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MULTIVALENTLY MEROMORPHIC FUNCTIONS
ASSOCIATED WITH CONVOLUTION STRUCTURE

KALIYAPAN VIJAYA, GANGADHARAN MURUGUSUNDARAMOORTHY AND PERUMAL
KATHIRAVAN

ABSTRACT. In the present investigation we define a new class of meromorphic
functions on the punctured unit disk U* := {z € C : 0 < |z| < 1} by making
use of the convolution structures.Coefficient inequalities, growth and distortion in-
equalities, as well as closure results are obtained. We also establish some results
concerning the convolution products and subordination results for functions in new
class.
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1. INTRODUCTION

Let E; denote the class of functions of the form

f(z):;)—i—iakzk, (pe N={1,2,3...}), (1)
k=0

which are meromorphic and p-valent in the punctured unit disc U* ={z € C : 0 <
lz| <1} =U\ {0}.
Let 3, denote the class of functions of the form

f) = 5+ w, (2 0pe N ={1,2.3...), &)
k=p

which are meromorphic and p-valent in the punctured unit disc U* = {z € C' :
0<|z|<1}=U\{0}.

Let g(z2) = Zip + 3 b2, (b > 0;p € N ={1,2,3...}), then the convolution
(or Hadamard ) product of f(z) is defined as

f(2) % g(z) = (fxg)(z) = 1,, + 3 arbpz®, (ag, by, > 0;p e N ={1,2,3...}).
k=0

z
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For the function f, g in the class ¥, we define a linear operator DY(f * g)(z) by
the following form

Dafxg)(z) = (Q4+pN(f*g)(z)+ X z(f*9)(2)), (A >0)
DY(f*g)(z) = (f*9)(2),

DA *9)(:) = Dal#0)(z) = i £ 30 P+ N
k=p

DI(f *9)(z) = DA(DASf * ) + (L pA+ RN bpagz® (3)
k=p

and in general for n = 0,1, 2, ..., we can write

DA(F +0)(2) = =+ D (1 +PA+ kA by, (n € No = NU(0}p e N) ()
k=p

then we can observe easily that for f € ¥,

AADS(f % 9)(2)) =Dy (f x g)(2) — (L+pNDY(f * 9)(2), (p € Nyn € Np). (5)

Now we introduce a new class M"™(\, a, 3)of meromorphic starlike functions in
the parabolic region to study its characteristic properties.

For fixed parameters o > ﬁ; 0 < B < 1 the meromorphically p-valent function
f.g € ¥p(a) will be in the class Mg (A, o, B) if it satisfies the inequality

D) LN L DR ) )
%< D)) 5>2 (D3 (F*9)(2)

For various choices of g we get different linear operators which have been studied
in recent past. We deem it proper to mention below the some of the function classes
which emerge from the function class My (A, a, 3) defined above.

Example 1: If A\ =1 and by =1 or g(z) = then

,(’I”LGN()). (6)

+a+ap

1
zP(1—z)"
My(1,a,8) = MST (o, B)

Z{fEEp:éﬁ(_;f(z()Z)+a—ozﬁ>2 2};c((5))+a+aﬂ‘} (7)
A function in MST (e, B) is called f—meromorphically starlike of order «,
(0 < a < 1) in the parabolic region .
Example 2: If A = 1 and g(z) = W’ (6 > —p) and f € ¥;,then My(1, ¢, B) =
MST (o, 8,0), if

A(DA(2)) D 5(2)
" ( D) T O‘B> - ‘ PGy Tt

(8)
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where D9 is a well-known Ruscheweyh derivative operator[17].

Example 3: If A\ = 1 and b, = Ei)): or g(z) = %O: ((C;" n+1 then
k=p "

Mz (e, )
2(L(a0)f(2) |
={resr(SEE +a-a8) 2
where L(a, c) is a well-known Carlson-Shaffer linear operator [3].

