Acta Universitatis Apulensis No. 32/2012
ISSN: 1582-5329 pp. 285-291

NEIGHBORHOOD PROPERTIES OF MULTIVALENT FUNCTIONS
DEFINED USING AN INTEGRAL OPERATOR

HESAM MAHZOON

ABSTRACT. In this paper, we introduce the generalized integral operator Jy(o, A)
and using this generalized integral operator, the new subclasses H% (b, o, A),
Lh o (byo, N ), HYS(byo,A) and L5,(b,0,A\; 1) of the class of multivalent func-
tions denoted by 7,(n) are defined. Further for functions belonging to these classes,
certain properties of neighborhoods of functions of complex order are studied.
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1.INTRODUCTION

Let Ap(n) be the class of normalized functions f of the form

o0

f) =2+ ) azt, (n,peN), (1)

k=n+p

which are analytic and p -valent in the open unit disc U = {z € C : |z] < 1}.
Let 7,(n) be the subclass of Ay,(n) consisting functions f of the form

e}

fR)=2"= > @z, (x>0, n,peN), (2)
k=n-+p

which are p - valent in U.

Definition 1 Let 0, A € R, 0 >0, A > —p, p € N and f € A,(n), the integral
operator J,(o, \) is defined as

Ip(0, A) f(z) = (j};gz}_); /OZ A1 (log ;)J_l f(t)dt = 2P + ) E <i\\il€:> apz”,
(3)

where I' denotes the Gamma function.
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Remark 1 We observe that the operator Ji(o,\) = Py introduced by Gao, Yuan
and Srivastava [1], J1(0,1) = I° studied by Miller and Mocanu [4] and also Jy(o,1) =
P? introduced by Jung, Kim and Srivastava [3].

For any function f € T,,) and § > 0, the (n,d) - neighborhood of f is defined as,

Nos(F)=49€Tpn):g(z) =2" = > be2Fand Y Elax—b| <dp. (4)

k=n+p k=n+p

For the function h(z) = 2P, (p € N) we have,
Nps(h) =1 g€ Tp(n):g(z) =2 — Z brz" and Z Elbg| <6 p.  (5)
k=n+p k=n+p

The concept of neighborhoods was first introduced by Goodman [2] and then gen-
eralized by Ruscheweyh [8].

Definition 2 A function f € T,(n) is said to be in the class Hpm(b, o, ) if

(2o NFE)™Y
b((#@AvuwW v 0

where, pe N, me Ny, A>—p, 0 >0, p>m, beC\ {0} and z € U.

<1, (6)

Definition 3 A function f € T,(n) is said to be in the class Lh n(b,o,\;u) if

o z (m)
lkum(%(““(v HM%@JV@Wm”@mi

- 7
5 . <p—-m, (7)

where, pe N, me Ny, A>—p, 0 >0, u>0, p>m, be C\ {0} and z € U.

2.COEFFICIENT BOUNDS

In this section, we obtain the coefficient inequalities for functions belonging to
the classes HE (b, 0, \) and L5, ,,,(b, 0, A\; ).
Theorem 2.1Let f € T,(n). Then, f € Hhm(b,o,N) if and only if

i (iii)a (Z) (k+|b\—p)ak<!b|<f;>. (8)

k=n+p
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Proof. Let f € H5m(b,0,\). Then, by (6) and (7) we can write,

i (iii)g (Z) (p— k)apz"P

k=n-+p

@-3 (3) (5w

k=n+p

>, (zeuU). 9)

Taking |z| =7, (0 <r < 1)in (9), we see that the expression in the denominator on
the Left Hand Side of ( 9), is positive for 7 = 0 and also for all r, 0 < r < 1. Hence,
by letting r — 1~ through real values, expression ( 9) yields the desired condition
( 8). Conversely, by applying the hypothesis ( 8) and letting |z| = 1,we obtain,

5 (22 (-t

k=n+p

hlo I _(p_m)i @ 3 () (F)stm

m
Myl A+ k m

olo- £ 2y ()

k=n+p

Co- 5 () (e

k=n+p

Hence, by the maximum modulus theorem, we have f € Hb ,(b,0,)). Thus the
proof is complete. On similar lines, we can prove the following Theorem.
Theorem 2.24 function f € L (b0, ;1) if and only if

i GIZ)U(]C?;) [u(k—1)+1]ak§(p—m)[|b51+<£)]. (10)

k=n+p

3.INCLUSION RELATIONSHIPS INVOLVING (7n,d) - NEIGHBORHOODS

In this section, we study inclusion relationship for the functions belonging to the
classes Hh 1 (b, 0, ) and L] 1, (b, 0, A; ).
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Theorem 3.11f
(n+p)lbl(7)

o (52 ) )

0= (p > [b]), (11)

then Hh m(b,0,X) C Ny s(h).

Proof. Let f € Hhm(b,0,\). By Theorem 2.1 we have,

ot o) (22 ) () > o< 0i())

k=n-+p
which implies,
3 ag < ‘b’ (51) T . (12)
_ B A + b n+p
e D () )

Using ( 8) and( 12), we have,

(o2 ) e 3 ke <) + - (5202 ) () 3w

k=n+p k=n+p
<)+ () (") 't
- m A+n+p m (n+ b)) A+p UCH@
Ad+n+p m
— 1) P\ n+p
U m ) n 4l
That is,
i kakS |b|(n;_f)(;;) 3 :5a (p>|b‘)
z p ntp
k=n-+ b [ —
v () e

Thus, by the definition given by ( 7), f € N, s(h). This completes the proof.
Similarly, we prove the following Theorem.

Theorem 3.2If

-mt) |2 (2]

[Mn+p—1%+H<AiZip>(ﬁ?)

5= (1> 1) (13)
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then Lh m(b,o, A\ ) C Ny, 5(h).
4. FURTHER NEIGHBORHOOD PROPERTIES

Now we determine the neighborhood properties for functions belonging to the classes
HE (b, 0, X) and L05,(b, 0, ;s ).

For 0 <a<p and z €U, a function f is said to be in the class HY %, (b, 0, \) if
there exists a function g € Hn m(b, o, A) such that

8 i<p-a (14

For 0 < a <p and z €U, a function f is said to be in the class L5, (b, o, \; ) if
there exists a function g € £} (b, 0, \; ) such that the inequality ( 14) holds true.
Theorem 4.1V, 5(9) C Hpm. If g € HE (b, 0, \) and

s+ ) (5 2) ()

a=Dp— o] ) (15)
A+p n ]
+ + b)) (| ———— Ty b
) [+ ) (22 ) () - ()
a(b,o,\).
Proof. Let f € N, s(g). Then,
o0
> klag — byl <6, (16)
k=n+p
which yields the coefficient inequality,
i lax, — b| < d (n € N). (17)
— n—"_p?
k=n+p
Since g € Hhm(b,a, ) by ( 12), we have,
P ’A’(_’:)p - (18)
k=n+ + o) [ ——— ntp
) () )

so that,
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> lax — by
9(2) -3 b
k=n-+p
A+ 7 ntp
L <”+WD<A+nif) i)
T ) () ) - )|
=p—a.

Thus, by definition, f € HYm(b,0,\) for a given by ( 15). Thus the proof is com-
plete.
On similar lines, we prove the following theorem.

Theorem 4.2If g € L}, ,,,(b,0,\; 1) and

slutn+ -1 +1] (o2 ) ()

o= p A+n+p
a A+p N\ napat bl—-1 (p
D)1 () (Y —(p—
) [t =041} () ) = e (Pt (2
(19)
then Nus(g) C Lm(b, 0, \; ).
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