas
The following lemmas will be needed in the sequel.

Lemma 2.1 [3] Let f(z) be an entire function. For 0 <r < R < oo, we have

T(r, 1) < log" M(r, /) < 7

T(R, f)-

-Tr

Lemma 2.2 [1] If f and g are any two entire functions, for all sufficiently large
values of T,

1

M (01 (5.) = l9(0).£) < M(r.fog) < MM (). 5)

Lemma 2.3 [J] Let f(z) and g(z) be two entire functions. Then we have

T(r,1(0) 2 1ot (M (5.9) +001).1)

Lemma 2.4 [J] Let f be an entire function. Then for k > 2,

o logF UM, f)
lim inf =

Lemma 2.5 [7] Let f be a meromorphic function. Then for §(> 0) the function
P F0=A () s an increasing function of r.
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Lemma 2.6 [§] Let f be an entire function of finite lower order. If there exist
entire functions a; (i =1,2,3........... n; n < o) satisfying T'(r,a;) = o{T(r, f)} and

. B . T(r,f) 1
izl(xai,f) =1 then M )~

Lemma 2.7 Let f(z) and g(z) be two non constant entire functions such that 0 <
p’} <00 and 0 < pfj < co. Then for all sufficiently large r and € > 0,
P +e)logM(r,g) + O(1) when n is even
logl=DA 7 1y < | (P ,
o8 (r fn) < (ph +e)log M(r, f) +O(1) when n is odd

where p > 1.

Proof. First suppose that n is even. Then from Lemma [2.1] and second part of
Lemma [2.2] also from definition of p-th order, it follows that for all sufficiently large
values of r,

T(r, fn) log M(r, fn)

logM(M('r, gn—1)7 f)
logl? 1 M(M(r, g-1), f)

log[M (r, gn—1))F7 .
logll M (r, g(fn-2)) + O(1).
Taking repeated logarithms (p-1) times, we get

1og®P T (r, fn) < logP™ M(M(r, fu—2),9) + O(1)
log[M (r, fa—2)]"** + O(1)
log! M (r, fn-2) + O(1).
Again taking repeated logarithms (p-1) times, we get

INIACIA

ie., log[p] T(r, fn)

IN A

So, logP*UT(r, ,,)

<
ie., logpp“] T(r, fn) <

log ™ T(r, f,) < log[M (r, gn-3))"7** + O(1).
Finally, after taking repeated logarithms (n-4)p times more, we have for all suffi-
ciently large values of r,
i.e., logl™= VPl f)

log[M(r, )/ ** + O(1)
(p? +¢)log M(r,g) + O(1).
Similarly if n is odd then for all sufficiently large values of r

logl™ =P T(r, £,) < (pF + ) log M (r, ) + O(1).

This proves the lemma. =

<
<
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Lemma 2.8 Let f(z) and g(z) be two non constant entire functions such that 0 <
)\7} <00 and 0 < \J < co. Then for any e (0 < e <min{ N}, \J}) and p > 1,

(/\’} —¢e)log M (3=, 9) +O(1) when n is even
(Ag —&)log M (g=r, f) +O(1) when n is odd

for all sufficiently large values of .

Proof. To prove this lemma we first consider n is even. Then from Lemma [2.1] and
Lemma [2.3| we get for £ (0 < & <min{\}, \J}) and for all large values of r

T(r, fn)

log” T'(r, f,)

that is, logpp} T(r, fn)

ie., logl T(r, fn)

Therefore, logl"~2)?! T(r, fn)

So, logl™ VPl T(r f,) > (N% —e) logM(

>

Y

(AVARRN VS

\Y]

T(r, f(gn-1))

1 1
glOgM <8M (2»91171) +O(1)af> .

log[P-I-l] M @M <£,gn_1) + O(1),f> +0(1)

log [;M (g,gn_1> + 0(1)] v 0(1)

1 r )\?—E
log |:9M (4agn1):| +O(1)
T

()\I} —¢)log M (Z,gnq) +O(1)

(¥ =T (5 90-1) + O)

()\1} — 5)%logM <éM (%,fn_g) + O(l),g) +0(1),

logP+1 pr (;

v

M (1—2 fn_z) + O(l),g> +0(1)

1

log {8M (1—2 fn_2> + 0(1)] v 0(1)

AV

v

9
(X =€) log M (5. fa2 ) + O(1)

log [1M (;’fn_2>]>‘9—5 + O(1).