Example 4: If A = 1 and b, = Ty, = ((%BZ:E;Z))::: (kip)! or g(z) = z7P +

%4—@—%@6‘}

io: Ty ai 2*, then
k=0
Mi(e, B)

(e (S +o-0r) >

) (2))
A, Fatas|}

where H1[ay] is called Dziok-Srivastava operator[6].
) _ _ (1 Y\ L 1 \? k
Example 5: If)\—landbk—(k+p+l) org(z) ==z p+k§p<k+p+l) ay, 2", then

-M%mMZ{fE&w%<_2§£jy+a—mﬂz

where Z7 is called Jung-Kim-Srivastava operator.

2(Z7f(2))
pIof(z)

+actaf}

2. Inclusion properties of the class Mj(\, «, 3)

We begin by recalling the following result (Jack’s lemma), which we shall apply
in proving our first theorem.
Lemma 1. Let the (non-constant) function w(z) be analytic in & with w(0) = 0 if
|w(z)| attains its maximum value on the circle |z| = r < 1 at a point 29 € U, then

20w’ (20) = yw(20), (9)

where + is real number and v > 1.
The following inclusion property holds true for the class M (A, o, 3).

Theorem 1. For A > 0,a > 2Jr570<ﬁ<1 then

Mi(n+1,a,8) C My(A . B), (n€ No). (10)
Proof. Let f(z) € M3(n+1,a, /) and suppose that

r_ =+ pB+ (o= B)(p—n)w(z)
1+ Bw(z)

DR S * g(2)) (11)
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where the function w(z) is either analytic or meromorphic in ¢, with w(0) = 0.
Then, by using

AD5f(2)) =Dy (f*9)(2) = (p+ DDA * 9)(2) (12)

(feXpne Ng=NU{0};pe N) and by (11) we have,

1/ 1yn y —p+ B+ (a—B)p—n)w(z) (a-B)(p—n)zw(z)

FH(DY(f x9)(2)) = 1+ Bu(z) — 1+ fu(o))? ( |

13

We claim that |w(z)| < 1 for z € U. Otherwise there exists a point zp € U such that
MaX|s|<|sp| [w(2)| = |w(20)| = 1.

Applying Jack’s lemma, we have zow'(z9) = yw(zp), (y > 1) writing w(z) =
(0 < 0 < 27) and putting z = z in (13),we get
2

DR+ 9)(20)) o

2 (DY * 9)(0)) + 0B + (= B)(p — )]
(v +1) + B — [1 = By = De]?
11— B(y —1)ei?|?
(= B) + 2(1+ B + 2Beosh)
1-BG-DE C
which obviously contradicts our hypothesis that f(z) € M3(n + 1,«,3). Thus we
must have [w(z)| < 1(z € U) and so from (13), we conclude that f(z) € My (A, , 3)
which evidently completes the proof.

Theorem 2. Let p be a complex number such that R(u) > 0. If f(z) €
My (A, a, B) then the function F),(z) given by

o) = o | Tl (fe ) (14)

o P

is also in the same class My (A, a, B).
Proof. 1t is easily seen from definition

DY(f*g)(z)=2z"P+ i(l + pA+ k)\)"bkakzk, (ne Ng=NU{0};pe N) (15)
k=p

and (14) that

2(DXFyu(2))" = pDX(f * g)(2) — (1 + p)DRFu(2) (16)
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thus by setting

where w(z) is either analytic or meromorphic in U, with w(0) = 0. Then, by using
(16) and (17) we have

i ey — P PBE (@ =)= nu() (@ = B)p—n)aw(2)
PEUDY(fx9)(2)) o= Ao male) (i

the remaining part of the proof is similar to that of Theorem 1 and so is omitted.

3. Properties of the class My(}, «, )

Theorem 3. Let f € X, then f is in the class My(A, «, 8) if and only if

[e.e]

Z(k + paf) (kA 4+ pA + 1)"ar < p(1 — af) (19)
k=p

where o > ﬁ;o <B<1l;pe N,n€e Np.
Proof. Suppose that f € M (A, «, 8) then by the inequality

ARG D)
DL (F () TP 3%{ DD g)() 5}’( € MNo) (20)
that is,
AR A BT () 1
§R{pwz( sy T B}S CRIETIC)
R CARTIC A U
S%{ oD (% 9)(2) }* y

