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INTRODUCTION, DEFINITIONS AND NOTATIONS.

We denote by C the set of all finite complex numbers. Let f be a meromorphic
function defined on C. We use the standard notations and definitions in the theory
of entire and meromorphic functions which are available in [5] and [15]. In the

sequel we use the following notation : logl®! z = log <1og[k_1] :1:) for k =1,2,3,....
and log[o} T =1

Let f be a non-constant meromorphic function defined in the open complex
plane C. Also let ngjnij,...nk;(k > 1) be non-negative integers such that for each j,

3 nij > 1. We call M; [f] = A; (f)" (fO)™ ... (f®)™ where T (r, A;) = S (r, f)
=0

k
to be a differential monomial generated by f. The numbers yar; = > ni; and I'yy =
i=0

k
;)(i + 1)n;; are called respectively the degree and weight of M; [f] {[4],[10]}. The

S
expression P [f] = > Mj;[f] is called a differential polynomial generated by f. The
j=1

293



S. Kr. Datta, T. Biswas and G. Kr. Mondal - Estimation of Growth Rates ...

numbers yp = max vy, and I'p = max I'y; are called respectively the degree
1< j< s 1< < s

and weight of P [f] {[4],[10]}. Also we call the numbers ~yp = 11<11i2 vm; and k
— S I)s s

(the order of the highest derivative of f ) the lower degree and the order of P [f]
respectively. If v, = vp, P[f] is called a homogeneous differential polynomial.

Throughout the paper we consider only the non-constant differential polynomials
and we denote by Py [f] a differential polynomial not containing f i.e., for which
ng; = 0 for j = 1,2,...s. We consider only those P [f], P [f] singularities of whose
individual terms do not cancel each other. We also denote by M [f] a differential
monomial generated by a transcendental meromorphic function f.

In the sequel the following definitions are well known :

Definition 1. Let ‘ a ' be a complex number, finite or infinite. The Nevanlinna’s
deficiency and the Valiron deficiency of * a * with respect to a meromorphic function
f are defined as

d(a; f) =1~ limsupN(r’a; /) = hmmfw

r—00 T(?“, f) T T(Ta f)

and

P\ (Y ) m(r,a; f)
A(a,f)—l—hgr_l}g}f 0 f) _hiisogp T )

Definition 2. The quantity ©(a; f) of a meromorphic function f is defined as
follows

O(a; f)=1- ligﬁpw.

Definition 3. [14] For a« € CU{o0}, we denote by n(r,a; f |= 1), the number of
simple zeros of f —a in |z| < 7. N(r,a; f |= 1) is defined in terms of n(r,a; f |= 1)
in the usual way. We put

o(a; f)=1— linisupN(Tj’ﬂCL(;Tf)): D) ,

the deficiency of ‘a’ corresponding to the simple a-points of f i.e., simple zeros of
f—a.

Yang [13]proved that there exists at most a denumerable number of complex
numbers a € C U {oo} for which d1(a; f) > 0 and ecufocydi(a; f) < 4.
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Definition 4. [8] For a ¢ CU {oo}, let ny(r, a; f) denotes the number of zeros
of f —a in |z| < r, where a zero of multiplicity < p is counted according to its
multiplicity and a zero of multiplicity > p is counted exactly p times and Ny (r, a; f)
is defined in terms of ny(r, a; f) in the usual way. We define

Np(T’, a; f)

op(a; f) =1— liin_ilipw~

Definition 5. [3] P[f] is said to be admissible if
(i) P[f] is homogeneous, or
(74) P[f] is non homogeneous and m(r, f) = S(r, f).

Now let L = L (r) be a positive continuous function increasing slowly i.e.,
L (ar) ~ L (r) as r — oo for every positive constant a. Singh and Barker [11] defined
it in the following way :

Definition 6.[11]A positive continuous function L (r) is called a slowly changing
function if for & (> 0),

< <k® forr>r(e) and

1
ke
uniformly for k(> 1).
If further, L (r) is differentiable, the above condition is equivalent to

L/
lim rL(r)

=0.
r—00 L(T‘)

Somasundaram and Thamizharasi [12] introduced the notions of L-order
and L-order for entire functions. The more generalised concept for L-order and
L-type for entire and meromorphic functions are L*-order and L*-type respectively.
Their definitions are as follows :

Definition 7. [12] The L*-order p}]?* and the L*-lower order )\JLC* of an entire
function f are defined as