Y

r

(X = )log M (5. /(9)) +O(1).

v

i’ 1,9) + O(1) when n is even.

4n—
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Similarly
o

logl" =7 T(r, £,) = () — ) log M (5.

f) +O(1) when n is odd.

This proves the lemma. m

3 Theorems

Theorem 3.1 Let f and g be two non-constant entire functions having finite lower
orders. Then

R R AP D) o
(1) hmrl_1>1£O T0g) < 3pp279,
.4 o T gy N
71) lim su >
) i T(r,9) T (4n)M
when n is even and
logl=Del P £,
(i3) lim inf —2 (rfu) - _ 3p02M

roo T(r, [)

- log! "~ VA T(r, £,) A)
| >
(iv) Tim TSEEO T(r, f) - (4n—1)/\f

when n 18 odd.

Proof. We may clearly assume 0 < M < p < 00 and 0 < X < py < oo. Now from
Lemma [2.7] for arbitrary e > 0

log[(n—l)p] T(r, fn) < (p]} +e)log M(r,g) + O(1) (3.1)

when n is even.
Let 0 < e <min{1, A, \J}. Since

N AGT.
hmrl—r>1£o rAg(r) =1L

there is a sequence of values of r tending to infinity for which
T(r,g) < (1 +¢)rts® (3.2)
and for all large values of r

T(r,g) > (1 —e)rte(), (3.3)
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Thus for a sequence of values of r tending to infinity we get for any 6(> 0)
logM(rg) _ 3T(2rg) _3(1te) (2™ 1
T(r,g) ~ T(r,g) ~— 1—g (2r)Ast0-2(20) pAe(r)

3(1+€)2/\g+(5
- 1—¢

because r*919=2¢(") ig an increasing function of r.
Since €, & > 0 be arbitrary, we have

lim inf 2EM9) 505 (3.4)
r—00 ’T(T7 g)
Therefore from (3.1)) and ( we get
. log[("l T(r, fn)
n) < D oA
hmrl_lgcf)o T g) < 3py279.
when n is even.
Again for even n we have from Lemma
logl" = DAT(r, f) = (W —)log M (i5.9) +O(1)
> (X =T (Fi59) +01)
()"
n—1
> (N —e)(1-2)(1+0(1)) ‘; — , by (B:3).
(473:1 ) + (4n I )
Since r*st9=24(") i an increasing function of r, we have
(n—1)p » r)‘g(r)
log T(r, fn) _(Af—5)(1—5)(1+0(1))w

for all large values of r.
So by (3.2)) for a sequence of values of r tending to infinity

T(r,g)
(4n—1))\g+5 ’

1—
logl" VA T(r, fu) > (W — &)1 —(1+0(1)

Since € and § are arbitrary, it follows from the above that

[(n—1)p] NP
lim sup log T'(r, fn) > f —.
r—00 T(r,g) (4n—1)Ae

Similarly for odd n we get the second part of the theorem.
This proves the theorem. m
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Theorem 3.2 Let f and g be two non-constant entire functions such that )\Z} and

M(> 0) are finite. Also there exist entire functions a; (i = 1,2, 3........... n; n < oo)
satisfying T'(r,a;) = o{T'(r,9)} as r — oo and

Zé(aijg) =1.
i=1

Then

O\ logl=D2L 7 (p, £,)
f < l Og T? n
@ = T T(ng)

when n s even.

