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DETERMINATION OF STURM-LIOUVILLE OPERATOR ON A
THREE-STAR GRAPH FROM FOUR SPECTRA

I. DEHGHANI TAZEHKAND AND A. JODAYREE AKBARFAM

ABSTRACT. In this paper, we study determination of Sturm—Liouville opera-
tor on a three-star graph with the Dirichlet and Robin boundary conditions in the
boundary vertices and matching conditions in the internal vertex from four spectra.
We introduce an adequate Hilbert space formulation in such a way that the prob-
lem under consideration can be interpreted as an eigenvalue problem for a suitable
self-adjoint operator. As spectral characteristics, we consider the spectrum of the
main problem together with the spectra of two Dirichlet—Dirichlet problems and one
Robin—Dirichlet problem on the edges of the graph and investigate their properties
and asymptotic behavior. We prove that if these four spectra do not intersect, then
the inverse problem of recovering the operator is uniquely solvable. We give an
algorithm for the solution of the inverse problem with respect to this quadruple of
spectra.

2000 Mathematics Subject Classification: 34A55, 34B24, 34B45, 341.05.

1. INTRODUCTION

This paper is devoted to the study of the determination of Sturm-Liouville op-
erators on a three-star graph with the Dirichlet and Robin boundary conditions
in the boundary vertices and matching conditions in the internal vertex from four
spectra. The considered inverse problem consists of recovering the Sturm-Liouville
operator on a graph from the given spectral characteristics. Differential operators
on graphs(networks, trees) often appear in mathematics, mechanics, physics, geo-
physics, physical chemistry, electronics, nanoscale technology and branches of natu-
ral sciences and engineering(see [2,6,10-12,19,28] and the bibliographies thereof). In
recent years there has been considerable interest in the spectral theory of Sturm-—
Liouville operators on graphs(see [5,26,27]). The direct spectral and scattering prob-
lems on compact and noncompact graphs, respectively, were considered in many
publications( see, for example [1,4,8,17,18]). The considered inverse spectral prob-
lem is not studied yet. However, inverse spectral problems of recovering differential
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operators on star-type graphs with the boundary conditions other than considered
here, were studied in [22,24] and other papers. Hochstadt-Liberman type inverse
problems on star-type graphs were investigated in [22,23].

We consider a three-star graph G with vertex set V = {vg, v1,v2,v3} and edge
set B = {e1,eq,e3}, where vy, v, vs are the boundary vertices, vy is the internal
vertex and e; = [vj,vp] for j = 1,2,3. We assume that the length of every edge is
equal to a, a > 0. Every edge e; € E is viewed as an interval [0,a]. Parametrize
ej € E by x € [0, a], the following choice of orientation is convenient for us: z =0
corresponds to the boundary vertices vy, va, v3 and £ = a corresponds to the internal
vertex vg. A function Y on G may be represented as a vector Y (z) = [y;(x)]j=1,2.3,
x € [0,a] and the function y;(x) is defined on the edge e;. Let q(x) = [g;(x)]j=1,2,3
be a function on G which is called the potential and g;(x) € L2(0,a) is a real-valued
function defined on the edge e; . Let us consider the following Sturm-Liouville
equations on G:

—yj(2) + gj(@)y;(x) = Nyj(a), w€[0.a], =123, L

where A is the spectral parameter. The functions y;(z) and yg(:v) are absolutely
continuous and satisfy the following matching conditions in the internal vertex vg:

yi(a) =yj(a) fori,j=1,2,3, (continuity condition),

3
Zy}(a) + By1(a,\) =0 (Kirchhoff’s condition), (2)
j=1

where [ is a real number. In electrical circuits, (2) expresses Kirchhof’s law; in an
elastic string network, it expresses the balance of tension and so on. Let us denote
by Ly the boundary-value problem for (1) with the matching conditions (2) and the
following boundary conditions at the boundary vertices vy, va, vs:

y1(0) = y2(0) = y5(0) — hy3(0) =0, (3)

where h is a real number.

The problem of small transverse vibrations of a three-star graph consisting of
three inhomogeneous smooth strings joined at the internal vertex with two pendent
ends fixed and one pendent end can move without friction in the directions orthog-
onal to their respective equilibrium positions can be reduced to this problem by
the Liouville transformation. This problem occurs also in quantum mechanics when
one considers a quantum particle subject to the Shrodinger equation moving in a
quasi-one-dimensional graph domain.

In this paper, we study the inverse problem of recovering the potential g(z) =
[¢j(x)]j=1,2,3 and the real numbers h and § from the given spectral characteristics.
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Similar inverse spectral problems on star-type graphs with three and arbitrary num-
ber of edges but only with the Dirichlet conditions at the boundary vertices were
considered in [23,24]. As spectral characteristics, we consider the set of eigenvalues
of problem Lg together with the sets of eigenvalues of the following two Dirichlet—
Dirichlet problems and one Robin—Dirichlet problem on the edges of the graph G:

{ —y}’(:c) + qj(a:)yj(m) = /\Qyj(‘r)7 LS [O,CL],
yj(0) =y(a) =0, j=12

{ —y5 (@) + g3(@)ys(z) = Nys(z), = €0,a],
y3(0) — hy3(0) = y3(a) =0,

which we denote these problems by L;, j = 1,2,3. We obtain conditions for four
sequences of real numbers that enable one to reconstruct the potential ¢(z) =
[¢j(x)]j=1,2,3 and the real numbers h and /3 so that one of the sequences describes the
spectrum of the boundary-value problem Ly and other three sequences coincide with
the spectra of the problems L;, j = 1,2,3. We give an algorithm for the construc-
tion of the potential and the coefficients of the boundary and matching conditions
corresponding to these four sequences.

Denote by L;-, j =1,2,3 the following boundary-value problems:

{ —y}’gfﬁ) +aj(2)y; () = Ny;(x), @ €[0,a],
(

{ —y5(2) + g3(2)ys(z) = Nys(x), z€[0,d],
y3(0) — hy3(0) = yz(a) = 0.

The main idea of the solution of the inverse problem for the considered system is its
reduction to three independent inverse problems of reconstruction of the functions
gj(x) € L2(0,a), j = 1,2,3 and h on the basis of two spectra, namely, the spectrum
of the problem L; and the spectrum of the problem L;. Since the solutions of the
later inverse problems are known(see [7,Section 1.5], [16, Section 3.4]), this reduction
gives an algorithm for the reconstruction of the potential and coefficients of the
boundary-value problem L.

