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ANALYTICAL TREATMENT OF THE COUPLED HIGGS
EQUATION AND THE MACCARI SYSTEM VIA EXP-FUNCTION
METHOD

JALIL MANAFIAN HERIS AND ISA ZAMANPOUR

ABSTRACT. In this article, He’s Exp-function method (EFM) is used to con-
struct solitary and soliton solutions of the nonlinear evolution equation. This tech-
nique is straightforward and simple to use and is a powerful method to overcome
some difficulties in the nonlinear problems. This method is developed for searching
exact traveling wave solutions of the nonlinear partial differential equations. The
EFM presents a wider applicability for handling nonlinear wave equations. Also,
it is shown that EFM, with the help of symbolic computation, provides a straight-
forward and powerful mathematical tool for solving nonlinear evolution equations.
Application of Exp function method to coupled Higgs equation and the Maccari
system illustrates its effectiveness.

2000 Mathematics Subject Classification: 2015.

1. INTRODUCTION

The investigation of exact travelling wave solutions to nonlinear wave equations
plays an important role in the study of nonlinear physical phenomena. In the recent
decade, the study of nonlinear partial differential equations in modelling physical
phenomena, has become an important tool. Here, we use of an effective method
for constructing a range of exact solutions for following nonlinear partial differential
equations that proposed by J. H. He [1]. In this article an application of the proposed
method to two complex coupled equations is illustrated. We consider the coupled
Higgs field equation [2,3] in the form

Utt —uxx—au—{—b|u|2u—2UV: 0, (1)

Vit + Vxx — b(|u|2)xx =0,

where Eq. (1) is the coupled Higgs field equation for a >0, b > 0 [2, 3]. Here, we
choose a = 0 and b = 1. N-soliton solutions to the system Eq. (1) are obtained in

[2].
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More general travelling wave solutions constructed by Bekir and Zhao of Eq. (1)
in [4, 5]. We next consider the following Maccari new integrable (2 + 1)-dimensional
nonlinear system [6]

g + Uyx +uv = 0, (2)

vi + vy + (Ju[?)x = 0.

Also, more general travelling wave solutions constructed by Bekir and Zhao of Eq.
(2) in [4, 5]. Several powerful methods have been proposed to obtain exact solutions
of nonlinear partial differential equations, such as inverse scattering method [7], the
tanh method [8, 9], tanh-coth method [10], the homotopy perturbation method [11,
12], the homotopy analysis method [13, 14] and variational iteration method [15].
In recent years, the direct search for exact solutions of PDEs has become more and
more attractive partly due to the availability of computer symbolic systems like
Maple or Mathematica, which allows us to perform the complicated and tedious
algebraic calculations on computer. In particular, one of the most effective direct
methods to construct exact solutions of PDEs is the EFM, which was first proposed
by He in [1]. The EFM can be used to seek solitary solutions, periodic solutions and
compacton-like solutions of nonlinear differential equations. Wu and He [16] have
used the Exp-function method to give new periodic solutions for nonlinear evolution
equations. Dehghan and et. al [17] have applied the EFM and its application for
solving a partial differential equation arising in biology and population genetics. The
EFM has recently been solved by Zhang [18] to high-dimensional nonlinear evolu-
tion equation. The new exact solutions of modified KdV and the generalized KdV
equations with Exp-function method have been obtained by Manafian and Bagheri
[19]. The proposed method not only gives a unified formulation to construct various
travelling wave solutions, but also provides a rule to classify the types of solutions
according to the given parameters. Furthermore, the proposed method is readily
computerizable in solving equation by using symbolic software like Mathematica or
Maple. Our aim of this paper is to obtain analytical solutions of the coupled Higgs
equation and the Maccari system, and to determine the accuracy of the Exp—function
method in solving these kinds of problems. The article is organized as follows: in
Section 2, first we briefly give the steps of the EFM and apply the method to solve
the nonlinear partial differential equations. In Section 3, the application of the EFM
to the couple Higgs equation will be introduced briefly. Also, Section 4 by using the
results obtained in Section 2, the corresponding solutions of the Maccari system can
be obtained. Finally some references are given at the end of this paper.
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2. BASIC IDEA OF THE EXP-FUNCTION METHOD
We first consider the nonlinear equation of the form
N (U, ug, U, Uy, Use, Uyy, Ugt, Ugx, -..) = 0, (3)
and introduce a transformation
u(x,y,t) =u(n), n=x+y+ct, (4)

where c is constant to be determined later. Therefore Eq. (3) is reduced to an ODE
as follows

