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CERTAIN CLASS OF HARMONIC STARLIKE FUNCTIONS WITH
RESPECT TO SYMMETRIC POINTS DEFINED BY LINEAR
OPERATOR
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ABSTRACT. In this paper, we introduced a new class of complex-valued harmonic
functions with respect to symmetric points by using linear operator. We obtain
coefficient conditions, extreme points, distortion bounds, convex combinations for
this family of harmonic univalent functions.
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1. INTRODUCTION

Denote by H the family of functions

f=h+7, (1)

which are analytic univalent and sense-preserving in the unit disc U = {z : |z] <
1}. So that f is normalized by f(0) = f.(0) — 1 = 0. Thus, for f =h+7g € H, we
may express the analytic functions h and ¢ in the forms

h(z)zz—{—Zakzk, g(z):Zbkzk,|b1|<1, (2)
k=2 k=1

where h and g are analytic in D. We call h the analytic part and g the co-analytic
part of f. A mnecessary and sufficient condition for f to be locally univalent and
sense-preserving in H is that |h'(2)] > |¢'(2)| in H (see [4]).

Hence

F2) =24 apz+> bk, |by] < L. (3)
k=2 k=1
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We denote H the subclass of H consists harmonic functions f = h 4 g of the
form

z):z—Zakzk+Zbk2k, |b1|<1. (4)
k= k=1

o0
Let the Hadamard product (or convolution) of two power series ®(z) = z4 Y ¢y 2"

and U(z) = z + > 9y 2* be defined by
k=2

(D) (2 —Z+Z¢k¢k2 (U ®)(z2).

For positive real values of vy, ...,aq and b1, ..., 55 (B ¢ Zy = {0,—-1,-2,...};
j=1,2,...,s), we now define the generalized hypergeometric function ,Fs(a1,
s Qg; B1, ..., Bs; 2) by (see, for example, [18, p.19])

) ) i > (al)k...(aq)k i
qu(ala "'705(]7515 °"7ﬁ87z) - kz:o (ﬁl)k(ﬁs)k K
(g<s+1;q,s € Ng=NU{0};z€U),

where (0), is the Pochhammer symbol defined, in terms of the Gamma function T,
by

TO+v) [ 1 (v =0; 6 € C*=C\{0}),
(G)V—r(g)_{ 00 +1)...(0 +v —1) (veN; §C). ©)

Corresponding to the function hy (a1, f1;2) = h(ai,...aq; B1..., Bs; 2), defined by
hq,s(alvﬂl; Z) = Zqu(Oél, ey Qg 513 ceey Bsa Z)

= z—i—ZI‘k(al)zk, (6)
k=2
where
Fk(al) . (Ozl)k,1 ......... (Odq)k,1 (7)

— (B)k-1(Bs )1 (k= 1)1
In [11] El-Ashwah and Aouf defined the operator I mfk(al, B1)f(z) as follows:

I;Z)\(Oél,ﬁl = Z+Z [1+€—iii£k 1)} Fk(al apz —I—Z [%_Mkl)] Fk(al)bk Zk,

k=1
(8)
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where m € Ng, £ >0 and A > 0.

We note that when ¢ = 0, the operator Iqs’)\(al,ﬂl)f(z) = DY (a1, B1)f(z) was
studied by Selvaraj and Karthikeyan [17].

We also note that:

(1) 104 f(2) = Hys(n, 1) f(2) (see Dzmk and Srivastava [9,10]);

(ii) Forg=s+1, ; =1(t =1,...,s+1) and §; = 1(j = 1,...,s), we get the
operator I}, (see Catas [5]);

(iii) For g =s+1, ay =1(i=1,...,s+1), f; =1(j =1,...,5), A=1and £ =0,
we obtain the Salagean operator D™ (see Salagean [16]);

(iv) Forg=s+1, a; =1(i=1,....,5s+1), ;=1 =1,...,5) and A = 1, we get
the operator I;"(see Cho and Srivastava [6] and Cho and Kim [7]).

(v) Forg=s+1,0, =1(i =1,..,5+1),8; =1( = 1,...,s) and £ =0, we
obtain the operator DY*(see Al-Oboudi [3]).

