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THE SIMPLEST EQUATION METHOD FOR SOLVING SOME
IMPORTANT NONLINEAR PARTIAL DIFFERENTIAL
EQUATIONS

M. EsLaMI AND M. MIRZAZADEH

ABSTRACT. The simplest equation method presents a wide applicability to han-
dling nonlinear wave equations. In this paper, we establish travelling wave solutions
for some nonlinear evolution equations. The simplest equation method is used to
construct the travelling wave solutions of new Hamiltonian amplitude equation, (3 +
1)-dimensional generalized KP equation, Burgers-KP equation, coupled Higgs field
equation, generalized Zakharov System. New Hamiltonian amplitude equation is an
equation which governs certain instabilities of modulated wave trains, with the addi-
tional term —eu,; overcoming the ill-posedness of the unstable nonlinear Schrédinger
equation. It is a Hamiltonian analogue of the Kuramoto-Sivashinski equation which
arises in dissipative systems and is apparently not integrable.

2000 Mathematics Subject Classification: 35Q53, 35Q80, 35Q55, 35G25.

1. INTRODUCTION

Nonlinear phenomena play crucial roles in applied mathematics and physics. Cal-
culating exact and numerical solutions, in particular the traveling wave solutions
of nonlinear equations in mathematical physics, plays an important role in soliton
theory. Recently many new approaches for finding the exact solutions to nonlinear
equations have been proposed, such as ansatz method and topological solitons [1-4],
tanh method [5,6], multiple exp-function method [7], simplest equation method [8-
11], Hirotas direct method [12,13], transformed rational function method [14].
Using simplest equation method in work [15] exact solutions of the perturbed nonlin-
ear Schrodinger’s equation with Kerr law nonlinearity, the nonlinear Schrodinger’s
equation were obtained.

The paper is arranged as follows. In Section 2, we describe briefly the simplest
equation method. In Sections 3-7, we apply this method to new Hamiltonian ampli-
tude equation, (3 + 1)-dimensional generalized KP equation, Burgers-KP equation,
coupled Higgs field equation and generalized Zakharov System.
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2. THE SIMPLEST EQUATION METHOD
Step 1. We first consider a general form of nonlinear equation
P, gy Uty Uy, Ugsty -..) = 0. (1)

Step 2. To find the traveling wave solution of Eq. (1) we introduce the wave
variable £ = x — ct so that

u(z,t) = y(§). (2)
Based on this we use the following changes
0 0
a(-) = _6875(')’
0 0
520 = 600 3)
0? 0?

520 = 50
and so on for other derivatives.
Using (3) changes the PDE (1) to an ODE

oy 0%y

Q(ya 8767 87527 .o

) =0, (4)

where y = y(§) is an unknown function, @ is a polynomial in the variable y and its
derivatives.

Step 3. The basic idea of the simplest equation method consists in expanding the
solutions y(£) of Eq. (4) in a finite series

l

y(g) = Zaiziv aj 7é 0, (5)

1=0

where the coefficients a; are independent of £ and z = z(§) are the functions that
satisfy some ordinary differential equations.
In this paper, we use the Bernoulli equation [16] as simplest equation

dz
dg
Eq. (6) admits the following exact solutions

_aexpla(§ + &)
28 = 1 —bexpla(é + &)]’

= az(§) + b2%(¢), (6)
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for the case a > 0,b < 0 and

aexpla(€ + &)
1+ bexpla(§ + &)]’

for the case a < 0,b > 0, where & is a constant of integration.

Remark 1. [ is a positive integer, in most cases, that will be determined. To
determine the parameter [, we usually balance the linear terms of highest order in
the resulting equation with the highest order nonlinear terms.

Step 4. Substituting (5) into (4) with (6), then the left hand side of Eq. (4) is
converted into a polynomial in z(£), equating each coefficient of the polynomial to
zero yields a set of algebraic equations for a;, a, b, c.

Step 5. Solving the algebraic equations obtained in step 4, and substituting the
results into (5), then we obtain the exact traveling wave solutions for Eq. (1).

2(€) = — (8)

Remark 2. In Eq. (6), when a = A and b = —1 we obtain the Bernoulli equation
dz

_ 2
a ~ A9 =2, (9)
Eq. (9) admits the following exact solutions
A A
2(€) = 5 [L+ tanh(5 (€ + &)l (10)
when A > 0, and N )
2(6) = 5 [1 — tanh(5 (€ + &), (11)

when A < 0.
Remark 3. This method is a simple case of the Ma- Fuchssteiner method [16].

