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SOME RESULTS OF p—VALENT FUNCTIONS DEFINED BY INTEGRAL
OPERATORS

GULSAH SALTIK AYHANOZ AND EKREM KADIOGLU

ABSTRACT. In this paper, we derive some properties for G, , ; 5(2) and Fp ,1.6(2)
considering the classes M T (p, B;, 1i) , KD (p, Bs, pti) and N, (7). Two new subclasses
KDF, 01 (B, 1,061,062, ...,6,) and KDGy, 1 (B, ft, 01,062, ...,0,) are defined. Necessary
and sufficient conditions for a family of functions f; and g;, respectively, to be in the
KDF, 1 (B, 1,061,062, ....,6,) and KDGy, 1 (B, 1, 01,02, ..., 0,) are defined. As special

zZn zZn d
cases, the properties of [ ] (f/(¢))°dt and [ [] (@) dt are given.
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1. INTRODUCTION AND PRELIMINARIES
Let A, denote the class of the form

fz)=2"+ > amz™, (peN={1,2,..}), (1)

m=p+1

which are analytic in the open disc U = {z € C: |z| <1}. Also denote T, the
subclass of A, consisting of functions whose nonzero coefficients, from the second
one, are negative and has the form

f(z) =2 — Z am 2", am >0, (peN={1,2,..,}). (2)

Also A1 =A, Ty =1T.
A function f € A, is said to be p—valently starlike of order a (0 < a < p) if and

only if
%{#é?}>a, (zel).
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We denote by S; (), the class of all such functions. On the other hand, a function
f € A, is said to be p—valently convex of order a (0 < v < p) if and only if

%{1 + ZJ{/(S)} >a, (zelU).

Let Cp, (o) denote the class of all those functions which are p—valently convex of
order o in U.

Note that S;(0) = S, and Cp(0) = C, are, respectively, the classes of p—valently
starlike and p—valently convex functions in Y. Also, we note that Sj(0) = S* and
C1 = C are, respectively, the usual classes of starlike and convex functions in U.

Let N, (7) be the subclass of A, consisting of the functions f which satisfy the
inequality

%{I—FZJ{/;S)}<% (zel), v>p. (3)

Also M1 () = N (7). For p = 1, this class was studied by Owa (see [12]) and

Mohammed (see [9]).
For a function f € A,, we define the following operator

DOf(z) = f()
D'f(2) = 2f'(2)

DFf(z) = D (DM £(2) . 4

where k € Ng = NU {0}. The differential operator D* was introduced by Shenan et
al. (see [18]). When p = 1, we get Salagean differential operator (see [15]).

We note that if f € Ay, then

o0 k
DFf(z) = 2P + Z (T;) amz™, (peN={1,2,...})(z € U).

We also note that if f € T}, then

k — P _ = m g m —
Dif(z) ==z Z amz™, (peN={1,2,...})(z € U).

m=p-+1 p
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Let MT (p, B, jv) be the subclass of A,, consisting of the functions f which satisfy
the analytic characterization

2 (D"f(2))’ 2 (D"f (=)’
- 77 _ — 77 5
Dif) P <P iy TP (5)
for some 0 < B8 <p, 0 < pu<p, l; € Ng=NU{0} and z € U. For p = 1,
li=l=..=1l,=0foralli={1,2,...,n} this class was studied (see [2]).

Definition 1. A function f € A, is said to be in the class KD (p, 3, p) if satisfies
the following inequality:

Dli 1 _Dl’ "
R 1+w Zﬂl""w_p +ﬂ7 (6)
(Dl f(2)) (Dl f(2))
for some 0 < 8 < p, u >0,1; € Ng = NU{0} and z € Y. For p = 1,
li=Ily=..=1,=0for all i = {1,2,...,n} this class was studied (see [17], [9]).