. [2] i 2]
pJ% = lim Sup—log M(r, /) and )\J% = lim inf—log M(r, f) i
r—oo  log [rel(r)] r=oo log [rel(r)]
When f is meromorphic, one can easily verify that
log T'(r, f) logT'(r, f)

and A} = liminf

L* _ .
pf - hm sup r—00 10g [TGL(T)] ’

r—oo log [rel ()]
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Definition 8. [12] The L*-type aj’%* of an entire function f is defined as follows:

O'J% zlimsupM,0<p§ < 00 .
r—00 [TeL(r)]pf
For meromorphic f,
* T *
a]% :limsupo)L*,O<pjf? <00 .

r—00 [TeL(r)] Py

Lakshminarasimhan [6] introduced the idea of the functions of L-bounded
index. Later Lahiri and Bhattacharjee [7] worked on the entire functions of L-
bounded index and of non uniform L-bounded index. In the paper we investigate the
comparative growth of composite entire and meromorphic functions and differential
monomials, differential polynomials generated by their factors using L*-order and
L*-type. It is needless to mention that the admissibility and homogenity of Py [f]
will be required as per the requirements of the lemmas and theorems in the paper.

2.LEMMAS
In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [1] If f be meromorphic and g be entire then for all sufficiently large
values of r,

T(r,g)

mT(M(ﬁg%f)-

T(r,fog) <{l+0(1)}

Lemma 2. [2] Let f be meromorphic and g be entire and suppose that 0 < p <
pg < oo. Then for a sequence of values of r tending to infinity,

T(r,fog)>T (exp(r)",f) .

Lemma 3. [3] Let Py [f] be admissible. If f is of finite order or of non zero
lower order and > © (a; f) = 2, then

aF£oo
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Lemma 4. [3] Let f be either of finite order or of non-zero lower order such that
©(co;f) = > 0p(a;f) =1ord(oo;f) = > d(a;f) = 1. Then for homogeneous

. [f] a#oo a#oo
. TR
r—oo T (r, f) = TR

Lemma 5. Let f be a meromorphic function of finite order or of non zero lower
order. If > O (a; f) = 2, then the L*-order ( L*-lower order) of admissible Py [f]

aFoo
is same as that of f.

Proof. By Lemma 3, Tli}m % exists and is equal to 1.

oo

PRI = liﬁtpw
— timsup B S) BT P )
r—oo lOg [T@L(T)] r—00 10gT(’r‘, f)
= Pf*.l
= pf.

In a similar manner, AL, = AL,
) Po[f] f
This proves the lemma.

Lemma 6. Let f be a meromorphic function of finite order or of non zero lower

order such that © (co; f) = > dp(a;f) =1 or d(oo; f) = > 6(a; f) = 1. Then
aF#00 aF#00
the L*-order ( L*-lower order) of homogeneous Py [f] and f are same.

We omit the proof of the lemma because it can be carried out in the line of
Lemma 5 and with the help of Lemma 4.

Lemma 7. [9] Let f be a transcendental meromorphic function of finite order
or of non-zero lower order and ,ecu{oo}d1(a; f) = 4. Then

T(r, Mf1)

ngo T(fr, f) =Ty — (FM - ’yM)@(OO7f) )

where

O(o0; f)=1— liiris(ip];((:’;)) )
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Lemma 8. If f be a transcendental meromorphic function of finite order or of
non-zero lower order and ecufoc}di1(a; f) = 4, then the L*-order ( L*-lower order)
of M|[f] are same as those of f.

We omit the proof of the lemma because it can be carried out in the line of
Lemma 5 and with the help of Lemma 7.

3. THEOREMS
In this section we present the main results of the paper.

It is needless to mention that in the paper, the admissibility and homogenity
of Py [f] will be needed as per the requirements of the theorems.
Theorem 1. Let f be meromorphic with finite order or non zero lower order
and g be entire satisfying the following conditions:
(i) 0 < )\JQ* < p]Lc* < oo and (i7) >, ©(a; f) = 2. Then for any A >0
a#00
log® T (exp (1), fog)

lim su =00,
r_mOplogT (exp (r#), Py [f]) + K (r,9; L)

Oifr*=o {L (exp (exp (,urA)))}
where 0 < pu < pg and K (r,g9; L) = as r — 0o
L (exp (exp (,urA))) otherwise .