This paper has the following structure: In section 2 we formulate the boundary
value problem L as an operator in an adequate Hilbert space. In Section 3 the direct
problem is considered. Aspects of the theory of entire and meromorphic functions
are used as tools for a description of the set of eigenvalues of the boundary-value
problem Lg and the spectra of the auxiliary problems L;, j = 1,2, 3 associated with
this system. As a consequence we prove that the eigenvalues of the main problem
and the spectra of the auxiliary problems interlace in some sense. In Section 4 we
solve the inverse spectral problem for Ly within the framework of the statement
indicated above.
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2. OPERATOR EQUATION FORMULATION

Let us consider the operator-theoretical interpretation of the problem Lj. Denote
by A the operator acting in the Hilbert space H = L2(0,a) & L2(0, a) ® L2(0, a) with
standard inner product (.,.), according to the formulas

y1(x) -1 () + q1(z)y1(z)
AY = A w(z) | = —vi@)+e@)y() |, (4)
y3(z) —y3(x) + q3(x)ys()

y;(z) € Wi(0,a) forj=1,2,3,

yi(a) = yj(a) fori,j=1,2,3, (5)
Y7 vi(a) + Byi(a) = 0, ’

y1(0) = y2(0) = y5(0) — hy3(0) =0

where W3 (0,a) is a Sobolev space. It is clear that the squares of eigenvalues of the
boundary value problem Lg coincide with those of A.

D(A) =

e
W N =
~~ A~
8 8 8
~— — —

Lemma 2.1. D(A) is Dense in H.
Proof. Suppose that F = (fi(z), f2(z), f3(z))! € H is orthogonal to all G =
(g1(x), g2(x), g3(x))t € D(A)(t denotes the transpose of a matrix), i.e.,

3 a
(F,G)pr = Z /0 f3(2)g;(x) = 0.

Since C3°[0,a] ® 0® 0 C D(A)(Here 0 is a function that identically zero on [0, a]),
then G = (g1(2),0,0) € C5°[0,a] © 0 @ 0 is orthogonal to F, i.e.,

(F,G)g = /0“ fi(@)g1(z) = 0.

Since C3°[0, a] is dense in Ly(0,a), we must have fi(x) = 0. Similarly, we get that
fa(x) = f3(x) = 0. Thus, D(A) is dense in H.

Theorem 2.2. The operator A is self-adjoint in the Hilbert space H.

Proof. Let F = (f1(x), fo(2), f3(x))! and G = (g1(z), g2(x), g3(x))! be arbitrary
elements of D(A). By twice integration by parts, we have

3
(AF,G)n = (F,AG)m + Y (f;9; = f19)]; -
j=1
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It follows from (2) and (3) that Z;’:l (fi9; — f’g]) = 0. This yields,
(AF,G)y = (F, AG)n

Therefore, A is symmetric in H. It remains to show that if (AY,V)yg = (Y,U)n
for all Y = (y1(x),y2(x), y3(x))t € D(A), then V € D(A) and AV = U, where V =
(v1(2),v2(), v3(2))" and U = (u1(2), uz(), us(@))’, ie., (i) vi(z) € W3(0,a)(j =
1,2,3); (i) 01(0) = 02(0) = v4(0) — ha(0) = 0; (i) v5(a) = vy(a) (77’ = 1,2,3);
(iv) 325_ vj(a) + Bor(a) = 0; (v) Lyy; = u; (j = 1,2,3), where L;y; := =y} + ¢;;.
Forall Y € C§°(0,a) ® 0 0 C D(A)(0 denotes the function identically zero on

[0,a] ), we have
/ (C1y1)v1dx :/ y1urde.
0 0

So by standard Sturm-Liouville theory vi(z) € W(0,a) and u; = f1v;. Similarly
we get v;(z) € WZ(0,a) and u; = ¢;v; (j = 2,3). Thus (i) and (v) hold. Now using
(v) equation (AY,V)g = (Y,U)y for all Y € D(A) becomes

3 a 3 a
Z/ (ijj)vjdHC:Z/ yjtjvjde.
=170 j=1"0

However by twice integration by parts, we have

3 . 3 ra 3
Z/ (Ljy;)vde = Z/ yiljvjde + Z (yjﬁg — y}@j) ‘0 .
=170 =170 j=1

Hence
3

Z — )|y = 0. (6)

According to Naimark’s patching lemma(see [20, Part II, p. 63, Lemma 2]), there
exists a Y € D(A) such that y](0) = 1, y2(0) = y3(0) = v4(0) = yi(a) = yj(a) =
ys(a) = yh(a) = ys(a) = ys(a) = 0. Then on account of equality (6), we have
v1(0) = 0. Similarly, we get v2(0) = v5(0) — hy3(0) = 0. So (ii) holds. Using
Naimark’s patching lemma again one can show that (iii) and (iv) hold. consequently
the operator A is self-adjoint.

Corollary 2.3. The squares of eigenvalues of the boundary value problem Lg
are real.
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For all eigenvalues of the boundary-value problem Lg to be real and nonzero, it
is necessary and sufficient that the operator A be strictly positive(A > 0). Further-
more, integrating by parts, we obtain the following equality for any vector function
Y = (y1(z), y2(z), y3(z))t € D(A)(t denotes the transpose of a matrix):

3 a
(AY,Y)n = Z/O (I (@)1? + ¢; (@) ]y; (@) ) dz + Blyr(a)|* + hlys(0)[>.  (7)
j=1

Relation (7) yields the following simple sufficient condition for the strict positivity
of the operator A:

gj(x) >e>0 ae. onl0,a], j=1,2,3, >0, h>0.

On the other hand, if A > 0, then setting in turn Y = (y1(z),0,0)! € D(A),
Y = (0,y2(z),0)! € D(A) and Y = (0,0,y3(z))! € D(A) in (7), we establish that
the eigenvalues of the problems L;, j = 1,2,3 are also real and nonzero. The
strict positivity of the operator A can be realized by shifting the spectral parameter
A2 —qo, qo > 0, in (1). For this reason, we assume in what follows without loss of
generality that A > 0. Thus, the eigenvalues of the boundary-value problems Lg
and Lj;, j = 1,2,3 are nonzero real numbers.

3. DIRECT PROBLEM

In this section, we describe the properties of sequences of eigenvalues of the boundary-
value problems Ly and Lj, j = 1,2,3 that are necessary for what follows.