By specializing the parameters m, A\, ¢, q,s,a;(i = 1,..,q) and 3;(j =1, ..., 5), we

obtain:

(i) I+ 1,151 f(2) = I () f(2) = 2 + ,i 2200 ke
+ 3 [Een)” (”(;i)’j‘lbkzk, (> 1)
() 50107 (2) = [ i) (z) = =+ 35 [HERU0] " et 0
+ 5 [Eeeen] " OIEEE e ricemizy)
(i) I;”IQ( Lint Df(z) = I f(z) = 2 + z [Lrepat=n]” (n(i)];;kl_lakzk
+k2::1 [”gﬁ(f’l)}m (n(i)]i);ll)ka7 (ne€Z;peN;n>-—1).

Motivated by Jahangiri et al. [12,13] and Ahuja and Jahangiri [1], we define a
new subclass HS;\*’E’m (q, s, [a1,P1],7) of H that are starlike with respect symmetric

points.
Definition 1. For 0 < v < 1 and z = re?? € U, we let HS;\;E’m (q,s,[a1,P1],7) a
subclass of H of the form f = h+ g given by (3) and satisfying the analytic criteria

’

22 (I (e, B0 (2)

Re ; ; ;
21 (00, Bu) £ (2) = I (o, B (—2)]

>, 9)

where Iq N )\(al,ﬁl)f(z) is defined by (1.8) and 2" = % (z =re'?).
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We also let ?S?ie’m (q,s, a1, 1] ,7) = HS;‘*’Z’m (q,s, a1, B1],7) N H.

The family ?Sif’m (g, s, |1, B1],7) is of special interest because for suitable
choices of ¢, s, [a1], [B1] and m, £, X\. We note that
(i) HS)" ’O( s, a1, 51],7) = HSs([a1],7), which was studied by Murugusun-
daramoorthy et al. [14];
(i) AS="™(2,1,[1,1],~) = SH,(m,a), which were studied by AL-Khal and Al-
Kharsani [2].

Also, We note that
() TSR (2,1, [151)7) = TS (A £,7)

!

22 (I7f(2)

= f(z) € H:Re >y 8
() = I f ()]
(10)
(ii) HS™ (2,1, [1;1] ,7) = HS: (£,7)
LT R 22 (I7"f(2))’ ,
= {f( )eH:R (z' [Iﬁf(z)—[é”f(—z)]) >’y}7
(11)
(iii) HS2"™ (2,1,[1;1],7) = HS% (A7)
22 (DY f(2)) _
{f € H e ( Dy /() - DTf(—z)}) g ”}’
(12)
(iv) HSAZm(Q,l,[n—l—l,l;l],y) = HS: (AN 0,n,7)
fz) e TR 2 (B0s(2) >
= z : Re Y7
S e - B e f(-2)]
(13)
(v) HS:"™ (2.1, [a, 1:c] y) = HS™ (La,¢,7)
I 2 (1@ e () )
= z : e 0%
S @ f () - B (@ o) f(-2)]
(14)

Remarks 1. (i) If the co-analytic part of f = h+7gis zero, g =s+1, m={=
0, \=1, ;=1(i=1,..,¢) and B; =1(j =1,...,s) then HS?*’Z’m (q,s, a1, 1] ,7)
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turns out to be the class S7 () of starlike functions with respect to symmetric points
which was introduced by Sakaguchi [15];

(ii) If the co-analytic part of f =h+giszero, g=s+1, m=A=1, =0, o; =
1(i=1,..,q) and j =1(j =1,...,s) then HS;‘*’Z’m (q, s, [a1, 1] ,7) turns out to be
the class K(«) of convex functions with respect to symmetric points which was
introduced by Das and Singh [8].

In this paper, we have obtained the coefficient conditions for the classes
HS?*’E’m (q, s, [a1, P1],7) and ?Sif’m (q,s, a1, P1],7) . Further a representation the-
orem, inclusion properties and distortion bounds for the class
HSA L (g, s,[a1, 1] ,7) are also established.

2. COEFFICIENT CHARACTERIZATION

Unless otherwise mentioned, we assume throughout this paper that ¢, s € N,

Aty ., g, Pi,.0s € RT, ap = 1 and 0 < 4 < 1. We begin with a sufficient
condition for functions in HSA b (g, 8, [, Bi] 7).