M(u, e/, v, v/, 0", .. = 0. (5)

The EFM is based on the assumption that travelling wave solutions as in ([?]) can
be expressed in the form

> An exp(u)
u(n) = q b eXp(mT])’
m=-—p ~m

(6)

where ¢, d, p and q are positive integers which could be freely chosen and a,’ and
b’ are unknown constants to be determined. To determine the values of ¢ and p, we
balance the linear term of highest order in Eq. (5) with the highest order nonlinear
term. Also to determine the values of d and ¢, we balance the linear term of lowest
order in Eq. (5) with the lowest order nonlinear term.

3. APPLICATION TO THE COUPLED HIGGS EQUATION
In this section we employ the EFM to the following coupled Higgs equation
Ut — Uy + [u[?u — 2uv = 0, (7)

Vit + Vxx — (|u|2)xx - 0

We begin first with the coupled Higgs Eq. (7). Using the wave variables as follow
u=¢e%U(n), v=V(y), 6=px+rt, n=x+ct, (8)
Eq. (7) are carried to ODEs
(> = 1DU" + (p*> —rH)U —2UV + U? =0, (9)

(c* 4+ 1)V" —2(U")? - 2U0U” = 0.
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Integrating the second equation in the system and neglecting the constant of inte-
gration we find

(*+1)V =TU2% (10)
Substituting Eq. (10) into the first equation of the system we get
(= DU"+ (P + D2 =) U+ (2 -1)U3 =0. (11)

In order to determine values of ¢ and p, we balance the linear term of the highest
order U” with the highest order nonlinear term U? in Eq. (11), to get

crexp((c+3p)n) + ...
coexp(4pn) + ...

U’ = , (12)

Us _ ©3 exp(3cn) + ... _ < exp((3c +p)n) + ... (13)
csexp(3pn) + ... ceexp(4pn) + ...

respectively. Balancing highest order of the Exp—function in (12) and (13), we get

c+3p=3c+p, (14)

which leads to the result ¢ = p. Similarly to determine values of d and q, for the
terms U” and U? in Eq. (11) by simple calculation, we have

y -+ diexp(—(d+3q)n)

U" = 15
... +d2exp(—4qn) (15)
NE + ds exp(—3dn) _ et dzexp(—(3d + q)n) (16)
... +dgexp(—3qn) oo + da exp(—4qn)
respectively. Balancing highest order of the Exp—function in (15) and (16), we obtain
—(d+3q) = —=(3d +q), (17)
which leads to the result d = q.
Case : p=c=1land q=d =1.
For simplicity, we set p=c =1 and d = q = 1. Then Eq. (6) reduces to
a1 exp(n) + ag + a_y exp(—n)
U(n) = (18)

~ brexp(n) +bo + by exp(—n)’
Substituting (18) into Eq. (11), and by using the well-known Maple software, we
have

1

A[Cg exp(3n) + Caexp(2n) + C1exp(n) + Co + C_1 exp(—n)+ (19)
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C_gexp(—2n) + C_gexp(—3n)] =0,

where
A = [b_y exp(—n) + b + by exp(n)]®, (20)

and C,’ are coefficients of exp(nn)’. Equating the coefficients of exp(nn) to be zero,
we obtain the following set of algebraic equations for a;, ag,a_1, by, bg,b_1 and c, as

C3=0,Cy =0,Cy =0,
Co =0, (21)
C 3=0,C5=0,C_, =0

Solving the system of algebraic equations with the help of Maple gives the following
set of non-trivial solutions
(I) The first set is:

. a,1b0

a1:07 a-1=4a-1, P=D, bOZbO; bflz ) bl :Oa 02+1:C2+11
ag

(22)
bi(c® +1)(p* —1?)