Proof. Let 0 < u < g/ < pg. Using the definition of L*-lower order we obtain in
view of Lemma 2 for a sequence of values of r tending to infinity that

log T (exp (rA) ,fog)>logT (exp (exp (TA))M/ ,f>

i.e., logT (exp (TA) ,fog)
> ()\]]%* — 5) .log {exp (exp (TA))M .exp L (exp (exp (TA))'M )}

i.e., logT (exp (r*), fog)

> ()\]Lc* — 5) . {(exp (TA))MI + L (GXP (exp (TA))M/)}

i.e., logT (exp (TA) ,fog)
L (exp (exp (rA))“/)

(exp ()"

> (/\}]?* — 5) . (exp (T'A))ul 1+
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i.e., logm T (exp (TA) ,fo g) > O(1) + ¢/ logexp (rA)

+log {1 + L (eXp (exp (r))" ) }

(exp (r4))"

ie., log?T (exp (T‘A) ,fog)=>0(1)+ '

+log {1 Lt (exp (exp (+)") }

(exp (1))

ie., logPlT (exp (rA) ,fog)>0(1)+ '

+log |1+

L (exp (exp (,LL’TA)))]

exp (p'r )

i.e., 1ogP T (exp (1), fo g) > O (1) + pr® + L (exp (exp (ur?)))
— log [exp {L (exp (exp (/“"A))) }]

1+

1
e exp (ur#)

L (exp (exp (M’TA)))]

i.e., logm T (exp (T‘A) ,fo g) >0(1)+ MTA + L (exp (exp (:W"A)))
[ exp (ur) + L (exp (exp (u'r))) ]

exp (pr) exp { L (exp (exp (ur#)))}

ie., logT (exp (rA) ,fog)>0(1)+ W rA=#)
+ L (exp (exp (,urA))) . (1)

Also in view of Lemma 5 we have for all sufficiently large values of r that
log T (exp ("), Py [f]) < (pleg[f] + 5) log {exp (rt) eL(eXp(T“))}
ice., log T (exp (') Py [f)) < (pf +¢) {logexp (") + L (exp ()}

i.e., logT (exp (r*), Py [f]) < (pJLc* + 5) {r" 4+ L (exp (r"))}
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log T (exp (), Po [f]) = (0§ +¢) L (exp ("))
<rk. (2)
(v +)
Now from (1) and (2) it follows for a sequence of values of r tending to infinity that

logl? T (exp (r?), foyg)
M,T(A_M)

>0(1)+ < T ) [log T (exp (), Py [f)) = (" + ) L (exp ()

i.e.,

Py
+ L (exp (exp (MTA))) (3)

log? T (exp (’I"A) ,fo g) - L (exp (exp (,u, ))) + 0 (1)
p

"¢ Tog T (exp (), Bolf]) = logT (exp (), By [f])
r(A=n) . (p]Lc* + 6) (exp (7)) A
e | s T e ) A lf) W

Again from (3) we get for a sequence of values of r tending to infinity that

logll T (exp (r), fog)
log T'(exp (r#) , Py [f]) + L (exp (exp (ur#)))
O (1) = prA=mL (exp ("))
~ log T (exp (r#) , Py [f]) + L (exp (exp (ur)))

(1552 ) tou T (exp ) o 1)

T log T (exp (1), Bo []) + L (exp (exp (1)
L (exp (exp ()
log T (exp (r#) , Py [f]) + L (exp (exp (ur4)))

O1)—p'r(A=H L(exp(rt))

i logPI T (exp (r*) , f o g) G )
T oo T m 7_P + L A = log T(exp(r#),Po[f])
og T (exp (rt'), Py [£]) + L (exp (exp (ur))) = Tg Tl 4
(ﬂ’p }(f;f : ) log T'(exp(r*), Polf]) 1
log T'(exp(r*),Po[f])
+ + (5)
L(exp(exp(ur))) log T(exp(r*). Po[f])
1+ e e (), B[] L+ T ewlexp(ur ™))
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Case L. If 7 = o { L (exp (exp (ur?)))} then it follows from (4) that

y logm T (exp (TA) ,fo g)
1m su =00
ree” log T (exp () , o [f])

Case II. " #£ o {L (exp (exp (;M"A)))} then two sub cases may arise.
Sub case (a). If L (exp (exp (ur?))) = o{logT (exp (r*), Py [f])}, then we get
from (5) that

[2] A
lim sup log”' T (exp (r?) , f o g) e

roo 10g T (exp (r#) , Py [f]) + L (exp (exp (ur4)))

