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ABSTRACT. As a generalization of b-irresolute functions, we introduce the notion
of weakly b-irresolute functions in bitopological spaces and obtain several character-
izations and some properties of weakly b-irresolute functions.

Key words and phrases:Bitopological spaces, b-open sets, weakly b-irresolute
functions.
2000 Mathematics Subject Classification: 54A40

1. INTRODUCTION

The concept of bitopological spaces was first introduced by Kelly [0]. After the
introduction of the definition of a bitopological space by Kelly, a large number of
topologists have turned their attention to the generalization of different concepts
of a single topological space in this space. In the present paper, we introduce the
notion of weakly b-irresolute functions in bitopological spaces and obtain several
characterizations and some properties of weakly b-irresolute functions. Throughout
this paper, the triple (X, 7y, 72) where X is a set and 7, and 75 are topologies on
X, will always denote a bitopological space. Let (X, 71, 72) be a bitopological space
and A a subset of X. The closure of A and the interior of A with respect to 7; are
denoted by i(A) and i(A), respectively, for i =1, 2.

2.PRELIMINARIES

Definition 1. A subset A of a bitopological space (X, 11, T2) is said to be (i, 7)-b-open
[0]if AC j(i(A)Ui(j(A)), wherei+# j,i,j=1,2. We have set (i,j)-BO(X,z) =
{V € (i,j)-BO(X) : x € V} forx € X. The complement of an (i, j)-b-open set is
called an (i, j)-b-closed set.

Definition 2.[0] The intersection (resp. union) of all (i,7)-b-closed (resp. (i,7)-b-
open) sets of X containing (resp. contained in) A C X s called the (i,7)-b-closure
(resp. (i,7)-b-interior) of A and is denoted by (i,j)-b(A) (resp. (i,7)-b(A)).
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Lemma 1.[0] Let (X, 71, 72) be a bitopological space and A a subset of X. Then
1. (i,7)-b(A) is (i,7)-b-open;

. (4,7)-b(A) is (i, j)-b-closed;

. A s (i,7)-b-open if and only if A = (i,7)-b(A4);

- (4,5)-b(X\A) = X\ (4, 7)-b(A);
- (1,5)-b(X\A) = X\ (7, 7)-b(A).

Lemma 2.[0] Let (X, 11, 72) be a bitopological space and A C X. A point x € (i,7)-
b(A) if and only if UN A # O for every U € (i,7)-BO(X, z).

Definition 3.[0] A function f : (X, 71, 7) — (Y,01,02) is said to be (i,j)-b-
continuous if for each x € X and each o;-open set V of Y containing f(x), there
exists an (i,7)-b-open set U containing = such that f(U) C V. A function f :
(X, 11,12) = (Y,01,02) is said to be pairwise b-continuous if f is (1,2)-b-continuous
and (2,1)-b-continuous.

Definition 4.[0] A function f : (X,71,7) — (Y,01,02) is said to be (i,j)-b-
irresolute if for each x € X and each (i,j)-b-open set V of Y containing f(z),
there exists an (i,7)-b-open set U containing x such that f(U) C V. A function
f(X,m,m2) = (Y,01,02) is said to be pairwise b-irresolute if f is (1,2)-b-irresolute
and (2,1)-b-irresolute.

2
3
4. Ais (i,7)-b-closed if and only if A = (i,7)-b(A);
5
6

3.WEAKLY PAIRWISE b-IRRESOLUTE FUNCTIONS

Definition 5. A function f: (X,11,12) — (Y,01,02) is said to be weakly pairwise
b-irresolute if for each x € X and each (i,j)-b-open set V containig f(x), there is
an (i,j)-b-open set U in X such that x € U and f(U) C (i,7)-b(V), i # j, i,j=1,2.