Theorem 1. Let f =h+g be given by (1.3). Furthermore, let

> [2k—v(1—(—1)kﬂ [1+€+>\(k—1

ﬂmmwmm

=2 2(1-7) 1+ ¢
00 2k+,y 1— (_1)k B .
+Z;[ 2£fJ” ﬂ[1+€Yif 1@ Dyan)lbe <1 (15)

where T'g(aq) be defined by (1.7). Then f is sense-preserving, harmonic univalent
inU and f € HS;\*’K’m (q,s,[a1,P1],7)-
Proof. According the condition (9), we only need to show that if (15) holds, then

/

2 (I e, B0 (2) _ o AB)
Z [Jgj,;g(al,ﬁl) f(z) - Igf;ﬁ(al,ﬁl)f(—zﬂ B(z)

Re > e

where

’

Ax) = 20 (Ih(en B)f()) =22

L+ 0+ ME—-1)]™
z—i—Zk[ T, )} Ti(on)agz*

N [14+ e+ M E—1)]™
k r by, 2*
[ ]
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B(z) = 2 |1 (e1,80)1() =I5 (a1, B1) f(=2)

, > / —_ 1™
2z + kZZQ [1 — (—l)k] [1 + —1:/_\(; )] Ty (a1)ayz

+§: [1 B (_1)k} [1 +£Yi(gk - 1)]mrk(@1)bkzkl '

k=1

= Z

Using the fact that Re{w(z)} > v if and only if |1 — v+ w| > |1+ v — w/, it
suffices to show that

[A(2) + (1 = 7)B(2)] = [A(2) = (1 +7)B(2)[ > 0. (16)
Substituting for A(z) and B(z) in (2.2) and by using (2.1), we obtain

2272+ Y 2kt (1= - 0] | PR uanar
k=2

+Z[ 1*(*1)16)} [1+£J1ri(€k_1)] Ljo(0n1) by, 2

k=1
- —2fyz+z 2k — (L)~ (-1)M)] [Hqi(f_l)rrk(al)akzk
+Z[2k+ (1+)( 1—(—1)’“)} {qui(f_l)]mrk(al)w

k=1
t=lef-2 3 2k =01 - (-] [FEEAEED o

k=2
23 ok - 08]RS e o
k=1

= [2k = (1 - (-1)") e
~ 41l {12[ 20 ]F”iﬁf 21" vt a2

0o |2k +~(1 — (—=1)%) e
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> 41 |1- 00 [2]{:—’7(1—(—1)’“)} [1+5+)\(/€—1

) m
k=2 2(1—7) 1+7 ] I'i(aq) |ag]

& [2k+7(1—(—1)k)] [1+£+A(k—1

2(1—7) 1+ )} L) [bx] | 2 0.
k=1

This last expression is non-negative by (2.1).
The harmonic univalent functions

2(1—7) k
(2) = 2+ T Xy 2
%[% I s = e
+§: 20-7) Y5, 2, (17)

k=1 [2k + (1 - (—1)k)] [%}mrk(al)

o0 o0
where > | Xg|+ > |Yi| = 1, show that the coefficient bound given by (2.1) is sharp.
k=2 k=1

The functions of the form (2.3) are in HS;\;E’m (g, s, [a1,P1] ,7y) because

Hvgk

_ —(=1)* "
[2k 7(1 (=1) )} [IJFEJ{J)F\(;_D} Ly (1) |ak

k=2 2(1_7)
00 _(_1\k
+;[2k+7(1 () 1) )} [1+41L+A(Ek—1)} Lu(o) \bk’—Z\Xk!+Z\ka—1

k=1
This completes the proof of Theorem 1.

In the following theorem, it is shown that the condition (2.1) is also necessary
for functions f to be in the class ?S?ig’m (g, s, a1, B1],7).

Theorem 2. Let f = h+g be given by (1.4). Then f € HSMm( q, 8, [a1,B1],7)
if and only if

00 — —(-1)* "
e [t

k=2

oo Nk -
_'_; [2k+’;((11_§) 1) ﬂ [1 —I—f—ll—;\(gk?—l)] Tr(aq)|be] <1, (18)
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where T'(a1) be defined by (1.7).