Proof. If /\7} = 0 then the first inequality is obvious. Now we suppose that )\I} > 0.
For 0 < € <min{1, )\’}, A} we have from Lemma for all large values of r

log M (51, 9)
T(r,g)
log M (5r,9) T (3= 9)
T (5=t.9) T(r9)
Also from and we get for a sequence of values of » — oo and for § > 0

logl" VP T(r, £,)
T(r,g)

(X; —¢) + O(1) when n is even

Y

(AF — <) o).  (35)

T(rg) _ 1-¢ (=) 1
T(ﬁg) 1 +e€ (4nr_l ))‘9+5_>\g<4nr_1) T)\g(r)
1—¢ 1

1+¢ (4n—1))\g+5

because 919~ 29(") ig an increasing function of r.
Since €, d > 0 be arbitrary, so using Lemma we have from (3.5

logl(»=1pl 1 T
r—00 T(T, g) (4”_ ) g
If p]} = 00, the second inequality is obvious. So we may assume p’} < 00. Then the

second inequality follows from Lemma [2.6| and Lemma
This proves the theorem. m

Theorem 3.3 Let f and g be two non-constant entire functions such that /\’}(> 0)

and N are finite. Also there exist entire functions a; (i = 1,2,3........... n; n < oo)
satisfying T'(r,a;) = of{T'(r, f)} as r — oo and

> 6(ai, f) =1.
=1
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Then

AL . log[(”_l)p} T(r, fn)
< <
(4n—1)rr = lim TSBEO T(r f) < mpy

when n 18 odd.

Theorem 3.4 Let f and g be two non-constant entire functions such that 0 < )\1} <
pfc < oo and 0 < Nj < pl < 0co. Then for k=0,1,2,3, .......

72 <lim inf log"” 1 T T, Jn) <lim sup log " T(r, Jn) < E
P r=oo oglPl T(r,g®) = rose logl T(r, (k) Ag

when n is even and

[np+1] [np+1] v
f < lim inf log Tr, fn) < lim sup log T(r, fn) < p—IJ;
Pl r=oo JoglPl T(r, f(R)) roo logP! T(r, f®) = Xj

when n is odd, where f*) denote the k-th derivative of f.

Proof. First suppose that n is even. Then for given (0 < & < min{\;, \J}) we get
from Lemma [2.8 for all large values of r

logl" =7 T(r, fu) = (V) =) log M (i.9) + O(1)
> (M —o)T (F,g>+0(1)
ie., log" T(r, f) > log[p]T<4n 1,g>+0(1).
So, logl»*1l T(r, fn) > log[pH]T<4n 1,g> + O(1).

So for all large values of r

[np+-1] loglPt 1 (_r 1 T
log" T (r, fu) o, lo8" T (gimog) _ logwr gy (54
log?! T'(r, %)) log =t log”! T'(r, g(*))
Since . )
P
lim sup 28 L9 _
r—00 log g
so for all large values of r and arbitrary € > 0 we have
log” T(r, ™) < (P + ) log . (3.7)
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Since ¢ > 0 is arbitrary, so from (3.6)) and - we have

log"”* U T(r, f,)

lim inf > lim inf =
r—00 ]Og[P] T(r, g( )) r—00 log4n7_1
>
T

Again from Lemma we get for all large values of r

logl™ V" T(r, f,) < (o} +e)log M(r,

log""* U T(r, fn) _ log”™ M(r,g)

i.e
logP! T(r, g®) = logl T(r, g®))
Since . &)
lim inf 8L _
r—00 log r 9

phlog r

g9) +0(1)

+o(1).

so for all large values of r and arbitrary (0 < ¢ < AL) we have

log!?! T(r,g(k)) > (/\2 —¢)logr.
Since ¢ > 0 is arbitrary, so from (3.9) and we have

. 1%W“ T(r, fn)
lim sup
r—oo loglPl T(r, f(9)

IN

I3

Combining (3.8) and (3.11)) we obtain the first part of the theorem.
Similarly when n is odd then we have the second part of the theorem.