Sub case (b). If L (exp (exp (ur?))) ~ log T (exp (r*), Py [f]) then

lim L {exp (exp (;MA))}

I fog T (oxp () By [f])

and we obtain from (5) that

(2] A
lin sup log® T (exp (r ) ,fo g)

raset Tog T (exp (1), Py [f]) + L (exp (exp (urd)))

Combining Case I and Case Il we obtain that

) logm T (exp (TA) ,fo g)
lim sup =00,
r—oo logT (exp (r#), Py [f]) + K (r,g; L)

Oifr*=o {L (exp (exp (,urA)))}
where K (r,g; L) = as r — 0o

L (exp (exp (m‘A))) otherwise .
This proves the theorem.

Remark 1. With the help of Lemma 6, the conclusion of Theorem 1 can also be
drawn under the hypothesis © (o0; f) = > dp(a; f) =1ord(oo; f) = > d(a; f) =
a#00

a#00
1 instead of >~ O (a; f) = 2.
aF#00

Remark 2. If we choose f to be meromorphic and g to be entire of finite order or
of non zero lower order satisfying 0 < )\5* < pg* < 00, /\]Lc* >0and > O(a;9) =2,
a#00
then Theorem 1 remains true with Py [f] replaced by Py [g] in the denominator.
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Remark 3. By Lemma 6 the conclusion of Remark 2 can also drawn under
the hypothesis © (c0;9) = Y dp(a;g) =1 or 6 (c0;9) = > 6(a;9) =1 instead of

a#00 a#oo
> O(arg) = 2.

a#o0o

In the line of Theorem 1 and with the help of Lemma 8 we may state the
following theorem without proof :
Theorem 2. Let f be transcendental meromorphic with finite order or non zero
lower order and g be entire satisfying the following conditions:
(1) 0 < )\J%* < pJLc* < oo and (i7) gecufso}di(a; f) = 4. Then for any A >0
logm T (exp (TA) . fo g)

lim sup = 00

r—oo 10gT (exp (r+) , M [f]) + K (r, g; L) ’

Oifr*=o0 {L (exp (exp (m*A)))}
where 0 < pu < pg and K (r,¢9; L) = as r — oo
L (exp (eXp (,urA))) otherwise .

Remark 4. If we choose f to be meromorphic and g to be transcendental entire
of finite order or of non zero lower order satisfying 0 < )\5* < pé* < 00, )\]Lc* > (0 and
aeCU{oo}01(a; g) = 4, then Theorem 2 remains true with M [f] replaced by M [g] in
the denominator.

Theorem 3. Let f be a meromorphic function with finite order or non zero
lower order and g be an entire function such that 0 < ,05* < )\]Lc* < p’]%* < oo and

0(: /)= 3 0y (@if) = Lord(o0: f) = 3 0(aif) = 1. Then
i 08T (1, f 0 g)log M (r, )}
r—00 T(T‘,Po[f])-K(T,g;L)

=0,

1if L(M(r,g)) =0 {raeo‘L(’")} as r — 00
where K (r,g; L) = and for some a < )\JLC*
L (M (r,g)) otherwise.

Proof. In view of Lemma 1 we have for all sufficiently large values of r that

T (r,fog)logM (r,g) <{1+o(1)}T (r,g)T (M (r,g),f)

i.e., log{T (r,fog)logM(r,g)} <log{l+o(1)}+logT (r,g)
+1logT (M (r,9), f)
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i.e., log{T (r,fog)logM (r,g)} < o(1)+ (pﬁ* + 5) log [reL(T)}

+ (o +¢) [log M (r, g) LM ()]

i.e., log{T (r,fog)logM (r,g)} < o(l)+ (pg* +5> [logr + L (r)]

+ (b +¢) log M (r,9) + L (M (1. 9))

i.e., log{T (r,fog)logM (r,g)} <o(l)+ (pg* —i—a) [logr + L ()]

{ret} ) | Lo g))] .

+ (pJLc* + a)

Also in view of Lemma 6 we obtain for all sufficiently large values of r that

log T (r, Py [f]) > </\%’;[f] — 5) log {reL(r)}
i.e., logT (r,Py|[f]) > ()\]]—?* - 5) log [reL(T)]
ie., T(r,Bo[f]) > [reL(T)}(AJ%*_E) .
Now from (6) and (7) we get for all sufficiently large values of r that

log {T (r, f o g)log M (r,9)} < o(l)+ (pﬁ* +¢) [logr + L (r)]
T(T7P0[f]) N T(T’,Po[f])

(of +2) [{Te”” H5) 4 L )

[reln) (Af"—e)

+

Since pg* < )\]Lf*, we can choose € (> 0) in such a way that

p§*+€<)\f*—s.