3. NEw HAMILTONIAN AMPLITUDE EQUATION
A new Hamiltonian amplitude equation
ity + g + 20| ul*u — eugy = 0, (12)

where 0 = £1, £ << 1, was recently introduced by Wadati et al., [17].
By make the transformation
1—¢p

u(e,t) = OTy(), & =ikl = M), A= gr—, (13)

Eq. (12) becomes

—k (N2 4 eN)yee — (o + B2 — eBa)y + 209> = 0. (14)
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For the solutions of Eq. (14), we make the following ansatz

l
= Zaizi, a; # 0, (15)
i=0

where a; are all real constants to be determined, [ is a positive integer which can be
determined by balancing the highest order derivative term with the highest order
nonlinear term after substituting ansatz (15) into Eq. (14), where z satisfies Eq.

(6).
When balancing y¢e with y3 then gives [ + 2 = 3l = | = 1. Therefore, we may
choose

y(&) = ao + a12(§). (16)
Substituting (16) along with (6) in Eq. (14) and then setting the coefficients of
2J(j = 3,2,1,0) to zero in the resultant expression, we obtain a set of algebraic
equations involving ag, a1, a,b,a and 3 as

—2k*(A\? + eA)b%ar + 204} = 0, (17)
—3k*(\% + e)\)aba; + 60agat = 0,
—k2(A\% 4+ eNalay + 60ada; — (a + B2 — eBa)a; =0,
20ay — (o + B* — eBa)ag = 0.

With the aid of Maple, we shall find the special solution of the above system

CL()Z:l:

a+ 2 —efa 2(a+ B2 —efa) o

20 \/ AN +e) oo™ (18
where o, 8 and a; are arbitrary constants.
Assuming a > 0 and choosing b < 0. Therefore, using solution (7) of Eq. (6), ansatz

(16) , we obtain the following traveling-wave solution of Eq. (14)

21/ exply | A5 (6 + )]
a+ [2 —efa 1 A(te)
y(e) =+ T -
kv AA+€) = Voar exply) W(ﬁ + &o)]
(19)
Then the exact solution to Eq. (12) can be written as
[e3 278 «
a+ (% —efa 2a1+/oeV w(m@ M)+éo) ,
u(z,t) = + (1+ )eilaz+ht)
20 o/ 2ekB2-eB9) (1 \)tgp)
/AT E) — aareV Ao 0
(20)
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where \ = 2}6’_—656@'

Substituting (16) along with (9) in Eq. (14) and setting all the coefficients of powers
z to be zero, then we obtain a system of nonlinear algebraic equations and by solving
it, we obtain

where 3, « and k are arbitrary constants.
Therefore, using solution (11) of Eq. (9), ansatz (16), we obtain the following exact
solution of Eq. (1

3
2 _ 2 _
() = ) T [ = € o) (22)

Then, the exact solution to Eq. (12) can be written as

w(a,t) = i,/‘”ﬂ;eﬁo‘ tanh] W(m@ _ )+ &)]eien B (93)
eB

1—
2B—ea”

4. (3 + 1)-DIMENSIONAL GENERALIZED KP EQUATION

where \ =

Let us consider the (3 + 1)-dimensional generalized KP equation [18, 19]
Upzay + 3(Uzlly)z + Uty + Uy — Uz = 0. (24)
We use the wave transformation

u(z,y,z,t) =y(€), &=ka+ay+pBz—1t, (25)
where k, a, B and - are constants, all of them are to be determined.
Substituting (25) into (24), we obtain ordinary differential equation:
ak’yeeee + 6k ayeyee — (ky + ay + %)yee = 0. (26)

When balancing yeeee with yeyee then gives | +4 = [ +1+1+2 = | = 1. Therefore,
we may choose

y(&) = ao + a1z(§). (27)
Substituting (27) along with (6) in Eq. (26) and then setting the coefficients of
2J(j = 5,4,3,2,1) to zero in the resultant expression, we obtain a set of algebraic
equations involving ag, a1, a,b, k, a, 5 and 7 as

24ak3a1b* + 12k2aatb® = 0, (28)
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60ak>b®aa; + 30k*aab’al = 0,
—2(ky + ay + f)arb? + 50ak’b?a’ar + 24k*aa’bal = 0,
—3(kvy + ay + %)aba; + 15ak3a1ba® + 6k*aa’a? = 0,
ak*ata; — (ky + ay + %)a’a; = 0.