Proof. Since His’;\f’m (q,s,[a1,P1],7) C HS?;g’m (q,s,[a1,P1],7), we only need
to prove the "only if” part of the theorem. To this end, for functions f(z) of the
form (1.4), we notice that the condition

’

22 (12 (01, 1)1 (2))

Re ; ; ;
2 I (0, B F(2) = I (e, B) S (—2)]

>

is equivalent to

Re{

. L+ 0+ Ak—1)]™ AR
_Z;[Qk—k’y(l—(_l)k)][ 157 :| Fk(al)bkzk ]/

g [2]4: y(1 — fl)k)} [1 +£_1‘_i(€k — 1)]mfk(a1)akzk_1

ped 147

23 0= o [P D g
k=1

} > 0. (19)

The above required condition (2.5) must hold for all values of z in U. Upon choosing
the values of z on the positive real axis where 0 < z =r < 1, we must have

{2(1 ==Y [0 - o) [P et

[1+£+)\(k

2= 30 - (-1 PR et
2

k=
+> 1= (-1" [1 Mii(f — 1)rrk(a1)bk r“} > 0. (20)

If the condition (2.4) does not hold, then the numerator in (2.6) is negative for r suffi-
ciently close to 1. Hence there exists zp = o in (0, 1) for which the quotient in (2.6) is
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negative. This contradicts the required condition for f(z) € ?Siig’m (q,s,[a1,p1],7) and
so the proof of Theorem 2 is completed.

By specialyzing the parameters A\, £, m, g, s, a’s and [3’s, we obtain the following
corollaries.
Corollary 1. For f =h+g¢€ HS,. (\,£,7) if and only if

- [2k PN (1 _ (—1)k>} [1 + 0+ Mk — 1)]m ||

— 2(1—7) 1+/

o |2k 4+ (1—(—=1)F 0+ Ak —
*;[ 2(<1—7) )} {H Tizk :

Corollary 2. For f =h+g¢€ HS,: ({,7) if and only if

o [2k = (1= (-1)")] [kJrqm'ak'

)]m\m <1

P 2(1—7) 1+74
o0 |2k + (1 —(=1)F m
e =

Corollary 3. For f =h+ge€ HS.. (A7) if and only if

i)

(14 Ak = D] [ax|

—~ 2(1—7)

oo |2k 1— (=1
+Z[ H( 7() )H [1 4+ A(k = D)™ [b| < 1. (21)
k=1

Corollary 4. For f = ge HS ()\ ¢,n,7) if and only if
00 [% ’Y( )} [1+£+/\ )}m(nJrl)k_l' |
k=2 ( ) 1+7 (1)k_1 ag
= [ (- GV —1)]™ (n _
+;{ 2((1_% )} [wﬁ(f 1)} ( (T)ziﬁ bl < 1.
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Corollary 5. For f =h+ge€ ?S:Z’A (¢,a,c,7v) if and only if

g 2o (0] [EEERCES) O

= 2(1-9) 1+¢ (k-1
< |2+ (1= (1) 0+ Mk —1)]™ (a)k-
Y [ ( — )] [1+ —1|-+€ 1 ] Ec):ybﬂ <1.

k=1

3. EXTREME POINTS AND DISTORTION THEOREM

Our next theorem is on the extreme points of convex hulls of the class
HS/\ o ( S, [a17 51] a’}/) denoted by clco Hf‘gi\f’m ((:Za S, [ala Bl] 77)

Theorem 3. A function f; € clco HS?LE’m (g, s,[a1,B1],7) if and only if fr(z) can
be expressed in the form

9= X k() 4 Yeae(2)]. (22
k=1
where hy(z) = z,
L 2(1—19) B
) = Pk—nyw—nﬁ}FMﬁﬁﬁqmrﬂm)k%ZQ%
and
. 2(1—1) -
O e (o] [ ey

o0
X2 0,Y >0, ) (X +Y) =1.
k=1

In particular, the extreme points of the class ?Si;g’m (q,s, a1, B1],7) are {h;} and

{9k}

216



R. M. El-Ashwah, M.K. Aouf, A. Shamandy, S. M.El-Deeb - Certain Class...

Proof. For functions fi(z) of the form (22), we have

L o0 2(1—7) 5
fe(z) = ; [Qk . (1 B (_Uk)} [%ﬁ}mrk(al) et
+_§§i 2(1__7) Y}Ek.