Case I. Let L (M (r,g)) = o {ro‘eo‘L(”)} as r — oo and for some a < )\]]%*.

As a < )\J%* we can choose € (> 0) such that

a<)\]Lc*—s.
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Since L (M (r,g)) = o {raeaL(T)} as r — oo we obtain on using (10) that

L (M (r,g9))
raeal(r)
L(M(r,9))

L*

[reL()] (AF"—e)

—0asr — oo

i.e., —0asr —o00. (11)

Now in view of (8), (9) and (11) we get that

i 10817 (1, f 0 g)log M (r, )}
7—00 T (T, Po [f])

~0. (12)

Case IL If L (M (r,g)) # o {r*e®L("} as r — oo and for some a < )\%* then we
get from (8) that for a sequence of values of r tending to infinity,

log {T (r, f o g)log M (r,g)} < o(1) + (pg* 1 ¢) [log {reL(T)}]
T BUDLA )= {TeL(T)}(/\’%* - (M (r,9))
(P]I?* + E) {TeL(T)}(pg* +5)

el V29 L (01 (r, )
1

{TeL(r)}(A?* =) L (M (r,9))

+ (13)

Now using (9) it follows from (13) that

i 108 {T' (1, f 0 g)log M (r, g)}
r=oo T (r, Py [f]) L (M (r,9))

Combining (12) and (14) we obtain that

iy 108{T'(r, f 0 g)log M (r, )}
r—oo T (r,Py[f]) - K (r,g; L)

~0. (14)

=0,

1if L(M(r,g)) =0 {raeo‘L(’")} as r — 00
where K (r,g; L) = and for some a < )\JLC*

L (M (r,g)) otherwise.
Thus the theorem is established.

Remark 5. In view of Lemma 5 one can easily verify that the conclusion
of Theorem 3 can also be deduced if we replace “ © (c0; f) = > 0p(asf) =1
a#oo

or (oo f)= > d(a;f)=1"by > O(a;f)=2.

a#0o a#oo

304



S. Kr. Datta, T. Biswas and G. Kr. Mondal - Estimation of Growth Rates ...

Theorem 4. Let f be a transcendental meromorphic function with finite order
or non zero lower order and g be an entire function such that 0 < ,05* < )\JQ* <

pJLc* < oo and ,ecufoo}d1(a; f) = 4. Then

i 10817 (1, f 0 g)log M (r, )}
r—oco T (7", M [f]) K (T}g; L)

=0,

1if L(M(r,g)) =0 {ro‘eaL(r)} as r — 0o
where K (r,g; L) = and for some a < )\]Lc*
L (M (r,g)) otherwise.
The proof of the above theorem can be established in the line of Theorem
3 and with the help of Lemma 8 and therefore is omitted.

Theorem 5. Let f be meromorphic and g be entire with finite order or of non
zero lower order and ) ©(a;g) = 2. Also Let 0 < pg* < pJLc* < 00. Then

a#oo

.. Jdog{T (r,fog)logM (r,g)}
o o Ao la)) - K (r.g: L)

=0,

1if L(M (r,g)) =0 {raeo‘L(”)} as r — 00
where K (r,g; L) = and for some o < pf*

L (M (r,g)) otherwise.
The proof is omitted because it can be carried out in the line of Theorem 3.

Remark 6. By Lemma 6 the conclusion of Theorem 5 can also be drawn under
the hypothesis © (c0;9) = > 0p(a;g) =1 or 6 (o0;9) = Y 6(a;9) =1 instead of

a#oo a#oo
> O(a9) =2.
a#oo
In the line of Theorem 5 one may state the following theorem without proof

Theorem 6. Let f be a meromorphic function and g be a transcendental entire
function with finite order or of non zero lower order and ,ecufsc}di(a; g) = 4. Also
let 0 < pg* < p]Lc* < 00. Then

lim g 08 L (r, f o g)log M (r,9)}
r—oo T (r,Mlg]) K (r,g; L)

=0,
Lif L(M (r,9)) = o {r%e*L} asr — oo
where K (r,g; L) = and for some a < pf*

L (M (r,g)) otherwise.
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Theorem 7. Let f be a meromorphic function with finite order or non zero

lower order and © (oco; f) = > dp(a; f) =1ord(oo; f) = > 0(a; f) =1. Also let
a#00 a#00
g be entire.If pJQ* < oo and )\J%;g = oo then

iy 108 T(r, fog)
r—oolog T'(r, Po [f])

= OQ.