With the aid of Maple, we shall find the special solution of the above system

k3a?a — 2

k+a
where ag, a, b, k, @« and S are arbitrary constants.
Assuming a > 0 and choosing b < 0. Therefore, using solution (7) of Eq. (6), ansatz
(27) , we obtain the following exact solution of Eq. (26)

expla(§ + &o)]
1 —bexpla(é + &)]

Then the exact traveling-wave solution to (3 + 1)-dimensional generalized KP equa-
tion can be written as

ar = —2kb, ~= , (29)

y(&) = ag — 2kad (30)

3.2 .2
polkatay+Bz— (P52 ) t+6o)

u(x,y, z,t) = ag — 2kab . 31
st = o 1- bea’(km+a9+52—(k3a;f;ﬁ2 )t+&o) (581
When ag =& =0, a=1, b= —1, we obtain the exact solution
” rotaytBa— (St 32
u(z,y,z,t) = .
(nt) = 2 (32)
5. BURGERS-KP EQUATION
In this section we study the Burgers-KP equation [20]
(ue + wg + pgs) e + Ay, = 0. (33)
We use the wave transformation
u(z,y,t) =y(), {=kr+ay—ct, (34)
where k, « and c¢ are constants, all of them are to be determined.
Substituting (34) into (33), we obtain ordinary differential equation:
k> yeee + (Aa® — ck)yee + k() + k*yyee = 0. (35)
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When balancing yeee with yyee then gives [+ 3 =1+ 1+ 2 = | = 1. Therefore, we
may choose

y(§) = ao + a12(§). (36)

Substituting (36) along with (6) in Eq. (35) and setting all the coefficients of powers
z to be zero, then we obtain a system of nonlinear algebraic equations and by solving
it, we obtain

B pk3a 4 k?ag + Aa?

a1 = —2ukb, c¢= k: , (37)

where ag, a, b, k, « and 5 are arbitrary constants.
Assuming a > 0 and choosing b < 0. Therefore, using solution (7) of Eq. (6), ansatz
(36) , we obtain the following exact solution of Eq. (35)

expla(§ + )]
1 —bexpla(§ + &o)]

Then the exact traveling-wave solution to Burgers-KP equation can be written as

y(§) = ao — 2ukab (38)

3 a2 2
6a(km+ay—(7“k aH{kaOJﬂa )t+£0)

u(x,y,t) = ag — 2ukab . 39
( Yy ) 0 H 1— bea(kx+ay_(uk3a+kiao+xa2)H_go) ( )
When ag =& =0, a=1, b= -1, a =k, we obtain the exact solution
ek:r+ky—(uk2+)\k)t
ul(@, y,t) = 2uk 1 + ekathy—(uk2+2k)t" (40)
6. COUPLED HIGGS FIELD EQUATION
The coupled Higgs field equation [21]
Ugt — Uge — o+ Blul®u — 2uv = 0, (41)

Vgt + VUgg — /3(|u|2)x:v =0,

describes a system of conserved scalar nucleons interacting with a neutral scalar
meson. Here, real constant v represents a complex scalar nucleon field and u a real
scalar meson field. Eq. (12) is the coupled nonlinear Klein-Gordon equation for
a < 0, 8 <0 and the coupled Higgs field equation for o > 0, 8 > 0. The existence
of N-soliton solutions for Eq. (12) has been shown by Hirota’s bilinear method [22].
To find exact solutions of coupled Higgs field equation (41), first we make the trans-
formation

u(:v,t) = eief(g)v ’U(l’,t) = g(g)a (42)
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where 0 = kx +wt, £ = x + ct, we have a relation k = wc and reduce system (41) to
the following system of ordinary differential equations

(W?(c? = 1) —a)f(&) + (2 = 1) f"(€) + BF() — 2f(€)g(€) =0, (43)

(®+1)g"(&) = B(F(E)" = 0. (44)
Integrating Eq. (44) twice with respect to &, then we have
_R+BF(9)
9(&) = T2y (45)

where R is the second integration constant and the first one is taken to zero.
Inserting Eq. (45) into Eq. (43) yields

2R

2¢.2
D) — e —
(We )—a 241

V(&) + (= 1)f"(€) + Bl — )F2(€) = (46)

2+1

When balancing f” with f3 then gives | + 2 = 3] => [ = 1. Therefore, we may
choose

f(&) = ap + a12(8). (47)
Substituting (47) into (46) using (6) yields a set of algebraic equations for ag, a1, w, a, b, ¢, R :
2(c? — 1)b%a; + (1 — m)a? =0, (48)
3(c? — 1)abar +38(1 — ———Yaga® —
(¢ = Dabay +35(1 ~ > agal =0,
2R 2
2 2 20,2 2
(¢ Ja“ar + (w(c ) —« a5 1)a1 +35( 2 1)a0a1 ,
2R 2
2/ 2 3 _
(w(c*=1)—a— C2+1)a0+ﬁ(17 62+1)a0—0.