2 bl
ap

_ — t
Uy t) = 20 A-rexpxtet) £a0 [T e ey
bo —a_1q exp(—x + Ct) + ap
If we choose ag = a_1, then we can obtain

- 1+2(p? —1r?)t
uy(x,t) =1iy/1+ (p? — r2)el(px+rt) coth (X * +2(p r) ) )

. (X+ mt)
: .

ag=ap, r=r1, ¢t —1=2(c*+1)(p>—1%), 2 —1=—

1
vi(x,t) = —5 0

(IT) The second set is:

ap=0, a1=0, p=p, by=by, boy=b_j, ag=ay, +1=c+]1,
(23)
8(c? + 1)bib_1(p? —1?)

aj

bo=0, r=r, ct—1=(*+1)r*-p?), ?—1=—

)

aQ
b_j exp(—x + ct) + by exp(x — ct)’

If we choose by = b_1, then we can obtain

UQ(X, t) =

c=4/1+ (12 —p2).

uQ(X,t) = \/2(2 + (r2 _ p2)>ei(Px+rt)SeCh (X +4/1+ (r2 _ p2)t> ,
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va(x,t) = 2sech? <x +4/1+ (12— p2)t> .

(III) The third set is:

b_1a1

ap=a, a =0, p=p, a-1=a-3, b_y=b_y, blZ*T7 CH+1l=c"+1,
-1
(24)
1 ¢® 4+ 1)b2, (p? —1?
b():O,l“:I‘, 04—127(02+1)(p2—r2), C2—1:—( ) 21(p )’
2 a”q
Ug(x,t):Ea_lEXP(_X_Ct)+a1 exp(x—kct)’ . 1+p2—r2
b_1 a_jexp(—x — ct) — aj exp(x + ct) 2
If we choose a; = a_1, then we can obtain
: p? — 12
us(x, t) = —iy/4 4 p2 — 2P coth [ x + (/1 + 5 t,
2 _ .2
v3(x,t) = —2coth? (x—l— 140 5 - t) .
(IV) The fourth set is:
4a_1b3? 1 b?
alz_aéla bo=by, p=p, a_1=a_1, by=-—"L, by=by, F+1=c"+1,
b2 ib
(25)
1 (¢4 1)bg(p? —r?)
4 PV 2 2 2 _ 0
ap =0, r=r, ¢ —1=2(c"+1)(p° —1°), c—l——ﬁ Dol ,
4a_1b b exp(—x — ct) — 4b? t
Us(x t) = a_1by 5 exp(—x — ct) 7 exp(x + ct) _ St 202 -2

b2 b exp(—x — ct) + 4bgb; + 4b? exp(x + ct)’

If we choose by = 2by, then we can obtain

. . V14+2(p? —r2)t
my(x,t) = —iy/1+ (p? — 12)e/ P tanh (X * +2(p r) )

1 1+2(p%—1?
V4(X,t):—§tanh2 <X+ +2(p ) >
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(V) The fifth set is:
a?b3 + b3a2

717a%b(2) + bia3 1-
4 alb% ’

1 75 ., P4 1=c2+1, a_=
191

a; =ai, b_1=
(26)

p=p, bg=by, r=r, ag=ag, c4—1:2(c2+1)(p2—r2),
(2 +1)bi(p? —1?)

2
cf—1=- 2 ) b1:b17 a—1:07
aj

1 —asb_ v —
Us(x,t) = a;b_j exp(—x — ct) + agb; 4+ a;by exp(x + Ct), e = /11 20p? —12).