Proof. Let us suppose that the conclusion of the theorem does not hold.Then we
can find a constant 8 > 0 such that for a sequence of values of r tending to infinity

log T'(r, f o g) < BlogT(r, Py [f]). (15)

Again from the definition of p}%;[ fl it follows that for all sufficiently large values of r
and in view of Lemma 6

IN

logT'(r, Py [f]) <P{3;m + 8) log {reL(r)}

i.e., logT(r,Py[f]) < (pJLc* + 8) log {reL(’”),} (16)

Thus from (15) and (16) we have for a sequence of values of r tending to infinity
that

logT(r,fog) < B (pJLc* + 6) log {reL(’”)}

log T(n f o g) < B (p]Lf* + 5) log {T@L(T)}

i.e.,

log (retm)  — log {rel(m}
. .. IOgT(va Og) _ L*
1.€., hrrgg.}fW = >\ng < oQ.

This is a contradiction.
This proves the theorem.

Remark 7. Theorem 7 is also valid with “limit superior” instead of “limit” if
/\JLCS g =00 is replaced by ,0]1;: g = and the other conditions remaining the same.

Corollary 1. Under the assumptions of Theorem 7 or Remark 7,

T
lim SUPM = 00.

r—oo T'(r, Po [f])
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Proof. By Theorem 7 or Remark 7 we obtain for all sufficiently large values of r
and for K > 1,

logT(r,fog) > KlogT(r,Py[f])
ie., T(r,fog) > log{T(r,Py[f])}",

from which the corollary follows.

Remark 8. The condition )\]I:; = 00 is necessary in Theorem 7 and Corollary
1 which is evident from the following example :

Example 1. Let f =expz, g=zand L(r) = %exp (%) where p is any positive
real number.
Alsolet s=1, Ay =1 and

n;1 = lfori=1
= Ofori#l.
Then
Py[f] = exp-.
Also
d(o0; f) = Zé(a;f)zl, pJIc’* =1 < oo and )\]J—?:g:1<oo.
aFoo
Now r
T(r,fog)=T (rexpz)=—
T
and ,
T(r,Py[f]) =T (r,expz) = -
Therefore
logT (r, f o g) . logr+0(1)
rwlog T (r Ry [f])  rowlogr +0(1)
. T(r,fog) . (5)
lim ——————~ = lim -Z- = 1.
AETU R (D)

Remark 9. Considering
1 1
f = expz,g=z A=1,L(r)=—-exp| -
D T
where p is any positive real number;
s = 1,A;=1and
ni1 = lfori=1
= 0Oforis#l.
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one can also verify that the condition p]Lc;g = o0 in Remark 7 and Corollary 1 is
essential.

Remark 10. The conclusion of Theorem 7, Remark 7 and Corollary 1 can also
drawn under the hypothesis © (co; f) = > dp(a; f) =1or Y ©(a;f) =2 instead
a#oo aFoo

of § (c0; f) = - d(as f) =1.
a#£oo

In the line of Theorem 17 the following theorem may be deduced:

Theorem 8. Let f be a transcendental meromorphic function with finite order

or non zero lower order and ,ccufsc}di(a; f) = 4. Also let g be entire.If p]Lc* < o0
and )\%g = oo then
logT(r,fog)
rosolog T, Mf]) ~
Remark 11. Theorem 8 is also valid with “limit superior” instead of “limit” if
)\J%Z g = 00 is replaced by p% 4 = o© and the other conditions remaining the same.