Substituting for DY(f % ¢)(z) from (4) and (DY(f * g)(z))" , we get

(;f + ke, E(1+pA+ EX)"bray2"

+ <0.
£+ S ohep P(1+pA+ EX)bragzk aﬁ) -
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Since R(z) < |z|, we have

| —p+ Z E(1+p\+ k)\)"bkakzk“’ + paf + af Zp(l + pA+ k/\)"bkakzk+p| <0.
k=p k=p
Hence, by letting |z| — 1~ we get

(e 9]

> (k+paB) (14 pA+ kX)"bilag] < p(1 — afB)
k=p

which completes the proof.
Theorem 4. If f € My(\, a, 3), then

(p +m— 1)' p! (1 — O‘B) 2p | ,.—(p+m) (m)
< <
( -1 G-miGrapQrzaye, )0 SRS
(p+m-—1) p! (1-aB) 220 | o (otm)
(p— 1! (p—m)! (L + aB)(1+2pA)"bp
0<|z|=r<1; a>21B 0<B<l;pe Nyme N,p>m).
Proof. Let f € My (A, , B). Then we find from Theorem 3 that
p(1+ aB)(1+ 2p\)"b, Z lax| < Z(k + paf) (1 + pA + kX)"bi|ak] < p(1 — ap)
k=p k=p
which yields, 377 |ax| < o +ap,8()1(lig;)\)"b Now by differentiating both sides of
f(z)=2"P+ 302 0 apz® Wlth respect to z, (m — tz’mes) we have
(m) _ (_1)m(p +m— 1) —(p+m) —m)
(e = v Z =
m)(py = CVPAm =Dl iy P pemy g,
Fe) (p— 1! (p m) Z ;
—-1m -1 _ ! 1 —aﬁ) _
)y < CD @AM =D ) p ( (p—m)
s o T (el 2,
(m) < (p +m— 1)' p! (1 - Oé/B) 2p f(erm).
Jrels ( G- " p-ml0tana e, )
On the other hand we have
(p+m—1)! p! (1—ap) op\ . —(ptm)
m > p p+m
/ “"”-( -0 G-mi0tena 2, )

Hence the proof.
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4. The radii of meromorphically starlikeness

Theorem 5. Let the function f(z) defined by (2) be in the class My (A, a, B)
then we have f(z) is meromorphically p-valent starlike of order ¢(0 < ¢ < p) in the

disc |z] < r1, that is, ER{—Z]{(S)} > ¢, 2| <r;0 <o <p;p€ N, where

2] < {<k+m5)(ﬁu)(1+kA+pA)nbk}k+P' o

p(k+ p)(1 - ap)

Proof. Let f(z) =277 + 3732, apz* we easily get
£
Zf(z? +p < Zzo:p(k+p)ak|z|k+p

Z}‘(g ol T 20— )+ R,k — p+ 2u)ag|z[F]

Thus, we have the desired inequality

21 (2)
# <1, i, Y kt'u|ak|]z|k+p <1. (22)
ey PR =

Since f € My(A, a, ) from Theorem 3 , we have

i (k4 paB)(1 4+ kX + pA)"

o(1—af) bilax] < 1. (23)

k=p
From (22) and (23)

k4 ok
\z| +p
p—p

IN

{ (k+ paB)(1 + kX + pX)"by, }
p(1—ap)
{ (p — ) (k + paB) (1 + kX + pA)"by, }kip
p(1 —ap)(k+ p)

IN

2| =7

which completes proof .
5. Convolution Properties

For the function

o0
filz) =2+ lagilz", (j=1,2;p€ N) (24)
k=p
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we denote by (fi * f2)(z) the Hadamard product(Convolution) of the function fi(z)
and fy(z), that is

(frf2)(2) =27+ |agllarz|2". (25)
k=p

Theorem 6. For the function fj(z) (j = 1,2) defined by (24)be in the class
MG (N o, B).Then (f xg)(2) € My (X, , ) where
1

2(1 — af)?
= a (1 (1 —af)?+ (1+aB)2(1+ 2p)\)"bk> '

Proof. Let fi(z) = 277 + 332, laga|z" and fo(2) = 277 + 302 |ag 2| 2" be in
the class My(A, a, 8). Then by Theorem 3 , we have