T by b_1 exp(—x — ct) + bg + by exp(x + ct)

If we choose by = b_1, bg = 2b; and ag = 4a; then we can obtain

us(x,t) = 1\/mel(p><+rt) [tanh (X + V1 +22(p 12)t

X+ 1+2(p? —r?)t
h2
+sec ( 5 ,
2
1 1+4+2(p? —12)t 1+4+2(p? —12)t
v5(X,t):—§ [tanh <X+ +2(p ) )—i—sech2 <X+ +2(p ) >] :

4. APPLICATION TO THE MACCARI SYSTEM

We next apply the EFM to the Maccari system
g + Ugx +uv =0, (27)

vi + vy + (Ju[?)x = 0.
We begin first with the Maccari system Eq. (27). Using the wave variables as follow

u=e"U(n), v=V(n), 6O=px+aqy+rt, n=x+y+ct, (28)
Eq. (27) are carried to ODEs
U’ — (r4+p?)U+4 UV =0, (29)

(c+1)V' +2UU" = 0.
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Integrating the second equation in the system and neglecting the constant of inte-
gration we find

—(c+1)V="TU% (30)
Substituting Eq. (30) into the first equation of the system we obtain
(c+1)U" = (c+1)(r—p))U-TU? =0. (31)

Casel: p=c=1land q=d=1.
If weset p=c=1and d =q=1. Then Eq. (6) reduces to

a1 exp(n) + ag + a—1 exp(—n)

U = . 32
() by exp(n) + b + b_1 exp(—n) (32)
Substituting (32) into Eq. (31), we have
1
K[C3 exp(3n) + Caexp(2n) 4+ Cyexp(n) + Co + C_y exp(—n) (33)
+C_zexp(—2n) + C_zexp(—3n)] = 0,
where
A = (b_yexp(—n) + b + by exp(n))?, (34)

and C,,’ are coefficients of exp(nn)’. Equating the coefficients of exp(nn) to be zero,
we have

C3=0,Cy =0,Cq =0,
Co =0, (35)
C_3=0,C_o=0,C_q =0.

Solving the system of algebraic equations we get

(I) The first set is:

1 a?

=0, a_1=0, bp=0 1=——9% b_1=b_y, bi=b —p>-1
aj , a—i , bo , €+ Sbhib_1’ 1 1, b1 1, I'=p )
(36)

2

a() ao

=p, U t) = ——1- 20

p=p, Ui(xy,t) b_jexp(—x —y —ct) + byexp(x +y +ct)’ ¢ 8b?

If we choose ag = 2b; = 2b_4, then we can obtain

u(x,y,t) = ellPtay+(®*=Dtlgecp (x +y— 2t) ,
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3
Vl(X7Y7t) = 2S€Ch2 (X —+ y — 2t> .

(IT) The second set is:

b 2 2
ai=a,, a_1 =0, p=np, blz—al o’ b_1 =0, ag=ag, C+1:@’
ag bg
(37)
1 ag ag + aj exp(x +y + ct) 2a2
b :b =35 27 U ) )t = 1 ) = -
0 0t 2+p 2(%,y,t) by —ag + a1 exp(x +y + ct) ¢ b3

If we choose ag = by = a;, then we can obtain

o (x, y, t) = —e2i@Per2ayH2p? D) oy <X"'y+t)
) b 2 ,

1 t
va(X,y,t) = —5 coth? (W) :

2

(III) The third set is:

2 .2 122
_ 1b%,a5 —bgaZ,

a] = ag=2ap, P=p, a-1=a_1, b_1=b_,

4 bz_lafl ’
38
b 1b% a3 — ba?, 1 2a% b — b 1 42 )
e e e— C = — = r = — s
1 4 b_13,2_1 ) b2_1 ) 0 05 2 b

a_1b_jexp(—x —y —ct) + agh_1 —a_1bjexp(x +y + ct) 2a2 |
Us(x,y,t) = —3 , c=-——%5——1L

b, exp(—x —y — ct) + bob_1 + bib_j exp(x + y + ct) b2,

If we choose by =b_1, ag =a_1 and by = 24/b1b_7 then we can obtain

1 1. t ¢
(. y.t) = | L ebmtaat @t n [, (ELEL) § oo (LT,

2 2
1 t £\ 12
va(5y,t) = [_ tanh (ngﬂ) 4 sech? (X+y2+c)] .