Let us denote by ¢;(z, ), sj(z,A), j = 1,2,3 the solutions of (1) on the edge e;
which satisfy the initial conditions

ci(0,X) = ¢;(0,X) =1 =0, 55(0,A) = 55(0,\) =1 =0, (8)

For each fixed x € [0, a], the functions cg-y) (x,\) and s§y) (x,\),v=0,1,j=1,2,
are entire in A. Since {cj(z, \), s;(x, A)} is a fundamental system of solutions of (1
on the edge e;, then the solutions of (1) which satisfy the conditions (3), are

3
)

yj(xv )‘) = CjUj(.’IJ,)\), Jj=12,3, (9)
where Cj, j = 1,2,3 are constants and
. _ J 2,
(@, A) = { c3(x, A) + hsg(z,N), j=3. (10)
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Substituting (9) into (2), we establish that the eigenvalues of the boundary-value
problem Lg are zeros of the entire function

ui(a, \) —ug(a, \)
O(N) = uy(a, \) 0 —usz(a, \)
ui(a,A) + fui(a,A)  up(a, A)  uz(a, )
o 3 3 3
o) =Y (ui(a ) TT wia.N) + 8T wila. ) (1)
=1 j=1 7j=1
IEY

For what follows, we need the definition presented below:

Definition 3.1.([23]) Let {24 }2({z1}> 10) be a sequence of complex num-
bers of finite multiplicities which satisfy the following conditions: (1) the sequence
is symmetric with respect to the imaginary axis and symmetrically located numbers
possess the same multiplicities; (2) any strip |Re z| < p < oo contains not more than
a finite number of z;. Then, the following way of enumeration is called proper:

i zp = —Zx(Re 2 # 0);
ii. Rezr < Rezgy1;
iii. the multiplicities are taken into account.

If a sequence has even number of pure imaginary elements we exclude the index
zero from enumeration to make it proper.

Throughout section 3, denote

. 2 Jo
J 1

h+/ Q3($)d1:a Jj=3.
2 Jo

1 a
/ qj(ﬂf)d&?, ] = 1727

We introduce the entire function
3
U(A) = [ uj(a, \). (12)
j=1

Let us denote by {Ax}> ;o the set of zeros of ®(A) and by {kir}>, ;.o the set
of zeros of the function ¥(A). Denote by {I/]gj) o kz0r J =1,2,3 the sets of zeros
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of the functions uj(a,A), j = 1,2,3, respectively. It is clear from (12) that the
set {Kk}> k.o is the union of the sets U?:1{V/E;j) X k40> 1-€., the spectra of the
auxiliary problems L;, j = 1,2,3. According to the remark presented in Section 1,
all numbers A, I/]E:j ), 7 =1,2,3 and Ky are real and nonzero. We enumerate the sets
{)\k}iooo,k‘#O’ {y,(gj)}iomk#o,j =1,2,3and {“k}iooo,kﬂ in the proper way(A_; = — A,

A < Agat, V(_]; = —V,Ej), ) < V,Ej)l for j = 1,2,3 and k_p = —Kk, ki < Kgt1)-

+
Note that the sets of eigenvalues {y,gj ) ok 200 J = 1,2, 3 behave asypmtotically as

follows(see [16, section 1.5]):

G  kr B

Ve = ?_f—%—’_T’ J=12 (13)
1 (3)
3 _ m(k=3) Bs Oy
_ 14
2 a + 7T(k:— %) + e (14)

where {6,(5) X ok£0 € Iy for j =1,2,3.
Let us denote by L¢, d > 0 the class(introduced in [13, p. 149]) of entire functions
of exponential type < d whose restrictions on the real line belong to La(—00, 00).

Lemma 3.2. The functions ®(\) and W(X) can be represented as follows:

9 g _ .3 )
B\ = sin \a /\3sm Aa (2B + 2By + 3Bs +ﬁ)sm )\§2COSACL
cos> Aa  wi(N)
—(Bit Ba)——+ =5 (15)
sin? \a cos \a cos? \a sin \a sin® \a  wa(\
¥(A) = — ez (B1 + BQ)T + Bs SR )\(3 ), (16)

where w1 (\),w2(N) € L3%,
Proof. Using the formulas of [7, p. 18], [16, p. 9] and taking into account that

/ f(t) cos Atdt € L, / f(t)sin Atdt € L
0 0

whenever f € L2(0,a) by the Paley-Wiener theorem [3, p. 103], we obtain

sinAa  0j1(A) sinla cosha  pj2(A) .
uj(a,\) = 3 + D B; 2 e )T 1,2, (17)
in A A
uz(a, \) = cosAa + 031(\) = cos \a + B3 sm/\ ¢4 932)5 ) (18)
in \ (A
uj(a, \) = cos Aa —I—Bjsm)\ 25 Gj)(\) Jj=12, (19)
uj(a,\) = —AsinAa + Bs cos Aa + o3(\), (20)
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where 01()), 0j2(A), 0j(N), 7 = 1,2, 3, are entire functions of class L. Substituting
(17)-(20) into (11) and (12), we get (15) and (16).
Theorem 3.3. The set {\}> k0 Of zeros of @( ) can be represented as the

union of three pairwise disjoint subsequences U ,1{)\ * k0 which being enumer-

ated in the following way: )\(jll )\(1) )\(2,1 = A,(g3), /\(311)g = )\(2) and )\(]) < )\,(CJ)rl
for 3 =1,2,3, behave asymptotically as follows:

(1)
kr  Bi+ By v
NOR ; 21
k a + 2k + k’ (21)
)\(]) B km + (_1)j sin™! \/g n 3B1 + 3By + 6B3 + 25 + ]) . _93
EoT a 12kn P i=23
(22)

where {'y,(gj)}‘iooo,kio €ly for j=1,2,3.
Proof. In the same way as [22, Lemma 1.3], we can show that the set of zeros
{Ak} X kzo can be arranged into three pairwise disjoint subsequences {\; U )} o k0

j =1,2,3 enumerated in the following way: )\ ,1 = )\(1) )\(2) )\,(C ), Al ,1 )\,(f)

an < or j =1,2,3, such that {\;}> = , an
d)\,(j) A 1,2,3, such that {\e}>% o = Jl/\ % o sizo and

ke

A = =+ el (23)
: kr+ (—1)7sin=t /2

AW = . Vi el j=2.3, (24)

where sl(cj) =o0(1), as k — oo for j =1,2,3. It is not difficult to see that

: 1
e,i”zO(k), k— oo, j=1,2,3. (25)

Substituting (23) into A]il)é(Alil)) = 0, then from (15) and taking into account that
the function wq(A) is bounded on the real axis by the Paley-Wiener theorem, we
obtain

)\S)CI)()\S)) = (=1)* (2 sin eél)a — 3sin® 51(61)a)
sin? 52 )a cos 52 Ja

km

3 (1) (1)
C(CDra(By 4 By ) ( ! >

+(=1)*a(2B; + 2By + 3B3 + 3)

km km k2
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= (—1)k2sin5,(€1)a +0 <;> =0, k— oo.

