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GRAPHICAL LECTURES OF SOME KING TYPE OPERATORS

PETRU 1. BRAICA, LAURIAN I. PISCORAN AND ADRIAN INDREA

ABSTRACT. In this paper are graphicaly represented the images of some King
type operators which have as fixed points the test functions {eg,e1}; {eo,e2} or
{e1,e2}; both in finite case, of Bernstein type, but also in infinite case, of Mirakjan
type. The graphics overlap on the same axis, more operators for the same functions,
and so, we can make comparisions about the quality of uniform approximation.

2000 Mathematics Subject Classification: 41A10, 41A36.

1. INTRODUCTION

The ideea of introducing of uniform approximation operators, linears and pos-
itive of Bernstein type, having an approximation order better than the classical
operators, belongs to J. P. King which had introduce an operator which reproduce
the test functions ey and ey. In this way of generalization of fundamental polyno-
mials, the King operator approximate better the continous functions defined on the
unit interval with values in (0;3) [1]. On this direction, P. Braica, Ovidiu T. Pop
and A. Indrea brought in [2] an operator of King type, which reproduce e; and es
of Bernstein type and Ovidiu T. Pop, D. Barbosu and P. Braica approached the
same problem starting with Szdsz-Mirakjan operators and introducing the Mirak-
jan operators of King type, reproducing eg and es, and also operators of PB type,
reproducing e; and ey [3]. The comparision problem of this three type of opera-
tors presume also to involves tracking their behavior from graphical perspective for
particular continous functions.

Definition 1.Let n € N; the operators B, : C[0;1] — C[0;1], f — (Bnf) defined

b
y (Bnf) (x) = En: (Z)xku )k (7’2)

k=0

where x € [0;1] and with C[0;1] we denote the Banach space of all continous func-
tions defined on [0;1]; are called Bernstein operators.
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Definition 2. Let (ry(z)), € N be a sequence of finite functions from C[0;1],
with rp(x) € [0;1]. The operators V,, : C[0;1] — C[0; 1] defined by:

n

r) (@) =3 () ata* = a7 (£)

k=0

where x € [0;1] and f € C[0;1], k>0, are called King type operators.
Observation 3. If we choose

( ) *( ) {x27 an:l
r\Z) =1,(T) = 1 — - ' -
_m+\/ﬁx2+m7 ifn=2,3,..

then (V,e,) (z) = eo(z) and (Vyez) (x) = ea(x) for any x € [0; 1].
Definition 4. Let n € N; the operators B} : C [ﬁ, 1] — [ﬁ7 1} where n > ny,
ng € N fized, defined by:
. (n—1)xz 1\ "<& (n 1\* k. (K
B = (- = — ) a-a)" z
(Buf) (w) =~ — - kzz()k$n($)fn

are called operators of PB type.
Observation 5.The PB operators, uniformely approximate any continous function

on [ﬁ, 1}, with n > ng, n, € N fixed and (Be;) (z) = e1(x); (Bles2) (z) = ea(x)
for any x € [ﬁ;l} and n > ng .

Definition 6. The operators Sy, : Ca ([0, +00)) — C (][0, +00)) defined by:

(50) (@) == ’f!kf <fi>

k=0

for any x € [0,4+00) and any n € N, where

Cs ([0, 400)) = {f € C[0,+00) : EI.Z’EI-POO (1‘}:52)2 € R}
are called Sz4sz-Mirakjan operators.
Observation 7. The Szisz-Mirakjan operators, uniformely approrimate any con-
tinous function from Cq ([0,400)) on the compact intervals [0;b], where b € R is
fized.
Definition 8. Let n € N and © € [0;+00). The operators defined by: A, :
C2 ([0, 400)) = C2 ([0, +00))

1 ViranZa? o (V1 +4n222 — 1)k [k
(Anf) (z) =€ 2 Z: ( i 27;]:5 ) f (n)

k=0
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foranyn € N, f € Cy([0,400)) and any x € [0;+00), are called Mirakjan operators
of King type.