With the aid of Maple, we shall find the special solution of the above system

2
R:_3(02‘*‘1)((1—02)(2@’2—@2)4‘2@)7 b=+ _2(02%—1)&1’ ap = Fa —62;1;
(49)

where a, c,w and a; are arbitrary constants.
Assuming a > 0 and choosing b < 0. Therefore, using solution (7) of Eq. (6), ansatz
(47) , we obtain the following exact solution of Eq. (46)

e (R ) :
HO=ayHE D e — v mewtate + ) - 2vE"
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Then the exact traveling-wave solution to coupled Higgs field equation can be written
as

a(z+ct+£&o) i

B aie
u(z, 1) = ay/2(c? \/027+1 /= Bay ettt o) + 2B

)ei(wchrwt). (51)

a ea(x""Ct'i'{O)

LY
/9 02 Falea(m—kct—i-ﬁo 2\/3) ’
Substituting (47) along with (9) in Eq. (46) and settlng all the coefficients of powers

z to be zero, then we obtain a system of nonlinear algebraic equations and by solving
it, we obtain

n_ _i(02—|—1)((1—62)(2W2_A2)+2CE), ag = +A _022—; ]-7 a] = :|:\/_2(Cfﬂ—’_l)7
(52)

where A, ¢ and w are arbitrary constants.
Assuming A < 0. Therefore, using solution (11) of Eq. (9), ansatz (47), we obtain
the following exact solution of Eq. (46)

(@, t) = —%((1—02)(2w2—a2)+2a)+2a25

2

+1
2 tanh( (€ + o)) (53)

Then, the exact solution to coupled Higgs field equation can be written as

f(§) =+A

2 +1

u(x,t) = +£A 25

A .
tanh(% (v + et + £o))ewentet), (54)

2
o 1) = ~ (1= )27 — A7) 4 20) — T tan®(S (0 + et + &),

7. GENERALIZED ZAKHAROV SYSTEM

In the interaction of laser-plasma the system of Zakharov equation plays an impor-
tant role. This system attracted many scientists wide interest and attention. In this
section, we consider the following generalized Zakharov system

g + Upy — 2d1 [ul?u + 2uv = 0, (a) (55)
1 2
d2 Vit — Ugy + ,U(|U‘ )a:m =0. (b)

where the real unknown function v(z, t) is the fluctuation in the ion density about its
equilibrium value, and the complex unknown function u(z,t) is the slowly varying
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envelope of highly oscillatory electron field.

The parameters di,ds and p are real numbers, where do is proportional to the
electron sound speed. When d; = 0, u = 1, this system is reduced to the Classical
Zakharov system of plasma physics.When the sound speed do — oo, the so-called
subsonic limit, the Zakharov system becomes the cubically nonlinear Schrodinger
equation.

If we set da = 1 and p = 1, the generalized Zakharov system becomes [23]

ity + Ugy — 2d1 |u)?u 4 2uv = 0, (a) (56)

Vit — Vg + (|u’2)xa: =0. (b)

Let us assume the exact solutions of Eq. (56) in the form
u(a, t) =e’y(€), (e, ) =V(E), O=oav+pt, E=ik(z—2at),  (57)

where « and [ are real constants.
Substituting (57) into Eq. (56), we have

—(B+a®)y(€) + K*"(€) — 2d1y>(€) + 2y()V(€) = 0, (a) (58)

(1 —=4a®)V"(€) — (*(€))" =0. ()
Integrating Eq. (58)(b) twice with respect to £, then we have

R+y*(¢)
V() = ——— 59
=" (59)
where R is second integration constant and the first one is taken to zero.
Inserting Eq. (59) into Eq. (58)(a) yields

2R

1—4a2 —d1)y’(§) = 0. (60)

( — B—a®)y(&) + k*y"(€) +2(

1 —4a?
For the solutions of Eq. (60), we make the following ansatz

l

y(&) = Zaizi, a; # 0. (61)

1=0

where a; are all real constants to be determined, [ is a positive integer which can be
determined by balancing the highest order derivative term with the highest order
nonlinear term after substituting ansatz (61) into Eq. (60), where z satisfies Eq.