This yields sin E,(Cl)a =0 (%) Thus, 5,(:) =0 (%) Similarly, we can show that

5,(3) = O(g) for j = 2,3. Substituting (23) into the equation )\,(:)q)()\,(:)) =0

where ®(\) is given by (15), by expanding the left-hand side of resulting equation in

power series and taking into account (25) and {wl()\,(cl)) X k0 € l2(see [16, Lemma

1.4.3]), we obtain

alBrt By) | Tk _
km k

where {75,}> ;o € l2. Solving this equation we get (21). In the same way, we get
(22).

251(:)61 — 0,

To compare necessary conditions on a sequence to be the spectrum of the boundary-
value problem Ly with the sufficient condition which will be obtained in Section 4,
we need more precise asymptotics.

Theorem 3.4. Let gj(z) € W4(0,a) for j=1,2,3. Then the subsequences of
Theorem 8.3 behave asymptotically as follows:

RO kj+Bl+BQ +’Y;(€1)

kg 2k k2 (26)
) kﬂ+(—1)jsin‘1\/g+331+332+633+25+7,§” s
BT a 12k7 k2 T
(27)

where {’y,(cj)}cf’oo,k#o €ly forj=1,2,3.
Proof. If gj(z) € W5 (0,a), twice integrating by parts the formulas of [7, p. 18]
and [16, p. 9], we obtain

sin \a cos \a sinha  0j(A\) .
Uj(a, )\) = b\ — B] N2 + Dj 23 3 Jj=12, (28)
sin Aa cosAa  03(N)
ug(a, \) = cos Aa + Bs 3 + D3 2 + VIR (29)
in A A (A
W)(a,)) = cosAa+ B; SmA ‘4D CO; 2 ”JA(2 ) i1, (30)
, ) ,sinda o3(\)
us(a,\) = —AsinAa + Bscos A\a + Dj 3 N (31)
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where Dj, Dz, j = 1,2,3 are constants and 9;(A), oj(A), j = 1,2,3 are entire
functions of class L®. Substituting (28)-(31) into (11) we obtain

. . -3 )
B(\) = 2sin Aa /\3sm Aa (2B + 2B, +3B3+5)sm )\;\LQCOS)\a
cos® Aa sin® \a cos? Aasin Aa  wsz(N)
_(Bl + BQ) )\2 + 1 )\3 + 2 AS )\3 )

(32)
where Fy, E are constants and w3(\) € L3®. Substituting (21) into the equation
/\,(Cl)q)()\g)) = 0 where ®()\) is given by (32) and by expanding the left-hand side
of resulting equation in power series, we get (26). Analogously, we obtain (27).
Theorem 3.4 is proved.

Remark 3.5. Under the conditions of Theorem 3.4, the spectra {y,gj )}Cjooo ko Of
the boundary-value problems L; for j = 1, 2,3 behave asymptotically as follows(see
[16, p. 75]):

G)  km  Bj (5,(3)

Vg a + k + k2 J P (33)
1 3)
@ _ 7(k—3) By O
vy . +ﬂ(k_%)+k2, (34)

where {6,(5)}20007,#0 €ly for j=1,2,3.

For investigation of direct and inverse spectral problems, methods of the theory
of entire and meromorphic functions are widely used. For this reason, we give several
notation and definitions for what follows.

If @ C C is an open set, we denote by H(2) the set of all functions which are
analytic in Q and by M(Q) the set of all functions meromorphic in €.

Definition 3.6.([25]) Let £ C M(C) and let ¢,9 € H(C).

i. The pair (¢, 1) is called a 1-K-pair, if "1 € K and ¢ and v have no common
ZETOS.

ii. Let n € N and n > 2. The pair (p,v) is called an n-K-pair, if "¢ € K,

there exist 1-K-pairs (¢1,v1), .., (¥n,¥n) such that
n n
i=1 i=1 j=1
JF

and no representation of this kind is possible with less than n many 1-K-pairs.
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Definition 3.7.([25] A function f € H(C \ R) is said to be of Nevanlinna class
N if

i f(2)=f(Z) forzeC\R;

ii. Im f(2) >0 for Imz > 0.

Definition 3.8.([25]) The class N of essentially positive Nenalinna functions
is defined as the set of all functions f € N which are analytic in C \ [0,00) with
possible exception of finitely many poles. Moreover, the class N’ is defined as the
set of all functions f € A/ such that for some b € R we have f € H(C\ [b,00)) and
f(z) <0 for z € (—o0,b).

It is easy to check that N C NP,

Definition 3.9. ([15]) An entire function w(z) of exponential type o > 0 is said
to be a function of sine-type if it satisfies the following conditions:

i. all the zeros of w(z) lie in a strip [Im z| < h < oo;

ii. for some h; and all z € {\: Imz = hy}, the following equalities hold:

0<m < w(z)] <M < oo;

iii. the type of w(z) in the lower half-plane coincides with that in the upper half-
plane.

Let us introduce the entire functions

30]'(2) = 7“;'(6% \/g) - 7uj(av \/;)7 Jj=123, (35)

h(2) = uj(a,vz), j=1,2,3, (36)
p(z) = —0(V2), (z) =T¥(Vz). (37)

Using (11) and (12) we obtain

3 3 3
o(2) =Y (v [T wi), () =T vs(2) (38)

i=1 j= j=1
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and consequently

o(2) = 9i(2)
0 2 ) 39)

Lemma 3.10.
1. The zeros of the functions p;(z) and vj(z) (j =1,2,3) are real;
2. The functions p;(z) and ¥j(z)(j = 1,2,3) have no common zeros.

Proof. The zeros of ¢;(2), j = 1,2,3 coincide with the squares of the eigenvalues
of the boundary-value problems

{ —y () + q;(2)y;(

i) = Nyi(), @€ [0,a],
i(0) =y} @) + 2

= J
a)=0, j=12,
{ —y(x) + g3(2)ys(z) = Ny3(x), z€[0,d],
y5(0) — hys(0) = y4(a) + 5ys(a) = 0,

respectively, and the zeros of ;(z) coincide with the squares of the eigenvalues
of the boundary-value problems L;, 7 = 1,2,3, respectively. These problems are
self-adjoint and it follows from [20, Part I, Theorem 3| that the squares of their
eigenvalues are real. Assertion 1 is proved. To prove assertion 2, let zy be a common

zero of ¢;(z) and 1j(z). Using to Lagrange identity(see [20, Part II, p. 50]) for
solutions u;(a,v/z) and u;(a,/Zo) of (1) we obtain

(z = 20) /Oaug'(% V2 uj(x, /20)de = (uj(z, V2)uj(, \/20) — uj(z,V/2)u (2, \/20))
= ;(2)1j(20) — ¥j(20)¢;(2).
For z — zp we get

/Oa w3z, /20)dx = ¢;j(20)¥5(20) — ¢;(20)¥;(20) = 0,

where ¢;(z) = d%goj(z) and t;(z) = d%wj(z). This implies that u;(z,/z9) = 0
which is a contradiction. Therefore, ¢;(z) and 1;(2) have no common zeros.