This proves the theorem. m

logP™ T (521, 9) <logr — log 4"_1)

(3.8)

(3.10)

(3.11)

Theorem 3.5 Let f and g be two non-constant entire functions such that 0 < A? <

p?<ooand0<)\§§p§<oo. Then

“ (el [np]
(1) )\g < lim inf Mglghmsupw_%
S g 1) 22 o T(rg) < N

when n 18 even and

(i1) )\f < lim inf log" T (r, f,)

Pf r—00 log[p] T( f) r—00 , o

when n s odd.
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Proof. First suppose that n is even. Then for given (0 < ¢ < min{\}, \[}) we get
from Lemma and Lemma [2.8] for all large values of r

logl™= VPl T(r, f,) < (p +¢)log M(r,g) + O(1)
ie. log["p] T(r, frn) < log[p+1] M(r,g) +0(1)

[npl [p+1]
i.e. log (T7 fn) S log M(r7 g) + 0(1) (312)
log?1 T(r, ) log1 T(r, )
i.e. lim inf M < 1 [by Lemmal[2.4] (3.13)
Also,
logl" =7 T(r f,) > (X —)log M (1.9) +O(1)
ie. log™ T(r f,) > logPt M <4n 1’9) + O(1).
So
log™\ T(r, f,) log”! T (4 “1,9) (logr — log 4”1) +o(1)
log® T(r,g) log =t phlog 7
[np] p
ie. lim inf 08 L(hfu) o Ay (3.14)
r=o logl! T(r, g) Py
Also from , we get for all large values of r
[np] [p+1]
log"" T'(r, fn) < log?™" M(r,g)  logr +o(1)
logl” T'(r, g) log r logl” T'(r, g)
log™Pl T
. lim sup log™ T(r, fn) < ﬁi. (3.15)
r—oo loglP T'(r, g) Ag

Again from Lemma

log!"=VPL T (r, £,)

v

(NF —€)log M <4n 1,g) +0(1)
ie. log™ T(r f,) > logP™ M (4n 1,9) +0(1). (3.16)

From ({3.3) we obtain for all large values of r and for 6 > 0 and (0 < e < 1)

()"

o
1—¢

Z WT)W(T)

\%

logM<4n 1,9) > (1—¢)
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because 919 29(") i an increasing function of r.
So by (3.2]) we get for a sequence of values of r tending to infinity

r 1—¢ 1
IOgM (Wag) Z 1+¢ (4n71))\g+5T(r7g)
. r
ie. logPl M (ﬁ,g) > logT(r,g)+ O(1).
Taking repeated logarithms (p-1) times, we get
r
log” 11 M (7.9) = log? T(r, 9) + O(1). (3.17)

Now from (3.16)) and (3.17)

. log™? T(r, f,)
lim sup —————=

(3.18)
7—00 log[p} T(T, f)

So the theorem follows from (3.13)), (3.14)), (3.15) and (3.18) when n is even.
Similarly when n is odd we get (ii). m

Corollary 3.6 Using the hypothesis of Theorem 3.5 if f and g are of regular growth
then

o 08T f) o™ T fa)
—+00 1Og[P] T(T,g) 7—+00 log[P} T(n f)

Remark 3.7 The conditions )\?, A >0 and p}]’c ph < oo are necessary for Theorem
3.5 and Corollary 3.6, which are shown by the following examples.

Example 3.8 Let f = z,g = exp? z. Then )\? = p? =0 and 0 < \) = pl) < cc.
Now when n is even then
fn= exp[Tp} z.

Therefore,
T(r, fa) < log M(r, fa) = explz V.

So,

log™ T(r, f,,)

IN

log™) (expl? ~1 1)
= log["p_%H] r
= log[%ﬂ] 7.