(6).
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Balancing y¢¢ with y3 in (60) gives [ +2 = 31, so that [ = 1. This suggests the choice
of y(§) in Eq. (60) as
y(§) = ao + a1z(). (62)

Substituting (62) along with (6) in Eq. (60) and then setting the coefficients of
2/(j = 3,2,1,0) to zero in the resultant expression, we obtain a set of algebraic

equations involving ag, a1, a,b, o and 3 as 2k%b%a; + Q(ﬁ —dy)a3 =0,
2 2
3k“aba; + G(W —dy)apa; =0, (63)
2R 1
2 2 2 2
kaa1+(m—6—a)a1+6(m—d1)a0a1—0,
2R 9 1 3
(1_74(12—6—04)ao+2(1_4a2—d1)a0:0.
Using Maple gives two sets of solutions
1 a; |1+4di(4a?—1) ka 402 —1
R =~ (20°+k%a*+283)(1—-4a?), b= — _
;2o Hka"+25)(1-4a7), k 1021 T2V 11 a4z -1y
(64)
where k, a1, a,a and 8 are arbitrary constants.
1 a; |14di(4a? —1) ka 402 — 1
R = ~(2a*+k%a*+2B)(1-40?), b= —— — M
;2o Hk a™+25)(1-4a7), k 102-1 T V12— 1)

(65)
where k, a1, a,a and 8 are arbitrary constants.
Assuming a > 0 and choosing b < 0 in case (64). Therefore, using solution (7) of
Eq. (6), ansatz (62) , we obtain the following traveling-wave solution of Eq. (60)

n(€) = kavda? —1( !

2\/1+ dy(4a? 1)
ay expla(€ + &) )
kvAa? — 1 — ay/1+ di (402 — 1) expla(€ + &)]

Assuming a < 0 and choosing b > 0 in case (65). Therefore, using solution (8) of
Eq. (6), ansatz (62) , we obtain the following traveling-wave solution of Eq. (60)

y2(&) = —kavida? -1 !

ViTdE =1
ay expla(§ + &)] )
kv4aZ —1 — ayy/1+ dy (40 — 1) expla(é + &)

(66)

(67)

127



M. Eslami, M. Mirzazadeh - The simplest equation method for solving...

By using (59) and (66), (67) we have
1
2y/1+dy(4a% — 1)
a1 expla(é + &o)] )2
kv4a? =1 — a1\/1+ dy(4a? — 1) expla(é + &)

Thus, we obtain the following traveling-wave solutions of generalized Zakharov sys-
tem (56)

1
u(:v,t) = ika\/m(Q\/l—}-dl(é‘:az _ ]_)
arexpla(ik(z — 2at) + &o)] )eie+Bs0)
kVia® =1 —ary/T+di(40” = Deapla(ik(z — 2at) + &)]

Vip(§) = %(2(12 + k%a® + 2B) — k*a’(

(68)

1
20V/1+ di(da? — 1)
arexpla(ik(x — 2at) + &o)]
kvda? — 1 — ay/1 + di(4a2 — 1)expla(ik(z — 2at) + &)]
Substituting (62) along with (9) in Eq. (60) and setting all the coefficients of powers

z to be zero, then we obtain a system of nonlinear algebraic equations and by solving
it, we obtain

1
v(z,t) = 1(2042 + k2a® 4 28) — k%a*(

2.

402 — 1 2a0 [1+di(4a? —1)
“ \/1 tdi(da2 — 1) % a2 -1 (70)
B 5, 07 4 2 2
R:§—2BOJ +?—206 —a0(1—|—d1(4a —1))7

where 3, a, ap and k are arbitrary constants.
Therefore, using solution (11) of Eq. (9), ansatz (62) , we obtain the following exact
solution of Eq. (60)

1+di(4a2 —1)
402 — 1

y3.4(€) = £ag tanh(i?\/ (€ + £0))- (71)
By using (59) and (71), we have

g —2Ba? + 0‘72 —2a* — ad(1+ d1(4a® — 1))

VY?:A(E) = 402 — 1
2 14+di(4a2 -1
+ 4a30_1tanh2((:]\/ +4;(2f1 )(§+€o))- (72)
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Thus, we obtain the following traveling-wave solutions of generalized Zakharov sys-
tem (56)

1+di(4a? -1 ;
w(z,t) = +ag tanh(20 [LENUE D) G ont) g))eiletin (73)
k 402 — 1
g —2Ba? + %2 —2a* — a3(1+ di(4a? - 1))
v(z,t) = 402 — 1
2 2

ag 200 [14+di(d* 1) .

1?1 tanh( z \/ 1?1 (ik(xz — 2at) + &o)).
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