Lemma 3.11. The functions ijg;, 7 =123 and % are of the Nevanlinna
class N.

Proof. Let j € {1,2,3} . Using the Lagrange identity for the solution u;(a, v/2)
of (1), we have

(s . v3) = o V2N VD)) [ = 2z [ (o v2) P (40)
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Since

b (1 V2T V7)o V0 VD) = 2l /2P V)

e V2)uj(a, V) = o v/Z)us(a, (@ w5 v/z)
then (40) yields
wi(a,vz) S uj (2, /2)|?d
—Im uj(a”/g) — Im 220 ’uj(a’ X/E)P , Imz 0.
Thus,
Im <_ngzz éi) >0 forlmz>0
and consequently
vi(2) _ u'i(a, /2) B
e (_u(xf) - 3) =0 forinemt o

Also, according to Lemma 3.10 the zeros of ¢;(z) and ;(z) are real and hence
2i(2) ¢ H(C \ R). Therefore 2i(2) ¢ A, Now it follows from (39) and (41) that

¥;(2) ¥;(2)
£ € H(C\R) and
o(2) p;(2)
Im = Im >0 forImz>0.
0 &0

Consequently £2) € A/, Lemma 3.11 is proved.
Y(z)

Lemma 3.12. The functions ijg;, 7=1,23 and 58 are of the class NP
Proof. By virtue of the formulas (17)-(20) we get

eVlela

uj(a,vz) = m (14+0(1)), z— -0, j=1,2
eVlHla

U3(CL, \/2) = 2 (1 + 0(1)) y 2T 00,
eVlHla

u;’(aa \/2) =

9 (1 + 0(1))7 z—r —00, ] = 1727

ZleVIHe
us(a,v/z) = \/|>|2 (I14+o0(1)), z— —o0.
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Using these asymptotics we obtain from (35) and (36)

vi2) _ e i
wj(z)_ m(1+ (1))7 - y ] 1,2,3,

and consequently

;i (2)

Z—r—00 ’QZ)j(Z)

It follows form Lemma 3.10, Lemma 3.11 and (42) that there exist real numbers
bj € R, j =1,2,3 such that

=00, j=1,23. (42)

(‘Oj(z) i, 00 (Pj(z) or z —00, b;
o) ENNHC\ o)), s <0 forz€ (—ooby). (43)

Therefore, zjgj; e NP for j =1,2,3.
Now using (39) and (43) and Lemma 3.11 we conclude that

<0 forze (—o0,b),

p(2) 0(2) = pi(2)
_ J
g SNV OHENBD. =2

¥;(2)

where b = min{by, ba, b3}. Thus, 228 € N’ Lemma 3.12 is proved.

Theorem 3.13 The sequences {)\k}ioooyk?éo and {Kk}iooo,k;éo satisfy the following
conditions:
1.O<AM <k SX<ho<l - S SR <o (A ==Xk, i = —KL);
2. Kk = Agy1 of and only if Ags1 = Kga1 for k e N;
3. The mazimal multiplicity of ki s 3.
Proof. Denote N := M(C) N N’. The functions uj(a,/2) and uj(a,v/z)

are entire in z and hence in view of Lemma 3.12, ijgj; e N? for j =1,2,3 and
J

igig € N, Also, by Lemma 3.10 the functions ©;(2),1;(z) have no common zeros.

Therefore the pairs (¢;,v;), 7 = 1,2,3 are 1-NP-pairs and consequently, in view
of (38) the pair (¢,) is an m-N-pair with some m < 3(see Definition 3.6). On
the other hand by virtue of (37), the squares of the zeros of ®(\) and W(\) coincide
with the zeros of ¢(z) and v(z), respectively. Now the assertions of Theorem 3.13
immediately follows from [25, Corollary 4.6].

4. INVERSE PROBLEM

In the present section, we study the problem of reconstruction of the potential ¢(z) =
[¢j(x)]j=1,2,3 and the real numbers h, 3 from the given spectral characteristics. Let
us denote by @ the class of sets {[g;j(z)]j=123,h, 8} which satisfy the following
conditions:
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i. gj(z), j =1,2,3 are real-valued functions from L5 (0, a);
ii. h,BeR;

iii. the operator A constructed via (4), (5) is strictly positive.

Theorem 4.1. Let the following conditions be satisfied :
1. Three sequences {l/,gj)}‘f’oo ko0 J =1, 2,3 of real numbers are such that

2 V(]ii— V/Ej)’ ()<V;£+17Vk #0 for allk €N and j =1,2,3;

. {l/k }—oo k#0 ﬂ{yk }—oo JK#£0 T @fOTZ #J} t,j=1,2,3;

() mk  Bj 5(])

Vi :?"‘ﬁ‘Fﬁa J=12, (44)
(3)
3 _ m(k—3) Bs Oy
= L 4
vy " +7r(k:—§)+k:2’ (45)
where Bj are real constants, B; # Bj fori # j and {5 kﬂ)elg forj=1,2,3.

2. A sequence {)\k}foo’k?éo of real numbers(A_y = —)\k, )\k < Akt1, A\ # 0 for
all k € N) can be represented as the um’on of three pairwise disjoint subsequences

1 2 3 3 2
I is0 = U 002 o A9 = A0, 08 = AP A8 = AP and
< or j = which behave asymptotically as follows:
AW <A g 1,2,3) which beh Iy as foll

(1)
(1) kr By + B» Vi
_ 4
Ak PR + k2’ (46)
. km+ (—=1)7sin" /2 g ()
() 3 0, Tk :
_ P 4
Ay - to ot T3 (47)

where By is a real constant and {’y,ij)}o_ooo kto € l2 for j=1,2,3.

3. The sequences { A\ }*° o k20 AN {kK}, = U?:l{V/E;j) > ko UL0} (kg = —ri,
Kk < Kgy1) interlace in the following strict sense:

<R g <A <K 1 <A1 <K =0< AN <KI <A< ko< --. (48)

Then there exists a unique set {[q;j(z)|j=123,h,B8} € Q such that the sequence
{)\k}‘iooo7k¢0 coincides with the spectrum of the boundary-value problem Lgy, where
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8= 630—331—332—333, h = B3—(1/2) fo q3(x)dx and the sequences {I/k i ey
j =1,2,3 coincides with the spectra of the boundary value problems Lj;, j = 1,2, 3,
respectively.