Definition 2. Let | = (I1,l2,...,l,) € N§j, 6 = (01,02,...,0,) € R} for all
i =1{1,2,...,n}, n € N. We define the following general integral operators

I]l;,?l (f17f27 7fn) : AZ — Ap

Il76 (f17f2a- 7fn) = p7n7l76( )

Funaste) = [ o T (25 N @)

l
jp:fl (gl’g2a agn) : ./4; — Ap

j;g:g (gla g2, ..., gn) = gp,n,l,é(z)a

, 5;
Zgz
Gpnio(2) / pt?” 1H< ptp—1 ) dt, (8)

where f;,g; € A, for all i = {1,2,...,n} and D is defined by (4).

Remark 1. (7) integral operator was studied and introduced by Saltik et al.
(see [16]). We note that if Iy = o = ... = [, = 0 for all i = {1,2,...,n}, then
the integral operator F, ,;5(2) reduces to the operator F,(z) which was studied by
Frasin (see [6]). Upon setting p = 1 in the operator (7), we can obtain the integral
operator D*F(z) which was studied by Breaz (see [5]) and Breaz (see [4]). For p = 1
and [y = lp = ... = [, = 0 in (7), the integral operator F, ,;s(2) reduces to the
operator Fj,(z) which was studied by Breaz, Breaz (see [2]) and Mohammed (see

and
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[10]). Observe that p =n =1, 13 = 0 and §; = 4, we obtain the integral operator
I5(f)(z) which was studied by Pescar and Owa (see [13]), D. Breaz (see [5]) and
Mohammed (see [11]) for 6; = & € [0, 1] special case of the operator I5(f)(z) was
studied by Miller, Mocanu and Reade (see [8]). Forp=n=1,1; =0 and ; =1 in
(7), we have Alexander integral operator I(f)(z) in (see [1]).

Remark 2. (8) integral operator was studied and introduced by Saltik et al.
(see [16]). For I} = ly = ... = I, = 0 in (8) the integral operator G, ;5(z) reduces
to the operator G,(z) which was studied by Frasin (see [6]). For p =1 and [; =
lo = .. =1, =0 in (8), the integral operator G, ;s(z) reduces to the operator
G5, 65,....5, (2) which was studied by Breaz, Breaz and Owa (see [3]) and Mohammed
(see [10]). Observe p =n =1, 1; = 0 and J; = J, we obtain the integral operator
G(z) which was introduced and studied by Pfaltzgraff (see [14]), Mohammed (see
[11]), D.Breaz (see [5]) and Kim and Merkes (see [7]).

Now, by using the equations (7) and (8) and the Definition 1 we introduce the
following two new subclasses of KD (p, 3, i) .

Definition 3. A family of functions f;,i = {1,2,...,n} is said to be in the class
KDF, 1 (B, 1,61, 02, ..., 6,) if satisfies the inequality:

Dlzf . /i . 14
2l z (D" F, ,1,5(2))/ _— z (D"F, ,1,6(2)/
(Dl Fpns(2)) (DliFpnis(2))

+ —p|+ 8, 9)

for some 0 < 8 <p, u>0,1; € Ng=NU{0} and z € U where F, ;5 is defined
in (7).

Definition 4. A family of functions g;, i = {1,2,...,n} is said to be in the class
KDG, 1 (B, 1, 01,02, ..., 6,) if satisfies the inequality:

RI1 4+ Z(Dligp,n,l,(s(z)),” >l + (D gp,nl& ),”
(Dligpm,lﬁ(z)) (D gpnl&( ))

for some 0 < 8 < p, p>0,1l; € Ng=NU{0} and z € U where G, ;5 is defined
in (8).