Observation 9. The Mirakjan operators of King type, uniformely approrimate
any continous function from Cy ([0, +00)) on the compact intervals [0;b], whereb € R
1s fixed and also this type of operators, reproduce the test functions ey and es.
Definition 10. Let ng € N fized and n > ng. The operators defined by: S} :

@ ([ +0)) = & ([ +o2))

(530) (@) = el-mi(m,;”kf(k)

nr —1 n
k=0

are called Mirakjan operators of PB type.
Observation 11. The Mirakjan operators of PB type, uniformely approximate

b],
b > nol_lwhere ,b € R is fized and also this type of operators, reproduce the test
functions e1 and es.

any continous function from Cy ([ﬁ,—ﬁ—oo) on the compact intervals [ﬁ,

Definition 12. Let o, 8 € Ry fized, with 0 < o < 8 and n € N. The operators
defined by: P\ . € ([0,1]) = C ([0, 1))

(Pes) )= 3 (3)at oy (E25),

k=0

feC(0,1]) and any x € [0;1], are called Bernstein-Stancu type operators.

Definition 13.Let o, 8 € Ry fized, with 0 < o < 8 and n € N. The operators
defined by: B - € ([0,1]) — C ([0, 1])

(BE1) @) = i 3 (1) 50— o (o ppey =ty (40,

n
nn e~ n+p

for any x € [0;1]* and f € C([0,1]) are called the generalized Stancu operator of
Bernstein type.

Observation 14.The generalized Stancu operator of Bernstein type, uniformely ap-
proximate any continous function f € C[0;1]; they have positive coefficients just for

n+p7 n+
functions eg and e;.

T € [¢ H—O‘} and they reproduce like the classical Bernstein operators the test
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2. THE EXPRESIONS OF REPRESENTED IMAGES

On figure 1, on the same graphic € [0;1], ¥ € [0, ¢?] are plotted the following:
o with black f:[0;1] = R, f(z) = exp(x) = €*; Va € [0;1]

e with red, the classical Bernstein itterations:
(Biexp)(xz) = (1 — z) + ze; Yo € [0;1]
(Baexp)(x) = (1 — )% + 22(1 — m)e% + ex?; Va € [0;1]
(Bsexp)(z) = (1 — 2)% + 3z(1 — a:)Qe% +3z%(1 — x)e% + ex3; Vo € [0;1]

o with yellow :

(Vaexp)(x) =

e with blue:
(Bjexp)(z) = 522 ((1 —z)?+ (1 —2)(2z — 1)6% + (@ — %)2 e>;
(Bjeap)(@) = 1255 (1 - 2)* +3(1 — 2)* (v — §) e
+3(1—2z) (z — %)Qe’g + (= — %)36)
(Bjexp)(r) = 5255 ((1-2) +4(1-2)* (2 — 1) ed +6(1—2)? (v — 1)?ei +
41 -2) (e~ §) i+ (x - 1) e);
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B3(x)

V2(x)

Vi(x) &

V4(x)

B2_2(x)

B3_3(0)

B4_4(x) |

e

0

On figure 2, on the same graphic € [0;1], y € [0, ¢?] are plotted the images of
the operators from figure 1 but this time for: f:[0;1] = R, f(z) = In(1 + z)

e with black f:[0;1] = R, f(x) =In(1+ x); Vo € [0;1]

e with red, the classical Bernstein itterations:

(Biln(1+))(z) = (1 —z) + xIn(1 4+ 1); Va € [0; 1]
(Boln(14))(z) = (1 — )2+ 22(1 —2)In 3 + 22 In2; Vz € [0; 1]
(Bsln(14))(z) = (1 —2)3+3z(1 —2)’In3 +32*(1 —2)In 2 + 23 In2;
(1434 In(1+))(z) = (1—-2)*+4z(1—2)3In 3 +62%(1—2)?°In 8 +423(1—2) In T+
% 1n 2;