Proof. Denote by

{Pk

7Tk+£ 00 .1 (2
k;éOU{ Took0s & i=sin 1\/;
2)
{1} s = {A< i W 50 k0

It is possible to enumerate {p,go)}iooo k2o and {pr}> ;.o in the proper way(p(_oll =

(0) (0 (0)

=0y s P < Pppq and p_g = —pk, p < pr+1)- Let us construct the following entire
functions:
(@ 02 e
u]()‘) :(IH ﬂ_gkg(l/]g — A ) , J=12 (49)
1
r a’ (32 _ y2
= -
US()‘) ];[ (7‘(‘2(]4} — 1/2)2 (Vk )) ) (50)
(.9 02 _ e
) = a] (a0 =) (51)
T 1
¢2(N) = 2]] <(0)2(p2 _ A2)) (52)
1 P

Using [21, Lemma 2.1], we obtain

sin \a cos \a sinha  f;(X)

uj(A) = —Bi—e T PER

=12 53
3 j=12, (53)

where F}, j = 1,2 are constants and fj(\) € L for j = 1,2. In the same way as
[21, Lemma 2.1] we can prove that

sin Aa cosAa | f3(A)

uz(\) = cosAa+ By—— + Fy— VI (54)
sin \a Bi1 + By cos \a sinAa  g1(\)
_ _ 55
o) = = ( 5 ) o G 5 (55)
in 2\ 2 — 3sin? \ A
6s()) = 2 — 3sin® Aa + 3B, SN2 | g, 2735 Aa () (56)

A A2 A2 7
where F3, Gj, j = 1,2 are constants and f3(\),g1(\) € L% and go()\) € L.
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Let us set
, b (7) o (7) sin Y . L
X,gj) =v k < v l(c)) 2(v é“)) —cosylgj)a—BjT.S“ . 4,j=12i#3, (57)
i (v Jus(v”) Vi

(3) (3)
XE’) = <¢1(VIE3))¢2(VIZ3)) + 1/9 sin V]E:?)) — B3 cos u,iS)a> . (58)

u (v Juz(vy )

where the numbers B;, j = 1,2,3 can be determined by
. h Tk .
Bj = lim kr (y,?) - a) . j=1,2, (59)
1 k-1

By = lim (k - 2) <u,§3> - 77(@”) . (60)

It is clear that X(_J,z = —X,Sj) for j =1,2 and X(_3) = X,g?’).
To complete the proof we need the following lemma.

Lemma 4.2.

(XN 0 €l forj=1,2,3. (61)

Proof. Substituting (44) into (53)-(56), we obtain

CL2(31 — Bz) 15:1)

UQ(V]S,'l)) = (*UkaQ e (62)
2 2 2 2 (2)
1y _ k a*Bf | a*B1B3  al} Cp
us(vV) = (~1) (1 ~ gt T ) o (63)
2 (3)
1y a*(By — Ba) G,
¢1(Vk- ) = (—1) T2z g3 (64)
(4)
$o(V) = 2+ g’;{ (65)

where {C,gj) Xkt € lo for j = 1,4. Also, Using (44), we obtain the asymptotic
relation

o,
sin vy,

(1) k Mk
cosv, 'a+ B =(-D"(1+-+=), (66)
k V}gl) ( k )
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where {ny}> ;4o € l2. If we substitute (62)-(66) into (57), then we conclude that
{X(l)} k;éo € ls. Analogously we can show that {X(Q)} k20 € l2. We show

that {X sok20 € l2. Let us substitute (45) into (53)-(56). We obtain
-1 k+1 1(3)
u; (V) = U™ (L ¢ . =12, (67)
3 k
k
(3)
(3, _ (=DM ¢k
¢1(Vk ) - 1/(3) 1+ L ) (68)
e
1(4)

Gy = —1+ C;; : (69)
where {C’ kg0 € Lo for j = 1,4. Furthermore, taking into account (45), we
have

y,i ) sin 1//,(C )a — Bj cos Vlgg)a = (—1)k+11/l£3) (1 + 77}:) (70)

where {1, }°% xz0 € l2. Using (67)-(70) in (58), the assertion of Lemma 4.2 for
j = 3 follows.

Now Since the functions Au;(A), 7 = 1,2 and us(\) are sine—type functions
of

(see Definition 3.9) and by virtue 44), (45) and (48), 1nf \1/ - I/]gj)] > 0 for

(
j = 1,2, 3(and hence the zeros of Au;(A), j = 1,2 and uz(\) are sunple) the Lagrange
interpolation series

o0 (4)
X
)\UJ(A) Z A (X k AN .7: 172 (71)
— d]/\( )‘ o ()\ V}E;J))
k#0 K
d
an . X]£3)
uz(A) Z dug()\)‘ O — o) (72)
—00 d\ )\:V;CB,) k

k#0

constructed on the basis of the sequences {X } so.k0» define functions e;(A) € L,
Jj = 1,2,3, respectively(see [14, Theorem A]). Usmg these functions, we define the
even entire functions

in A (A
vi(A) = cos)\a+Bjsm/\ ¢4 53(}\)7 j=1,2, (73)

v3(A) = —AsinAa + Bz cos Aa + e3(A). (74)
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It follows directly from (71) and (72) that ¢;(v;; e )) X(j) for j =1,2,3 and hence

o aew?)
Uj (]/kj ) - ul(V]Ig]))ui;(ygj)) y L] = 17 27 ? 7& I (75)
@, a1 oY) .
U3(Vk ) 2 (Vlg?, )UQ(V’(:,))' ( )

Let us denote by {uk } 2% k0 the set of zeros of the functions v;(}), j = 1,2,3,

respectively. These sets are symmetric with respect to the real axis and to the

imaginary axis. Hence, we number the zeros in the proper way: u(_j) u,(g),

Re ,uggj ) < Re u,(cjll for all £ € N and the multiplicity are taken into account(we shall
prove that all Méj )2 are real and all Méj ) are simple except for ,ugj ), if ,ugj ) = ,u(f% =0).
It follows from (73) and (74) that

1 (4)
Gy _ m(k—3) B 0y, ,
— + £ =1,2, 77
a a (k- %) * k J (77)
(3)
3) (k—1)m % 0
where {0 s k0 € Iy for j =1,2,3

Proposition 4.3. The following inequalities are valid:

w? < <) << j=1,23 (79)

Proof. In the same way as proof of [22, Proposition 2.3], we can show that

b2 V,Ef

()

v 010

(7% V]gj

)
us
v e
v )U2(V;(g3))
(
)