Definition 6. A bitopological space (X, 1, T2) is strongly s-pairwise regular, if and
only if for each point x € X and each (i,j)-b-open set U such that x € U there exists
an (i,j)-b-open set W such that v € W C (i,7)-b(W) C U, i # j, i,j=1,2.
Theorem 1. Let (X,7,72) and (Y,01,02) be bitopological spaces, and let f :
(X,711,72) = (Y,01,02) and the space Y is strongly s-pairwise reqular, then f is
weakly pairwise b-irresolute if and only if f is pairwise b-irresolute, fori # j, i,j=1,2.
Proof. Sufficiency. Each pairwise b-irresolute function is weakly pairwise irres-
olute. Necessity. Let z € X and V be any (i,7)-b-open set of Y containing f(x).
In the strongly s-pairwise regular space Y, there exists an (i, j)-b-open set U such
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that f(z) € U C (4,7)-b(U) C V. Since f is weakly pairwis b-irresolute, so there
exists an (i, j)-b-open set W such that x € W and f(W) C (i,5)-b(U) C V. Hence
f:(X,71,7m2) = (Y,01,02) is pairwise b-irresolute.

Lemma 4. For any function f : (X, m,72) — (Y,01,02), the following conditions
are equivalent:

1. For any subset A of Y, (i,7)-b(f~ (i, 5)-b((i,5)-b(A)])) C f~1[(4,5)-b(A)].
2. For any (i, j)-b-open set G in'Y, (1,7)-b(f~HG)) C f~Y(i,5)-b(GQ)].

3. For any (i,j)-b-closed set H in'Y, (i,5)-b(f = [(i,5)-b(H)]) C f~'[H]. Here
i #J, Lj=1,2.

Proof. (1)=(2): Suppose that G is any (i, j)-b-open set inY. Then, by (1), (i,j)-
b(ffl[(Z,j)—b((l,])—b(G)])) - fﬁl[(%])'b(G)] Since G is (i,j)—b—open, G C [(Zaj)'
b({(i,4)H(G))). Consequently, (i, )b~ (G)) C F~[(i,4)H(C)].

(2)=(3): For any (i,j)-b-closed set H, (i,7)-b(H) is (i,j)-b-open in Y. There-
fore, by (2), (i)D" G )N C F-1((,5)b((G, 5)b(H)]). Recall that, for
the (i,j)-b-closed set H, (i,)-b((i,5)-b(H)) C H. Therefore, (i,5)-b(f1[(i,7)-
b)) © f(H).

(8)=(1): Let A be any subset of Y. Let H = (i,7)-b(A). Then for the (i, j)-b-closed
set H, by (3), (i, )-b(f (0, 9)b((6, /) -HAN)) © £1](i, 1)-b(A)].

Theorem 2. A function f: (X, 71,72) — (Y,01,02) is weakly pairwise b-irresolute
if and only if for any (i,j)-b-open set V in' Y, f=Y(V) C (i,5)-b(f[(i,5)-b(V)]),
i # 7, ij=1,2.

Proof. Suppose that f is weakly pairwise b-irresolute and let V' be any (i,7)-b-
open set in'Y. Then for any x € X with x € f~1(V), there exists some (i, j)-b-open
set U in X such that x € U and f(U) C (i,7)-b(V). Hence x € U C f~1[(i,)-
b(V)]. Consequently , € (i, )-b(f~((i, 1) (V)]) and F(V) < (i, 1)~ ](i, 5)-
b(V)]). To show the converse part, we let x € X and V be any (i,7)-b-open set
in' Y with f(x) € V. Then with the given condition f~Y(V) C (i,5)-b(f~((i,5)-
b(V))) we let U = (i, )-b(f~1[(i,5)-b(V)]). Then, (i,j)-b-open subset U is such that
x €U C f(i,5)-b(V)]. Therefore f(U) C (i,5)-b(V)

Theorem 3. A function f: (X, 71,72) — (Y,01,02) is weakly pairwise b-irresolute
if and only if for any subset A of Y, (i,7)-b(f*[(4,5)-b((i, 4)-b(A)])) C f~((i,4)-
b(A)], i # j, i,j=1,2.