2. SUFFICIENT CONDITIONS OF THE OPERATOR F}, ,; 5(2)

First, in this section we prove a sufficient condition for the integral operator
Fpmi6(%) to be in the class Ny(n).
Theorem 1. Let [ = (I1,l2,...,1,) € N§, 6 = (01,02,...,6,) € R}, 0 < py < p,

(D Zfl) z)

e < M; and f; €

0 < B <pand f; € A, for all t = {1,2,...,n}. If

MT (p, Bi, 1vi) , then the integral operator
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is in NVp(n), where
n=>_06:Bi(p+ M)+ p.

i=1

(11)

Proof. From the definition (7), we observe that F,,;s5(2) € A,. On the other

hand, it is easy to see that

o (DU )\
Fpmis(2) =0 ] (z{o()) '
=1

(12)

Now, we differentiate (12) logarithmically and multiply by

z, we obtain

Z‘F/nl(? Dfl)()
1—1-7, ) Z(S( Dl f.(2) —p>.

p,n,l, 5\Z

We calculate the real part from both terms of the above expression and obtain

‘Fpn,l,é Dl fl) ( )
%{L%F%M } }:5%{ e p}+p

Since Rw < |w|, then

F o D f
éR{lJrF”’“} Zé f ()—p +p
p,n,l,& )
Since f; € MT (p, Bi, i) for all i = {1, 2,...,n}, we have
2Fy n1.6(2) (Dl fz)/(z)
Rty opntt L 6iBi | i +p|+p;
{ e Z Dl (2)
< s 2D @) S 6t
= 2 i0i i Dllfz(z) pz - iPi T P-
L (s
Since (13) and % < M; , we obtain
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=F, u : -
%{1_‘_}_7’"7[’5(}<ZéiﬂimMi—i—pzéiﬂi‘f’p:Z5iﬁi(p+NiMi)+p'
i=1 =1 =1

p7n»l75(z)
Hence F,;,15(2) € Np(n), n=>"i—1 0ifBi (p + piM;) + p.

Remark 3.For p =1, [; = 0 for all i = {1,2,...,n} in Theorem 1, we obtain
Theorem 1 (see [9]).
Putting p = 1 in Theorem 1, we have

Corollary 1. Let | = (I1,l2,....,1,) € N§, 6 = (61,02,...,0n) € R}, 0 < p; <

(D zfz) (=)

1,0 < Bi <land f; € Aforall i = {1,2,...,n}. If h )

< M; and f; €

MT (1, B;, iv;) then the integral operator
Z n o4
Dl
1 n,l,5 /H ( fl > t,
=1

n
n=Y 8B (1+mM)+1.
i=1
Puttingp=n=1,11=0,01 =6, p1 =, /1 =6, My = M and f; = f in
Theorem 1, we have

Corollary 2. Let § e RT, 0 < u<1,0< B <1and f € A If

is in NV (n), where

/(2
72

0
and f € MT (1,0, ) then the integral operator [ (@) is in NV (n), where n =
0B (14 pM) + 1.

<M

3.Sufficient conditions of the operator Gy, 1 5(2)

Next, in this section we give a condition for the integral G, ,;5(z) to be p —
valently convex.

Theorem 2. Let | = (Iy,l2,...,0,) € N, 6 = (61,02,...,0n) € R}, pu; > 0,
gi € KD (p,Bi, i) and let B; > 0 be real number with the property 0 < 5; < p
for all ¢ = {1,2,...,n}. Moreover suppose that 0 < >, d; (p — ;) < p, then the

integral operator
/ &;
Gpns(2) ptP~ ! H Dhgilt dt
p,n,1,6\~F DtP— 1 )
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is convex order of o =p— >, 8 (p— Bi) -
Proof. From the definition ( ), we observe that G, ,;5(2) € Ap. On the other
hand, it is easy to see that

/ d;
g
Gpnao(2) = 2P~ 1H< pzpl : ) : (14)

Now, we differentiate (14) logarithmically and make the similar operators to the
proof of the Theorem 2, we obtain

//n Py n Dlii "
14+ /p ,l,5()_p+25i<2( 9(2))/ —p+1).

Pn,lﬁ( ) i=1 (Dligi(z))

We calculate the real part from both terms of the above expression and obtain

w1 Gonisl?) s 14 2 (D1ai)” 5
+ Z Dl pz +p.