(_) 7 17,7:132327&.]7

) o
uz(vy )

1
(
(-1
ul(

From these inequalities and (75) and (76), it follows that
(—1)*o; ) >0, j=1,2,3. (80)

Let j € {1,2,3} be fixed. It follows from (80) that between consecutive 1/(] )’s there

(45

is an odd number(with account of multiplicities) of p;’’s. Suppose that there are
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three or more of them between u,gj ) and V](c]zl. Thgn comparing (77) aqd (78) With
(44) and (45), we conclude that there are no Mé])’s between some ug) and l/gll
where k # k', a contradiction. Thus, 1/@2 < ,u(2j)2 < I/éj)2 < - Ifvi(0) > 0,
then 0 < ug]) < ij). If v;(0) = 0, then ,ugj) = 0. If v;(0) < 0, then ,ugj) is a pure

imaginary number and hence ,ugj 2 o uy 2, Proposition 4.3 is proved.

Let j € {1,2}. It follows from (79) and the asymptotic relations (44) and (77)

that the sequences {I/](Cj ) X k0 and {ug ) > k0 Satisty the conditions of [16, The-

orem 3.4.1]. Thus, there exists a unique real-valued function ¢;(x) € L2(0,a) such

that {ulgj ) Sk £0 and {u,(cj ) ok 4o are the spectra of the boundary-value prob-
lems L; and L;-, respectively. An algorithm for the reconstruction of this potential
gj(x) is as follows(see [16, Section 3.4]): Without loss of generality, let us assume

that ,u(lj )2 > 0, otherwise we apply a shift. The function
ej(A) = €™ (v (N) — iduj(N))

is the so-called Jost function of the corresponding prolonged Sturm—Liouville prob-
lem on the semi-axis:

—yj (@) + Gj(@)y;(x) = Ny;(2), @ €[0,00), 3;(0)=0,

where
i (2) = { gj(x) if x€l0,d

0 if x € (a,00).

Then we construct the S-function of the problem on the semi-axis:

and the function

Solving the Marchenko integral equation
o0
Kj(x,t) + Fj(x +1t) —i—/ Kj(z,s)Fj(x +s)ds=0, t>u
x
we find the unique solution Kj(x,t) and
9 dKj(x,x)

gi(z) = — 2 € [0,al.
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The two sequences {V,Eg)}cf’oo jto and {u,(f’)}iooo k2o Satisfy(due to (45), (78) and
(79)) the conditions of [7, Theorem 1.5.4]. Thus, there exists a unique real-valued
3
é)}izokfﬂ and
{ ,u,(f) S ok 4 are the spectra of the boundary-value problems L and Lj, respectively.
Below we give the algorithm of recovering of g3(z) as it is described in [7, Section 1.5].
Calculate the so-called weight numbers {ay,}7° of the problem Lj by

1

g = —=— s (> Yz ()
5,3

My

function ¢3(z) € L2(0,a) and a unique real number h such that {v

)

where 03(\) = Lvs(\). If ,uf’) = 0, then dg(ugg)) =0 and we set g = 513(0)u3(0)

where () = j—;vg(A). Construct the function

Fla,t) = >, [ cos ,ul(f)x cosp,(f)t _ cos(k — 1)z cos(k — 1)t
’ =1 Ok o] ’
where
5, k>1
0 __ 29
U= { a, k=1.

Then using the unique solution of the Gel’fand—Levitan integral equation
€T
Ks(x,t) + F(x,t) + / Ks(z,s)F(s,t)ds =0, 0<t<z<a,
0

we find
- 2dK3(JJ, I)

de
To find (3, we compare (27) and (47) and set

43(x) h = K4(0,0) = By — 1/; gs(x)d.

2

3 3
/B - GBO - §B1 - §B2 - 3B3, (81)

where By can be determined by

@ kT sin~! \/g
By = li - . 2
0= AT M a 52

Now we prove that the spectrum of the problem Lg which is generated by the ob-
tained [g;(z)]j=1,23, h and B coincides with {A\;}> ; ;. Due to [16, Theorem 3.4.1]
and [7, Theorem 1.5.4], the spectra of the problems L;, j = 1,2,3 which are gen-

erated by the obtained [g;(x)]j=1,2,3 and h coincide with {y,gj) Xk J = 1,23,

170



I. Dehghani Tazehkand and A. Jodayree Akbarfam - Determination of Sturm-...

respectively. The function u;j(a,A)(j = 1,2,3) where u;(z, ) is the solution of (1)
with obtained [gj(x)]j=1,2,3 and h which satisfy the initial conditions (3), coincide
with u;(X), since they have the same zeros and the same asymptotics. Also, since

uj(a, ) and vj(A)(j = 1,2, 3) have the same asymptotics and according to [16, The-

orem 3.4.1] and [7, Theorem 1.5.4] have the same zeros, hence they coincide. Thus,
the values of the function ®(\)(defined by (11)) at A = u,(j ) coincide with

61 () o (v)

for all k € Z \ {0} and all j = 1,2,3, i.e., with the corresponding values of the
function ¢1(X)p2(A). This implies that the entire function

AN = 2(A) = 1(M)2(A) (83)

of exponential type 3a can be represented as follows:
3
AN =t(\) [ wila, N, (84)
j=1

where t(\) is an entire function. Using (16), (54) and (55) we have

sin? \a cos \a cos? Aasin Aa sindXa wi(N)
(85)
2sin A\a — 3sin® \a 1 1 sin? Aa cos \a
1NN = ) + (6B + 5By + 5 Ba)
cos® \a sin® \a cos? Aasin Aa  wa(N)
—(Bl+BQ)T+E1 e + E} 33 R
(86)

where E/, EY are constants and wi ()\),w2(\) € L3¢, Substituting (32), (85) and (86)
into (83) and using (81), we obtain

t(A)(Asin? Aa cos Aa — (B + Ba) cos® Aasin Aa + Bs sin® Aa + wi (\))
= (By — Ef)sin® \a + (Ey — EY) cos? Aasin Aa + wsz (), (87)

where w3(\) € L3¢, Since the functions sin® A\a, cos? Aasin Aa, wi(\) and w3()\) are
bounded on the real axis, hence relation (87) implies that ¢(A\) = 0 and from (83), it
follows that ®(A) = ¢1(A)¢2(A). Consequently, the sequence {A;}> , coincides
with the spectrum of the boundary-value problem Ly. The operator A constructed
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by (4), (5) using the obtained [g;(z)]j=123, h and f is strictly positive, because it
is self-adjoint and its spectrum is positive. The uniqueness of the solution of the
inverse problem follows from the fact that formulas (71) and (72) establishes one-to-
one correspondence between [y and L%(see [14, Theorem A]). The proof of Theorem
3.1 is finished. '
Remark 4.4. If condition 1(ii) of Theorem 4.1 fails, i.e., the sets {I/’(CJ) X o k0>
j = 1,2,3 are not pairwise disjoint(consequently, the condition 3 fails too), either
the uniqueness or the existence result of mentioned theorem can also fails, for the
same reasons as in the case of three spectra(see [9,21]). If the sequences {A\,}> ;g

and {k}2%, = U?Zl{u,gj) k0 U{0} are not pairwise disjoint and satisfy the
statements of Theorem 4.1, then the solution of the inverse problem exists but is
not unique.