Proof. Let A be any subset of Y and v € X be such that x ¢ f~Y[(i,])-
b(A)]. Then f(x) ¢ (i,7)-b(A) and so there exists some (i,j)-b-open set W in
Y such that f(x) € W and WNA = 0. [ being weakly pairwise b-irresolute,
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there exists some (i,j)-b-open set U in X such that © € U and f(U) C (3,])-
b(W). Further, W N (i, j)-b(A) = 0 and (i,5)-b[Y\(,7)-b(A)] = [Y\(z,5)-b((i, )-
b(A))). Therefore, f(U) < [Y\(,7)-b((i,)-b(A)]) and hence, f(U) O (i, j)-b((i, 1)~

b(A)) = 0. Consequently, U N f~1[(i,5)-b((i,]) b( ) = 0. It follows that x ¢

)
(i, 5)-b(f (4, 7)-b((i, 5)-b(A)])). Hence (i,)-b(f[(i,5)-b((5, 4)-b(A)]) € fH(3,4)-
b(A)]. Conversely, let x € X and V be any (i,j)-b-open set in Y wzth f(x) €
V. Then V N [Y\(i,5)-b(V)] = 0. Therefore f(x) ¢ (i,7)-b[Y\(i,7)-b(V)] and
hence © ¢ f71[(4,7)-b[Y\ (7, 7)-b(V)]]. Now [Y\(4,5)-b(V)] C (4,4)-b((i, 5)-b[Y \( J)-
b(V)]) and by hypothesis, (i,7)-b(f~"[(4,5)-b((i,7)-b[Y \(4,5)-0(V)])) < f~1[(44)-
blY\(i,7)-b(V)]]. Therefore = ¢ (i,7)- (f_l[Y\(i,j)—b(V)]). Therefore there exists

some (i,7)-b-open set U in X such that x € U and U N f71Y\(4,7)-b(V)] = 0.
Consequently, U C X\ f~ Y \(i,5)-b(V)] = f~Y(i,5)-b(V)]. Therefore, it follows
tht f(U) C (i,7)-b(V).

Theorem 4. For a function f : (X, 71,7) — (Y,01,02), the following are equiva-
lent:

1. The function f is weakly pairwise b-irresolute.

2. For each ACY, (z‘,j)-b(f*l[(z‘,j)-b(i,j)-b(A)}) C f*l[(z', 7)-b(A)].

3. For each (i, j)-b-open set G in'Y, (i,5)-b(f~1(Q)) C f~Y(4,7)-b(G)].

4. For each (i, j)-b-closed set H mY( 3)-b(f 7, 5)- ( ) € f7HH).

5. For each (i,j)-b-open set G in' Y, f~YG) C (i,5)-b(f71[(i,7)-b(G)]). Here,

J
i # j, ij=1,2.
Proof. The straight forward proof be omitted.

Theorem 5. If f : (X,71,72) = (Y,01,02) and g : (Y,01,02) — (Y,m,1m2) are
weakly pairwise b-irresolute functions, then their composition is also weakly pairwise
b-irresolute.

Proof. Let x € X and W be any (i,7)-b-open subset of Z such that (go f)(x) €
W. Since g is weakly pairwise b-irresolute, there exists an (i,7)-b-open set V in'Y
containing f(x) such that V. C g=1((i,5)-b(W)). Further f being weakly pairwise
b-irresolute, there exists an (i,j)-b-open set U in X such that x € U C f~((i,])-
b(V)). Thus x € U C f=Y(,5)-b(g71(i,5)-b(W)]). But g being weakly pairwise
b-irresolute (i, j)-b(g~1(W)) C g 1((i,§)-b(W)). Therefore, x € U C (go )~ (i, ])-
b(W)]. Consequently, go f is weakly pairwise b-irresolute.

Theorem 6. Let f: (X, 7,72) — (Y,01,02) be a function and g : X — X x Y the
graph of f given by g(x) = (z, f(z)) forx € X. If g: X — X XY is weakly pairwise
b-irresolute, then f is weakly pairwise b-irresolute.
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Proof. Let x € X and V' be an (i,j)-b-open set containing f(x) in V. Then
X x V is (i,j)-b-open in X x'Y containing g(x). Since g is weakly pairwise b-
irresolute, there exists an (i,j)-b-open set U containing x in X such that g(U) C
(1,7)-b(X x V) C X x (4,5)-b(V). Since g is the graph of f, we have f(U) C (i,j)-
b(V'). This shows that f is weakly pairwise b-irresolute.
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