2
2(%— x2+i) (\/az2+i—%)ln%+( x2+i—%> In 2;
2

3
%x2+%) +3 (g —~ %x2+%6)




Petru I. Braica, Laurian I. Pigcoran, Adrian Indrea- Graphical lectures of some
King type operators

4
7 4 1 4 1 1 4 1 1 .
4(6—\/§z2+1—6><\/§x2+g—g) In 7 +( 52"‘%_6) In2;

e with blue, the PB type operator:
(ByIn(1+-))(x) = 722 ((1 — 224+ (1—-2) (22— Dnd + (z— 1)’ e);
(B3 In(1+))(2) = ity (1-2)*+3(1—2) (z — 5) n 5+3(1—2) (z — 234
(z — 7) In2)
(B In(1+))(x) = 27?2’53”1) (1—2)*+4(1—2)® (z — 1) In 3+6(1—2) (z — i)2 In 8+

4(1—1‘)(1‘—%) In? —{—({L‘—*) In 2);

On figure 3, we compare the images of Mirakjan type operators for f : [0;10] —
R, f(x) =e"", f € C3(]0;+00)), because

im ST _pcr

z—o0 1 +x

is finite.

o with black

)

(Sqexp)(z) = e nh_{gloz (

k=0
_ =3z 1 & (Bx)k _k
(Ssexp)(x) =e HILIgOkZO < T 3>
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(Syexp)(x) = e~ 1® nangOkZO (( Z_:') elz>
vz € [0;10].
o with yellow the Mirakjan operator of King type

1—/1622+1 - ((\/16%2 +1-1)* —’5)
e

(Agexp)(z) =€ 2 7}1_{1()10 Z ok

1-1/362241 n (V36x2 +1— 1)k _k
(Azexp)(z) = e 2 ,}g{}okzo < Rl ¢

1-v/6422 11 . n ((\/ 6422 +1 —1)* _IZ>
(&

(Agexp)(z) =e 2 lim X

with blue, the Mirakjan operator of eies type:

* 2 o -
(Siem)) = 525 lim 3 (B0

k=0
"3z — 1)k 1;)

(&

(22 — 1)* _;;)

* _ 3x 1-3z 7:
(Szexp)(x) = 3r—1° 7}5{}02 ( o c
k=0
. B A T e L
(Syexp)(z) = P nh_)IrngZ_O <k!e 1

52(x) 4
53(=x)
S40x)
A=)
A%(x) 4
A4
B2(x)
B3(x)

- & @
-

Bd(x) 2
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On figure 4, we compare graphical images of classical Stancu operator with
generalized Stancu operator of Bernstein type, « = 1, 8 = 2, for the logarithmic
function f : [0,1] = R, f(z) =In(1+ ), z € [0,1]. We choose ao =1, f = 3 and we

take ng = 2. For n = 4, we plot

e with black: f:[0,1] = R, f(x) =

e with red: (P(Lg) ln(l—i--))( )=
2)In (2) 4 423(1 — 2)In () +

)) (@) =
DsteIn (2) +6(5 — T2)*(7z — 1
(Tx — 1)42é6 In (£), for z € [1,

e with yellow: (Qil’g’) n(1+

06 -
05
0,4

03

01 -

0,2 —/

)?
d

In(1+ z)

(1—2)*In

(3) +4z(1—2)3In(2) + 622(1

2t In (1), for z € [0,1]

(5
10

)

5
75 In (7

s~

%

—7:U)41H( ) 4(5 — 7x)3(Tx
+4(5 — Tx)(Tx )%n(%)—l—

0z

0.4 (1]

0s 1

From the graphical lectures of the considered operators, we can observe the

following:

e The operator B}, has a better approximation for exponential function on the
boundary of 1, than the classical Bernstein operator.

e The Mirakjan operator of type ej, e has a better approximation for exponen-
tial function e™*, than the classical Mirakjan operator.

e The operator fo’ﬂ has a quick approximation for logarithmic function, than

the classical Stancu operator.
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