ACKNOWLEDGMENTS

The authors wish to express gratitude to Professor V. Pivovarchik for helpful discus-
sions during the preparation of the manuscript. This research is done with financial
support of research office of the University of Tabriz.

REFERENCES

[1] V. Adamyan. Scattering matrices for microschemes, Oper. Theory Adv.
Appl., 59:1-10, 1992.

[2] G. Berkolaiko, E. Bogomolny and J. Keating, Star graphs and Seba biliards,
J. Phys. A: Math. Gen., 34 (2001), 335-350.

[3] R. P. BOAS, Entire Functions. Academic Press, New York, 1954.

[4] R. Carlson, Hills equation for a homogeneous tree, Electron. J. Differential
Equations, 23 (1997), 1-30.

[5] S. Currie, Spectral Theory of Differential Operators on Graphs. PhD Thesis,
University of the Witwatersrand, Johannesburg, 2006.

[6] M. D. Faddeev and B. S. Pavlov, Model of free electrons and the scattering
problem, Theoret. and Math. Phys., 55(1983), 485-492.

[7] G. Freiling and V. A. Yurko, Inverse Sturm-Liouville Problems and Their
Applications, Nova Science Publishers, New York, 2001.

[8] N. Gerasimenko and B. Pavlov, Scattering problems on non-compact graphs,
Theoretical and Mathematical Physics, 74 (1988), 230-240.

[9] F. Gesztesy and B. Simon, On the determination of a potential from three
spectra, In Differential operators and spectral theory, volume 189 of Amer. Math.
Soc. Transl. Ser. 2, pages 85-92, Amer. Math. Soc., Providence, RI, 1999.

172



I. Dehghani Tazehkand and A. Jodayree Akbarfam - Determination of Sturm-...

[10] V. Kostrykin and R. Schrader, Kirchhoffs rule for quantum wires, J. Phys.
A: Math. Gen., 32(1999), 595-630.

[11] P. Kuchment, Differential and psuedo-differential operators on graphs as
models of mesoscopic systems, In Analysis and Applications—ISAAC 2001 (Berlin),
Volume 10 of Int. Soc. Anal. Appl. Comput., pages 7-30. Kluwer Acad. Publ.,
Dordrecht, 2003.

[12] P. Kuchment, Graph models for waves in thin structures, Waves Random
Media, 12 (2002), R1-R24.

[13] B. Ja. Levin, Lectures on Entire Functions. Translations of Mathematical
Monographs Vol. 150, Amer. Math. Soc., Providence, RI, 1996.

[14] B. Ja. Levin and Yu. I. Lyubarskii, Interpolation by entire functions of
special classes and related expansions in series of exponents, Izv. Acad. Sci. USSR,
Ser. Mat., 39(3)(1975), 657-702( in Russion); English transl.: Math. USSR Izv.,
9(3)(1975), 621-6629.

[15] B.Ya. Levin and 1.V. Ostrovskii, On small perturbations of the set of roots
of a sinus-type function, Izv. Akad. Nauk USSR Ser. Mat., 43:87-110, 1979(in
Russian); English transl.: Math. USSR Izv., 14(1) (1980), 79-101.

[16] V.A. Marchenko, Sturm-—Liouville Operators and Applications. Naukova
Dumka, Kiev, 1977; English transl., Birkhauser, Basel, 1986.

[17] Yu. B. Melnikov and B. S. Pavlov, Two-body scattering on a graph and
application to simple Nanoelectronic devices, J. Math. Phys., 36 (1995), 2813-2838.

[18] Yu. B. Melnikov and B. S. Pavlov, Scattering on graphs and one-dimensional
approximations to N-dimensional Schrodinger operators, J. Math. Phys., 42(3)
(2001), 1202-1228.

[19] E. Montrol, Quantum theory on a network, J. Math. Phys., 11 (1970),
635-648.

[20] N. Naimark, Linear Differential Operators, Parts I and II. Frederick Ungar
Publishing Co., New York, 1968.

[21] V. Pivovarchik, An inverse Sturm—Liouville problem by three spectra,Integral
Equations Operator Theory, 34 (1999), 234-243.

[22] V. Pivovarchik, Inverse problem for the Sturm—Liouville equation on a simple
graph, SIAM J. Math. Anal., 32(4) (2000), 801-819.

[23] V. Pivovarchik, Direct and inverse three-point Sturm—Liouville problem with
parameter dependent boundary conditions, Asymptotic Anal., 26 (2001), 219-238.

[24] V. Pivovarchik, Inverse problem for the Sturm—Liouville equation on a star-
shaped graph, Math. Nachr., 280(13-14) (2007), 1595-1619.

[25] V. Pivovarchik and H. Woracek, Sums of Nevanlinna functions and differ-
ential equations on star-shaped graphs, Oper. Matrices, 3(4) (2009), 451-501.

[26] Yu. V. Pokornyi and A. V. Borovskikh, Differential equations on networks

173



I. Dehghani Tazehkand and A. Jodayree Akbarfam - Determination of Sturm-...

(geometric graphs), J. Math. Sci. (NY), 119 (2004), 691-718.

[27] Yu. Pokornyi and V. Pryadiev, The qualitative Sturm—Liouville theory on
spatial networks, J. Math. Sci. (NY), 119 (2004), 788-835.

[28] K. Ruedenberg and C.W. Scherr, Free-electron network model for conjugated
systems: I. Theory, J. Chem. Phys., 21 (1953), 1565-1581.

[29]C. F. Yang, Inverse spectral problems for the Sturm—Liouville operator on a
d-star garph, J. math. Anal. Appl., 365(2)(2010), 742-749.

I. Dehghani Tazehkand! and A. Jodayree Akbarfam?
Faculty of Mathematical Sciences

University of Tabriz

Tabriz 51664, Iran

emails:'isadehghani@gmail.com, 2 akbarfam@yahoo.com

174