= 2y (1= 0F)] [HERER] " rean)

Then by using Theorem 2, we have

b {2’“—7(1—(—1)’“)} {1 0+ Mk

_1qmFMmH%I

k=2 2(1=19) 1+¢
< |2k + 1_(_1>k Com
+;[ Z(<1—'y) ﬂ [1+€J1ri(ek 1)] Ty (1) ||
SN it Sl (AR -]
—,;2[ 2((1_7) )} {1+ —1i-+€ 1] Dy (a)
2(1—19)

IR

5 26+ (1= (-1)")] {1 +eiri(€k - 1)]ka(a1)

Pt 2(1=19)
2(1-19) Y,
26+ (11 = (=)") ] 28]y ()
= iii)(k%—iii}%-—»l—-)(l<:1,
k=2 k=1

7)‘7£7
and so fr, € HS,."™" (g, s, [a1, B1] 7).
Conversely, if f € clco ITij’m (g, s,[a1,B1],7). Setting

 _ [Qk—v(l—(—l)kﬂ [1+€+)\(k—1) ka(Oq)\ak\ (k> 2),

2(1—7) 1+4

and
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We

Y, =

{2k+7<1 - (—1)k>] [1+€+)\(k— 1

2(1—7)

obtain fi(z) =
k=1

1+7

> [ Xk hi(2) + Yigr(z)] as required.

1™ Pt loal (& > 1),

The following theorem gives the distortion theorem for functions in the class

H SA b (q, s, [a1, 1] ,7y) which yields a covering result for this class.

Theorem 4. Let the functions f(z) defined by (4) be in the class ?S;‘;Z’m (

Then for |z| =r < 1, we have

and

[f() < (X +ou]) r +

[f(2)] = (1 =[ba])r —

The result is sharp.
Proof. We only prove the right-hand inequality. The proof for the left-hand in-

equality is similar and will be omitted. Let f(z) € ?Si;e’m (q,

1+

[1+Z+/\

B

the absolute value of f we have

[F () < (1+ b)) T+Z|ak|+|bk!)r < (1 [baf)r

k=2

< (14 |bi])r +

(1—

1+¢

f: [

[1+€+)\

I+ |

S (1 + ’bﬂ)?“"i‘

(11—

14040 ]™
0 |

[2k: + (1 - (—1)’€)_

" 4(1—7)

Sl |

k=2

140+ Ak —1

|a|

1474

218

’rmal)

s, a1, B1], 7).

q, S, [ala Bl] )

1 l—v 1+’y
m 2 ’b1’ ’
] Fg(al)

1 {1—7 1+7|b ’}
1+Z+’\]m1“2(a1) 2

Taking

Tﬂz (Jax| + [bk])
k=2

1+£+>\(k—1)] k(1)
(lar| + |be|)r?
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e %k‘ﬁi(al) > P _72((11_)()_ )
e [
e %;}Z?Z(al) (1- 2 )

= (14l + [lmk]hmal) At

The proof of Theorem 4 is completed.

4. CONVOLUTION AND CONVEX COMBINATION

For our next theorem, we need to define the convolution of two harmonic functions.
For harmonic functions of the form:

f(2) :Z—Zakzk+zbk?ka b1 <1 (23)
k=2 k=1
and
G(z) =2—Y A"+ Biz" (A4 > 0; By >0) (24)
k=2 k=1

we define the convolution of two harmonic functions f and G as
(f#G)(2) = f(2)*G(2) = 2 — > apApz" +> b Bz, (25)
k=2 k=1

Using this definition, we show that the class ?Sif’m (q,s,[a1,P1],7) is closed
under convolution.
Theorem 5. For 0 < pu < vy < 1, let f € ?S?ig’m (q,s, |1, B1],7) and G €
HS" (q.5,[a1, B1] . ). Then

fxGeHSY (g5, ]an B1]7) C HE™ (g,5, [on, Bi] ).