Also when n is odd
£, = expl"2 P 5.
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Therefore,
T(T‘, fn) < log M(T, fn) = exp[( 2 L)p— 1]
So,
log T(r, f,) < logl™ (expl*z P11 1)
= 1Og[np (551,
— log[(n—g‘rl)p""l] r
Now
log[p] T(T’, f) = 10g[p+1] r
and
3T<2T7 g) > log M(?“, g) = exp[p_l} r
i.€e. log[ﬂ T(r,g) > logr+ O(1).

Therefore when n is even

logl"” T(r, fu) _ logl# *!r
logl?! T'(r,g) ~ logr+0O(1)

—0 as r— o0,

and when n s odd

log" T(r, fu) _ log!*5 )P+ r

—0 as r— o0.
log? T(r, f) = loglPty

Example 3.9 Let f = exp! 2, g = explPl z. Then )\’} = pz} =00, N =ph=1.
Now when n is even

fn = exp[gnp]
Therefore
BT(2r, fn) > log M(r, fn) = expl5°~!r
ie. T(r,fn) > %exp[ag_l]g

log"?L T(r, f,,)

v

logl"?)(expl 51 2) + o(1)

exp[%*l] 3 +o(1).

Also when n is odd
3n+1

fr = expl™2

)],
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Therefore
3T(2r, f,) > log M(r, f,) = expl(*27)p=11,
ie. T(rfn) > éexp[ﬁ";l)p—ug
1og"™ T(r, f,) > logl (expl*2~ =1 g)+0(1)
= eXp[(";l)p—ll g +o(1).
Also

logl?! T'(r, f) < exp®~H 7 and log?! T(r, g) < logr-.
Therefore when n is even

log!™ T'(r, f,)) S explz 1z 5 +o(1)
logP! T'(r,g) ~ logr

— 00 as r — oo,

and when n s odd

log[np] 1(r, fn) > eXp[(n2 =il 5 +o(1)
log” T(r, f) ~ —

— 00 as r — oQ.

Theorem 3.10 Let f and g be two entire functions such that 0 < )\7} < p]} < 00
and 0 < Nj < ph < co. Then for k =0,1,2,3,......

[np] [np]
gqmﬁg%ggﬁgmmk%jgi ]
p’f’ r=o0 JoglPl T(r, (k) rovoo logl? T(r, fR)) = N
when n s even.
PV [np] [np]
) L <t i 0Ty 08T )P
Py~ oo loglPl T(r, g(k)) roo log? T(r, ) = A

when n 18 odd.

Proof. First suppose that n is even. Then for given £(0 < ¢ < min{\;, \J}) we
have from Lemma [2.7] for all large values of r,

log!" =7 T(r, fo) < (o +e)log M(r,g) + O(1)
ie. log T(r f,) < logP*UM(r,g)+0(1).

Also we know that . "
lim inf —log T(r,g")
r—00 log r

— AP,
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Now
. log™ T(r, f,) . log" ! M (r, g)
lim sup ————= < limsup —————=
r—o0 loglPl T'(r, f(k)) r—o0 loglP! T'(r, f(k))
_ loglP* 1 M (r, g) logr
< 1 .
< mars_l)l(l;)o [ log 7 log[p} T(T7f(k))
p
= T% (3.19)

Again from Lemma [2.8] we have for all large values of r,

(A% —e)log M (%,g) +O(1)

e, logh T(r, ) > log*U M (2 .9) +0()

> (M —¢)logr+O(1).

log!" VPl T(r, £,)

v

Also
log?! T(r, 0 < (Pl +¢)logr.

Therefore,
log™ T(r, f»)
logl?! T(r, f(#))

Since € > 0 is arbitrary we get

(A —¢e)log r+0O(1)
(p}} +¢)logr

>

[np] p
lim inf w > ﬁ_ (3.20)
P g T(r, £0) = 7

Therefore from (3.19) and (3.20)) we have the result for even n.
Similarly for odd n we have (ii).
This proves the theorem. m
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