(IV) The fourth set is:

b_ 1a?
ap=ai;, bp=0, p=p, a1=a-1, bg=b_;, b1=- 1a17C+1:*Tl7
(39)

_a-g ajexp(—x—y—ct)+ajexp(x+y+ct)
b_j —a_jexp(—x —y —ct) +ajexp(x+y +ct)’

a0 :Oa r:p2+27 U4(X7Y7t) =
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If we choose a; = a_1; = b_1, then we can obtain

wa(x,y,t) = —e P HE? 2D copp (2X+2Y*t)
) b 2 ,
2 2y —t
va(x,y,t) = =2 coth? <X+2y) '

Case 2: p=c=2and q=d =2.
Since the values of ¢ and d can be freely chosen, we set p=c=2 and d =q = 2.
Then the trial function, Eq. (6) becomes

Uln) = 22 exp(2n) + a1 exp(n) + ag + a_1 exp(—n) + a_g exp(—2n)
b exp(2n) + by exp(n) + by + b_1 exp(—n) + b_g exp(—2n) "

(40)

According to above procedure, substituting (40) into Eq. (31), we obtain

1
 [Co exp(6n) + Cs exp(5n) + Gy exp(4n) + Cs exp(3n) + C2 exp(2n) + Cy exp(n)
(41)
+Cp + C_1exp(—n) + C_g exp(—27n) + C_3 exp(—3n)
+C_4 exp(—4n) + C_5 exp(—5n) + C_g exp(—6n)] = 0,
where

A = (b_gexp(—2n) + b_1 exp(—n) + b + by exp(n) + by exp(2n))?,
(42)
and C,,’ are coefficients of exp(nn)’. Equating the coefficients of exp(nn) to be zero,
we have

Ce=0,C5=0,Cq =0,C3 =0,Cy = 0,Cy =0,
Co =0, (43)
C6=0C5=0C_4=0,C3=0,C_g=0C_; =0.

By the same manipulation as illustrated above, we obtain
(I) The first set is:

1 a2
1
a]p = ajp, a_1—0, a_Q—O, bo——*

— 1= 1, bo1 =0
8 (c+ )by’ c+ c+1, 1 ;
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b1:0, I‘:p2—1, b_QZO, P=Dp, a2:0, bQZbQ,

Up(x,t) = 8ajba(c+ 1) exp(x 4+ y + ct) e 1. a?
BT a2 8b2(c + D exp(2x + 2y + 2¢t)” 8boby’

If we choose $I = 2,/2(c + 1), then we can obtain

up(x,t) =1/2(c + 1)ei(px+q3'+(p2_1)t)csch (x+y+ct),

vi(x,t) = 2csch? (x +y + ct) .
(IT) The second set is:

alb_l 1 a%

_9=0, byg=0, 1=-—,
by a—2 0 c+ 21?2

a]p = ajp, a_1 = — b_1 = b_l, (45)

by=by, 1=p>+2 bo=0p=p, ay=0, by=0,

a; —b_jexp(—x —y —ct) + by exp(x +y + ct) 1a2
Us(x,t) = — , c=_-5—L
by b_jexp(—x —y —ct) + by exp(x +y + ct) 2 by
If we choose by = b_1, then we can obtain
ug(x, 1) = 1/2(c + 1) PHYHE*H20) anh (x +y 4 ct)
vo(x,t) = —2tanh? (x +y 4 ct).
(ITT) The third set is:
—0 =0 S0, bo=0, e+lo-L M 4 g
ap =Y, a_1 =V, a2 = U, 0o =Y C - 32b2b_2’ -1 =Y,
(46)
bi=0, r=p’—4, bo=by p=p a=0 by=by,
ag 1 a2
Us(x,t) = s c=—-1—— .
3(x,t) b_jexp(—x —y —ct) + by exp(x +y + ct) 32 bab_s

If we choose by = b_5, then we can obtain

uz(x,t) = —2iy/2(c + 1)ei(px+qY+(p2_4)t)sech (2x + 2y + 2ct) ,

v3(x,t) = 8sech? (2x + 2y + 2ct).