Proof. Let the function f(z) defined by (4.1) be in the class HiSjlz’m (q,s,[a1,P1],7)
and let the function G(z) defined by (4.2) be in the class ?S?ie’m (q,s, a1, B1],1).
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Then the convolution f % G is given by (4.3). We wish to show that the coef-

ficients of f * G satisfy the required condition given in Theorem 2. For G €
HSMm( s, a1, B1], ) we note that 0 < Ay < 1 and 0 < By < 1. Now, for

the convolution function f * G we obtain

g 26— (1= (-1)")] [1 MLA(; - 1)rrk(a1)yak1Ak

#3 [k (1 )] 2D

Pt 1+7
< ki;[%—v(l—(—l)k)] [1+€Yi(€k_l)}mfk(a1)!ak!
+§§pk+7(y—«4ﬁﬂ[1+£fjf‘1ﬂmrumﬂ@r
k=1
< 2(1-79),

since 0 < up < v < 1and f € HS/\gm( , 8, [a1,B1],7v) . Therefore f x G €
HSMm( s, [, B1] )CHSMm( s, [, 1], 1) , since the above inequality bo-

unded by 2 (1 — ) while 2 (1 — ) < 2(1 — p). This completes the proof of Theorem
9.

Now, we show that the class fSile’m (g, s,[a1,P1],7) is closed under convex
combinations of its members.
Theorem 6. The class ?Silé’m (q,s,[a1,P1],7) is closed under conver combina-
tion.

Proof. Fori=1,2,..., let f; € HiSif’m (g, s,[a1,P1],7), where f; is given by

o0 oo
fi(2) =2 = lag| 25+ be,| 2 (ar, = 05 by, > 0; 2 € V).
k=2 k=1

Then by using Theorem 2, we have

b [%—7(1—(—1)'“)} [1+€+)\(k—1

ﬂmFAmn%i

Pt 2(1-9) 1+¢
00 1k .
+; [2k+7 (1 () 1) )} [1 +£Jlri(£k— 1)] Tr(ar)|bg,| <1 (26)

o0
For > t; = 1,0 <t; <1, the convex combination of f; may be written as
i=1
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thfz = Z(Ztmam)z’wz Ot 1w )7 (27)
k=2

=1 k=1 =1

Then, by using (4.4), we have

i 26— (1 (-1)")] [1+£+>\(k—1)} By () (Zt o ‘>

= 2(1—7) 1+7
o [2k+~ (1 - (=1)" oy m o
e el et (5 )

1+/

_ iti i [Qk—v(l—(—l)’“ﬂ [1+€H(k_1)]ka(a1)|aki|

+§: [2k+fy (1 B (_l)kﬂ [1 T+ Ak — 1)]mfk(a1)|bki|

P -7) 1474

IN

Z t; = 1, this is the necessary and sufficient condition given by (2.4)

o0 R

and so Y t;fi(z) € HS?;K’m (g, s, [a1,P1],7y). This completes the proof of Theorem
i=1

6.

5. PROPERTIES OF CERTAIN INTEGRAL OPERATOR
Finally, we study properties of certain integral operator.
Theorem 7. Let the functions f(z) defined by (4) be in the class

ﬁif’m (g, s,[a1,P1],7) and let ¢ be a real number such that ¢ > —1. Then the
function F'(z) defined by

Fz) = S / 1 £ (8)dt (25)

z¢
0

belongs to the class ?S?ig’m (q,s,[a1,P1],7) -
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Proof. From the representation of F(z), it follows that

F(z) = “H1 [ ot h(t) + g(0) b dt
z 0/ { g }
_ el r 1[4 = an ik
- — /t (t ’;2 kt)dt+/ (E bkt’f)dt

0 0

[e.9]

z z 00 z
= cjcl /tcdt—Zak/ tc+k_1dt+2bk/tc+’€—1dt
0 k=2 k=1
[e.9] o0
= z-— ZAkzk + ZBkEk,
k=2 k=1

where A = ﬂkak, By, = Eii by.. Therefore

e} — — (= k m
Z[% 7 (1= 1Y) [1+€+)\(k—1)] Fk(al)s_—::l

— 2(1—7) 1+/

+i [2k+7(1—()—1)k>} [1+€+)\(1€—1)]mrk(a >c+1‘bk|

P 1+4¢

> [%—v(l—(—l)’“ﬂ [1+€+)\(k—1

<3 N ruana

= 2(1-7) 1+¢
0o _(_1\k m
S [2k+f;((11_j> )] [1+€i_i(£k_1)] o < 1

k=1
Since f(z) € His’if’m (g, 8, |1, P1],7), therefore from Theorem 2, we have F(z) €

A? b
HS m( 7[a17ﬁ1]77)'
Remarks 2. Putting m = 0 in our results we obtain the results obtained by Mu-
rugusundaramoorthy et al. [14].
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