Corollary 2. Under the assumptions of Theorem 8 or Remark 11,

limsup L2 09 _

r—oo T'(r, M [f])

The proof is omitted because it can be carried out in the line of Corollary

Theorem 9. Let f be a meromorphic function with finite order or non zero
lower order and © (oo; f) = Y dp(a; f) = 1 or d(oo; f) = > 6(a; f) = 1.Also

a#00 a7#00

let g be an entire function and 0 < )\JLC* < pJLc* < oo and 0 < 05* < oo. If
L(M(r,g))=o0 {ro‘eo‘L(’”)} as r — oo and for some positive a < ,05*, then

L* Lx
log T o
Jim sup ogT (r,fog) PF %

o log T (exp {rel0 7 Ry[f]) — AF

Proof. Since T (r,g) < log™ M (r,g) and by Lemma 1 we get for all sufficiently
large values of r that

log T (r, f o g)

i.e., logT (r,fog)

log{1+o(1)}+logT (M (r,g), f)
o(1) +1logT (M (r,9), f)

IAIA
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logT (v, f og*)
logT (eXp {reL(”)}ng , Py [f]>
o(1) +1ogT (M (r,g9),f) _ o(1)+1logT (M(r,g),f)

" log T (exp {ret®}H py[s]) o8 {M (g) FMMT D]

i.e.,

og { exp (relr) a
log M (r,g) + L (M (r,g)) lg{ P ) } (17)

[reL(r)]"g* logT [exp {TeL(’")}pé* Fo [f]]

e, Timsup logT (r, fog)
i.e., limsu .
r—=o0  JogT (exp {reL(T)}pg , Py [f])

< limsup 8L M (r9). /) o log M (1, 9) +Lg\/f (r.9))
r—oo 10g {M (’I”, g) eL(M(T,Q))} r—00 [T@L(T)]pg

L*
log {exp (reL(’"))pg }
lim sup

r—oo JogT [exp {reL(T)}pé* , Py [fﬂ .

(18)

As a < pg* we can choose € (> 0) in such a way that a < pgf — ¢ and since
L (M (r,g)) = 0{r®e*(} as r — oo, we obtain that

iy LM (r9)

—— =0 19
r—00 [TeL(T)]ng —e ( )

Now from (18) and (19) and in view of Lemma 6 it follows that

hm sup log T (T7 f (¢] g) < pf* ) O—L* Ll
L* —_ g *
r—o0 Jog T [exp {relL}’s PRy [f]] /\Po[f}
. . 10g T T, f °g * * 1
i.e., limsup ( pL*) < p? 'Jé VG
r log T [exp {ret®)} Ry 1] f

Thus the theorem is established.

Remark 12. By Lemma 5 one can verify that the Theorem 9 is also valid if
we take > ©(a; f) = 2 instead of “ © (c0; f) = > dp(a;f) =1 or §(o0; f) =
a#0o a#00
>> d(a; f) =17 and the other conditions are remaining the same.
a#oo
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In the line of Theorem 9 the following theorem can be proved :

Theorem 10. Let f be meromorphic and g be entire of finite order or of non zero
lower order such that /\gL* > 0,0 < pJLc* <o, 0< UgL* < o0 and ; O (a;g)=2. If
a7F=o0
L(M(r,g))=o0 {ro‘eO‘L(T)} as  — oo and for some positive a < pé*, then
L* L
logT X
lim sup ogT(r, /o ff < i T ?
r—=oo JogT [exp {rel}’s Py [g]] Ag

The proof is omitted.

Remark 11. The conclusion of Theorem 10 can also be drawn under the hy-
pothesis “ © (c0;9) = > dp(a;g9) =1 or 6(c0;9) = > d(a;g) =17 instead of
aFoo

a#00
> O(a;9) =2.

a#oo

Theorem 11. Let f be a transcendental meromorphic function with finite order
or non zero lower order and ,ccufso}d1(a; f) = 4. Also let g be an entire function

and 0 < )\]I?* < p]Lc* < ooand 0 < UgL* <oo. If L(M(r,g)) = o{ro‘eo‘L(’")} as r — 0o
and for some positive o < pg*, then
L* . _L*
logT o
lim sup ogT(r, /o f) < & I+ !
r—=o0 Jog T [exp {reL(T)}pg M [f]] A¥

Theorem 12. Let f be meromorphic and g be transcendental entire of finite

order or of non zero lower order such that )\5* >0,0< ,0!%* <o00,0< 05* < oo and

acCUfoc}d1(a;9) = 4. If L(M (r,g)) = o0 {raeaL(T)} as r — oo and for some positive
a < pé*, then

L*  _L*

logT "o

lim sup ogT (r, fog) Pi "%

T Jog T [exp {reL(r)}ng* M [g]] A

The proof of the above two theorems can be established in the line of The-
orem 9 and Theorem 10 respectively and with the help of Lemma 8 and therefore is
omitted.
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