213



J. Manafian Heris and I. Zamanpour - Analytical treatment of the coupled...

(IV) The fourth set is:

b_gag 1 as
=0 1=0 o= — bg =0 1=-—=%, b_ 0
a1 ) a_1 ’ a_2 b2 ) 0 ) c+ ] b%’ 1 )
(47)
bl :07 I':p2+8, b72:b72)p:p7 az = ag, b2:b27
Ua(x.t) ag —b_g exp(—2x — 2y — 2ct) + bg exp(2x + 2y + 2ct) 1a3
X, = — R C=——% —
4 bs b_gexp(—2x — 2y — 2ct) + by exp(2x + 2y + 2ct) 8 b3
If we choose by = b_5, then we can obtain
uy(x,t) = —4/8(c+ 1)ei(px+qy+(p2+8)t) coth (2x + 2y + 2ct) ,
va(x,t) = —8coth? (2x + 2y + 2ct) .
(V) The fifth set is:
b_ 2 a?
a; = aq, 371:0, a72:_alb1 27 b0:07 C+1:§%7 bflzoa (48)
5 9
blzbla r=p +§a b72:b727 P=Dp a2:07b2:05
Us(x, ) a; —b_gexp(—2x — 2y — 2ct) + by exp(x + y + ct) 2 a2
X, = — s C= —— —
> b1 b_gexp(—2x — 2y — 2ct) + by exp(x +y + ct) 9 b?
If we choose by = b_5, then we can obtain
us(x,t) =3 L —12— D) e3Pt 2ay+ (20749 ¢y (3X i 3;’ ki 3Ct) )
9 3x + 3y + 3ct
vs(x,t) = —2 tanh? <><+y+6> _
2 2
(VI) The sixth set is:
o a2b1 . A—_2h, - - - 28;% b%a,g
ap = b2 ) a—1 = b1 ) a_2 = a_2, bO - 07 c+1= 9b%a bfl b1a2 )
(49)
9 a_sb
bi=bi, r=p*+-, bao=-"22 p=p, ag=as by=bhy,
2 a9
Us(x.t) ag a_sbgexp(—2x — 2y — 2ct) 4 agby exp(x +y + ct) 2 a3
X, = — R C= ——% —
6 ba —a_gbg exp(—2x — 2y — 2ct) + agb; exp(x +y + ct) 9 b3
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aghy

= 1, then we can obtain
a_2ba

If we choose

ug(x,t) = 3 (CJZF 1) Li@pxt2ay+(20249)) oy (3X + 3;’ + 3Ct> :

2

2

The results obtained in the above are exact solutions of the couple Higgs equation
and the Maccari system. In this article we investigated two systems of two complex
coupled equations. The Exp-function method has been successfully applied to obtain
some new generalized solitonary solutions to the couple Higgs equation and the
Maccari system. Here, we have used the EFM to derive exact solutions with distinct
physical structures. Some of these results are in agreement with the results reported
specially by [?, ?]. Comparing our results and Bekir’s and Zhao’s results then it can
be seen that the results are same. Also, new results are formally developed in this
article. It can be concluded that the Exp-function method is a very powerful and
efficient technique in finding exact solutions for wide classes of problems.

REFERENCES

[1] J. H. He, Non-perturbative method for strongly nonlinear problems. Disser-
tation, De-Verlag im Internet GmbH, Berlin, (2006).

[2] M. Tajiri, On N-soliton solutions of coupled Higgs field equations, J. Phys.
Soc. Jpn. 52 (1983) 2277.