> (k+ 14 kX +pA

Z( pOé,B>( p ) bk|ak,1| S 1
— p(l —ap)

> (k+ 14 kX +pA

5 paml( P ol < 1
Pl p(1—ap)

Employing the technique used earlier by Schild and Silverman[28],we need to
find smallest § such that

X (k4 pad)(1 + kX + pA)™
Z( pad)( PA) biolag1||axs] < 1. (26)

P p(1 — «ad)

By Cauchy-Schwarz inequality, we have

< (k 1+ kA + pA)"
y BBt AP, fowalloral <1 @
k=p
then
(k -+ pad)(1 + KA+ pA) o llanal _ (k& pag)(1 + kA + pA)”
(1~ ad) ST nallonal 29
Hence that, N )
(k+pap)(1 —ad
akllonzl < G a8 T ap) (29)
we know that ) 5
apallanal < pil - of) (30)

(k4 paf)(1 + kX + pA)nby,
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from (29) and (30), we have

p(1—ap) . (k+paB)(l—ad)
(k+paB)(1+ kX +p\)"b,  —  (k+pad)(l—afB)

It follows that

s_1 p(p+k)(1 - aB)? )

a (1 (1 —aB)2 + (k + paB)?(1 + kX + pA) by

Now defining a function ¥ (k) by

L, p(p+ k)(1 — aB)?
a \' 2P —aB)? + (k+paB)(1 + kA + pA)"h,

>7(k2p)7

we observe that W(k) is an increasing function of k. We thus conclude that

I 2(1 - af)?
d="(p) = o (1 T (1—af)?+(1+af)2(1+ 2p)\)"bp> '

Which completes the proof.
Theorem 7. For the function f1(z) € My (A, o, 3) and
f2(z) € My (A, a,7) Then (f1 * f2)(2) € My(A, o, () where
(1+aB)(1+ay)(1+2pA)"by — (1 — af)(1 — ay)
af(1+aB)(1 4 ay)(1+2pA)"bp + (1 — aB)(1 —ay)]

Proof. For the function

¢<

fz) =2+ |apa]2* € MI(N, , B)

k=p
and -
fo(2) =272+ |agolF € MI(N, )
k=p
we have
> (k4 paB) (1 + kX + p\)"b
Z( p /6’)(1 PA) Elar] < 1
= p(1 —ap)
X (k4 pay)(1 4+ kX + p\)™b
Z( pay)( pA) Elaral < 1

= p(1 —ay)
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Since (f1 * f2)(2) € My (A, @, (),then by Theorem 3 , we have

oo

Z(kz + paC)(1 + kX 4+ pA)"bi|ag 1]|ak2| < p(1 — af)
k=p

i (k 4+ paC)(1 + kX + pA)"b
P p(1 = aq)

Applying Cauchy-Schwarz inequality, we have

o (1 + kX +p\)"by /(k + paf)(k + pay) \/7
> lag,1|ar2| < 1.

k=p p VIl —af)(1—ay)
From (34)and (35), we have

(k+pag) (1+kA+pA)

p(1—aC)
n (k+papB)(k+pay)
< (I+EAFPN)"bg V/ a a
’ )=y \/ lak1||ak 2|

\/m \/kr+paﬁ )(k +pay) (1 —aQ)
aB)1 —ay) (k+pag)

We know that

pyV/(1—aB)(1 - ay)
(14 kX + pA)bg/(k + paB) (k + pay)’

| 2| <

from equation (36) and (37), we have

/T =B~ ) _ VETpaB)(k par) (1-ag)

(1 + kX +pA)be/(k + paB)(k+pay) = V(I —aBf)(Il—ay) (k+pa)
(k + pap)(k + pay) (1 + kX + pA)"by — kp(1 — aB)(1 — av)

¢<
Now defining a function ¥ (k) by

(k 4 pap)(k + pay) (1 + EX + pA) b — kp(1 — af)(1 — ay)
alp?(1 —af)(1 — ay) + (k4 pap)(k + pay) (L + kX + pA)"]

U(k) =

we observe that ¥ (k) is an increasing function of k. We thus conclude that

(1+af)(1+ay)(1+2pA)"by — (1 — af)(1 — ay)

C= Al —aB)(1—an) 1 (11 aB)(d + an)(l + 2pN)b,)
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which completes the proof.

Theorem 8. Let the functions f;j(2)(j = 1,2) defined by fj(z) = 277 +
S, lak 2" ( =1,2) be in the class MG (A, @, B) then the function h(z) defined
by

h(z) = =z 2%)2" (40)
k=p
belongs to the class M (A, a,v) where
L (p(1+0aB)°(1+2pN)" —2(1 — af)?)
7S a ( 2(1 —af)? +p(1+ aB)?(1+2pA)" ) ' (41)

Proof. Noting that

S o n 2
g {(kﬂl 5}28j§2§r?>\) bk] |ak,j|2

2

< <1,(j=1,2). (42)

o
(k+paB)(1+kX+p\)™b
kz_:p p(1—aB) “a,;)|

For f;(z) € My(\, , B)(j = 1,2), we have

2 2 [( +paﬁ(i(—25) +2) ] (lawa? + [arl® < 1. (43)
k=p

Therefore we have to find the largest v such that

Z { k+ pay)(1 + kX + pA)"by

(1 —am) ] (’ak,1|2 + |ak,2‘2) <1,(k>p). (44)

From equation (44) and (43) we have

(k + pay) (1 + kX +pA)™T 1 [(k+paB)(1 + kX + pA)n7?
{ (1—av) }§2|: 1 —ap) :| (k>p. (45)

1 ((k+ paB)?(1+ kX +pA)" — 2k(1 — aB)?)
"a ( 2p(1 — aB)2 + (k + paf)2(1 + kX + pA)n > (k> p). (46)

Now defining a function ¥ (k) by

\p(k)l ((k + paB)?(1 + kX +pA)™ — 2k (1 — 046)2)) *

\Y
=

2p(1 — af)? + (k + paB)2(1 + kX + pA)»
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we observe that W(k) is an increasing function of k. We thus conclude that

(07

< 1 p(1+ aB)?(1 +2pA)" — 2(1 — aB)?)
Y 2(1 - aﬁ)Q +p(1+ 066)2(1 FopA)n .

6. Subordination Properties

If f and g are analytic functions in U, we say that f is subordinate to g, written
symbolically as follows, f < ginU or f(z) < g(2), z€U.

If there exists a function w which is analytic in & with w(0) = 0, |w(z)| <1 (z €
U) such that

f(z) =g(w(z)) (2 €lU). (47)
Indeed it is known that
f(2) =g(2) (z€U= f(0)=g(0),fU) C gU) (48)

In particular, if one function ¢ is univalent in &/ we have the following equivalence

f(z) <g(z) (zeU = [f(0)=g(0), fUU) C gUh). (49)

Let
$:C*—=C

be a function and let i be univalent in /. If J is analytic function in U and satisfied
the differential subordination

/

d(J(2),J (2)) < h(z)
then J is called a solution of the differential subordination
$(J(2), 7 (2)) < h(2).

The univalent function ¢ is called a dominant of the solution of the differential
subordination J < q.

Lemma 2. Let g(z) # 0 be univalent in ¢/. Let 6 and ¢ be analytic in a domain D
containing q(U) with ¢(w) # 0 when w € q(U). Set

Q(2) = 2¢'(2)p(a(2)) and  h(2) = 0(q(2)) + Q(2).
Suppose that

1. Q(z) is starlike univalent in ¢/ and
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2. SFE{Zg((ZZ))} >0 for z € U.

If J is analytic function in ¢ and

0(J(2)) + 2J'(2)6(J(2)) < 0(a(2)) + 24 (2)$(a(2)), (50)

then
J(z) < q(z)
and ¢ is the best dominant.

Lemma 3. Let w,y € C' and ¢ is convex and univalent in & with ¢(0) = 1 and
Re{wp(z) + v} > 0 for all z € Y. If ¢ is analytic in U with ¢(0) =1 and

2q (2)

m < Qb(Z), (Z S U) (51)

q(z) +

then ¢(z) < ¢(z) is the best dominant.