[3] Y.C. Hon, E.G. Fan, A series of exact solutions for coupled Higgs field equa-
tion and coupled Schréodinger—Boussinesq equation, Nonlinear Ana. in press.

[4] A. Bekir, New exact travelling wave solutions of some complex nonlinear
equations, Commun. Nonlinear Sci. Numer. Simulat. 14 (2009) 1069-1077.

[5] H. Zhao, Applications of the generalized algebraic method to special-type
nonlinear equations, Chaos, Solitons Fractals, 36 (2008) 359-369.

[6] A. Maccari, The KadomtsevPetviashvili equation as a source of integrable
model equations, J. Math. Phys, 37 (1996) 6207.

[7] M.J. Ablowitz, P.A. Clarkson, Solitons, nonlinear evolution equations and
inverse scattering, Cambridge: Cambridge University Press, 1991.

[8] W. Malfliet, W. Hereman, The tanh method: I. Exact solutions of nonlinear
evolution and wave equations, Phys Scripta, 54 (1996) 569-575.

[9] A. M. Wazwaz, The tanh method for travelling wave solutions of nonlinear
equations, Appl. Math. Comput, 154 (2004) 713-723.

215



J. Manafian Heris and I. Zamanpour - Analytical treatment of the coupled...

[10] Jalil Manafian Heris, Mehrdad Lakestani, Solitary wave and periodic wave
solutions for variants of the KdVBurger and the K(n, n)Burger equations by the
generalized tanhcoth method, Commu. Num.l Analysis, 2013 (2013) 1-18.

[11] M. Dehghan, J. Manafian, The solution of the variable coefficients fourth—
order parabolic partial differential equations by homotopy perturbation method, Z.
Naturforsch, 64a (2009) 420-430.

[12] J. Manafianheris, M. Fazli Aghdaei, Equivalent HPM with ADM and Con-
vergence of the HPM to a Class of Nonlinear Integral Equations, J. Math.l Extension,
7 (2013) 33-49.

[13] M. Dehghan, J. Manafian, A. Saadatmandi, Solving nonlinear fractional
partial differential equations using the homotopy analysis method, Num. Meth.
Partial Differential Eq. J, 26 (2010) 448-479.

[14] M. Dehghan, J. Manafian, A. Saadatmandi, The solution of the linear frac-
tional partial differential equations using the homotopy analysis method, Z. Natur-
forsch, 65a (2010) 935-949.

[15] M. Dehghan, J. Manafian, A. Saadatmandi, Application of semi-analytic
methods for the Fitzhugh-Nagumo equation, which models the transmission of nerve
impulses, Math. Meth. Appl. Sci, 33 (2010) 1384-1398.

[16] X.H. Wu, J.H. He, Solitary solutions, periodic solutions and compacton-like
solutions using the Exp-function method, Comput. Math. Appl, 54 (2007) 966-986.

[17] M. Dehghan, J. Manafian Heris, A. Saadatmandi, Application of the Exp-
function method for solving a partial differential equation arising in biology and
population genetics, Int. J. Num. Methods for Heat Fluid Flow, 21 (2011) 736-753.

[18] S. Zhang, Application of Exp-function method to high-dimensional nonlinear
evolution equation, Chaos, Solitons Fractals, 38 (2008) 270-276.

[19] J. Manafian Heris, M. Bagheri, Exact Solutions for the Modified KdV and
the Generalized KdV Equations via Exp-Function Method, J. Math. Extension, 4
(2010) 77-98.

Jalil Manafian Heris

Department of Applied Mathematics, Faculty of Mathematics Science
Islamic Azad University-Ahar Branch, Ahar, Iran

University of Tabriz

Address: Tabriz, Iran

email:j,ana fianherisQtabrizu.ac.ir, j-manafian@iou-ahar.ac.ir
Isa Zamanpour

Department of Applied Mathematics

Islamic Azad University-Karaj Branch

Address: Karaj, Iran

email: Isa. Zamanpour@yahoo.com

216