Theorem 9. Let ¢(z) # 0 be univalent in ¢ such that ZS(S) is starlike univalent
in Y and

) @) () 6
%{1+’yQ( )+ 702 ) }>0, (e,7€ C,y #£0). (52)

If f € X, satisfies the subordination

!/ "

2D *9)(2)] dDY(F +9)()]" DA *9) @) ] 2q (2)

Do) T Dol T D feg)) | ST 0N

53

then %:;}))((2]}/ < ¢q(z) and q is the best dominant.

Proo}‘. To apply lemma

i) ADNf #9) (=) —pr P+ Yo k(1 + A+ kA bar”
Dy (f+9)(2)] 27+ Do k(1 + pA+ kX)bgay2*
2DY(fxg)(2)]  —p+ 20 k(14 pA + kN)"bagz*tP ,
DrFr))] 115y k(L + Pt RN hgagie (€ Noip €N) ()

¢(w) = w and ¢(w) = L,v # 0. It can be easily observed that .J is analytic in U, 0
ia analytic in C, ¢ is an analytic in C'/{0} and ¢(w) # 0.
By simple computation we get

() _,  ADM x9)E) DR < 9) ()] 55)

J(2) DX (f*9)(2)] [DX(f *9)(2)]
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which yields

eJ(2) + ’yzj(g) <eq(z) + 7"‘5(;) . (56)
That is
0(J(2)) + 2J'(2)p(J(2)) < 0(q(2)) + 2¢'(2)p(q(2)). (57)

Now by letting

q(z)
2q (z
M) = 04 + Q) = eale) + 0L (58)
we find @); starlike univalent in ¢/ and that
2l (2) € 2q'(2) 24 (2)
R =R{1+ —q(z)+ — - > 0. 59
{Q(Z)} { YOI T ) (%9)
Hence by lemma, %—:ﬁ;g% =< ¢(z) and q is the best dominant.
Corollary 1. If f € ¥, and assume that holds, then
z[DY(f * 9))]" 1+ Az (A— B)z
1 60
T (e 1+ B: (1 A2(1+ B2) (60)
implies that AL (o) )] <4z 1 < B < A <1 and 142 is the best domi-
Pt (D} (f*9)(2)] 4Bz’ 1+B=
nant.
Proof. By setting e =y =1 and ¢(z) = %ig; in Theorem 9 , then we can obtain
the result.

Corollary 2. If f € ¥, and assume that holds, then

L/ (V) 1G] (61)

[DR(f = 9)(2))

implies that %7:5))((2}] < e* |a| < 7 and €** is the best dominant.

Proof. The proof follows, by setting e = v = 1 and ¢(z) = €**, (la] < 7) in
Theorem 9.

Theorem 10. Let w,y € C and ¢ be convex and univalent in & with ¢(0) =
and R{wep(z) + v} > 0 for all z € U. If f(z) € ¥, satisfies the subordination

DO w1y D)
Pt ( RO ) MCRRE - e

p[Dx(f*g9)(2)
w= ’Y< 'D” (f*g)(2) )

260
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< ¢(2) (62)



K.Vijaya et al - Multivalently Meromorphic Functions Associated With...

then

and ¢ is the best dominant.
Proof. Our aim to apply lemma setting

_ 2[DR(f * 9] P X1 k(RN 4 pA 4 1)"bagz P .
q(z) = PP (F*9)(2)] P+ Sy P(RN+ pA + 1)"bgag 2t (n € No;p € N).
(63)

It can be easily observed that ¢ is analytic in ¢/ and ¢(0) = 1. By Simple computation
we get

() ADN )@  ADY(f * )2
) T DT D92 (64
which yields,
2q (2)
o)+ Do), Gew (65)

Hence by lemma,

and ¢ is the best dominant.

7.Concluding Remarks

In fact, by specializing the parameters A\, and by appropriately selecting the g(z) (or
fixing the coefficients by,) as presented in the Examples 1 to 6 one would eventually
lead us further to new results for the class of functions (defined analogously to the

class Mg (A, a, B).)
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