P, n,l,5(

Since g; € KD (p, Bi, p;) for all i = {1,2,...,n} ,we have

R+ g/pn,l,5 25 i |1
g n,l,5(

2(Dlig;(2))”
m—p‘ > 0, we obtain

Zg// (Z) n
R4 b, di (p — Bi),
{ e } p ; (p— Bi)

which implies that G,, .1 5(2) is p—valently convex of order o = p—> """ | 6; (p — Bi) -

(D gi(z )//
D2

—p +5i> —pz5i+p~
i—1

Since 61,11,1 1+

Remark 4. Settingp =1,1; =0 and g; = f; foralli={1,2,...,n} in Theorem
2, we have obtain Theorem 2 in (see [9]).

Putting p = 1 in Theorem 2, we have

Corollary 3. Let [ = (I1,l2,...,1,) € Nij, 0 = (01,02,...,6,) € R}, p; > 0,
gi € KD (1,p;,1i) and let §; > 0 be real number with the property 0 < ; < 1
for all ¢ = {1,2,...,n}. Moreover suppose that 0 < Y ©" ; d; (1 — ;) < 1, then the

N 05
integral operator G ,;.5(2 fo o ((Dligi(t)) ) dt is convex order of o = 1 —

Zz 1 ( BZ) :

75



Gulsah Saltik Ayhanoz and Ekrem Kadioglu-Some Results of p-valent ...

Puttingp=n=1,1, =0, =9, u1 = i, 1 = B and g; = ¢ in Theorem 2, we
have

Corollary 4. Let § e RT, 4y > 0,9 € KD (1,3, ) and let 3 > 0 be real number
with the property 0 < ﬁ < 1. Moreover suppose that 0 < 6 (1 — ) < 1, then the
integral operator Gy 1,0.5(2 fo % dt is convex order of 0 = 1 — § (1-75).

4. A NECESSARY AND SUFFFICIENT CONDITION FOR A FAMILY OF ANALYTIC
FUNCTIONS f; € KDF, (B, i, 01,02, ..., 6n)

In this section, we give a necessary and sufficient condition for a family of func-
tions f; € KDFp n 1 (B, p, 01,02, ..., 0p). Before embarking on the proof of our result,

let us calculate the expression %, required for proving our result.
Recall that, from (7), we have
: L (DA
Fyuast = T (242) =
i=1

Now, we differentiate (15) logarithmically and multiply by z, we obtain

Ly Thnss® L h g ( (D"1) (=) p) |

pvnvlvd(z) Z:1

m=p+1
00 l;
(Dllf) (2) = pzP~! > (%) mam, 2™ ! and we get
m=p+1
paP — (m) My i 2
2]: l§< z) = = +1 P
1+]:n7()—p = 0; — -p|, (16)

p7n1l76 =1 <%> amﬂ/zm

m= p+1
00

Z <m> (m p)am,izmip

- 1
Z m=p+
Sl 2 (2) apaeme

m=p+1

Theorem 3. Let the function f; € T}, for i € {1,2,...,n}. Then the functions
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fi € KDFp (B, p,01,02,...,0,) for i € {1,2,...,n} if and only if

o | S () ) (ot D,

m=p+1
Z 0 l;
=1 11— X (%) Am,i

m=p+1

<p-p. (17)

Proof. First consider

i Z‘F;g,n,l,&(z) N S Z]:;,a/,n,z,é(z) <(ut1)|1+ Z‘lev/,n,l,(S(Z) _
;7717[76(2) f;)7n7l76(2) B ;7n7l’6(2)
From (16), we obtain
2F) 1 s(2)
(ILI/+ 1) 1 + Pyt _ ,
f;,n,l,é(z)
[ee] l;
oo | X (%) - p)amm
m=p-+1
= (n+1) Z(si ) L ’
i=1 1— > (%) A i 2P
m=p+1
- L
w | X 6 (2) m—p)lam |2l

m=p-+1
St (%) Jamal o

m=p+1

n _ i 62 (m)ll (m - P) Qm
< (lu+ ]')Zl mp;_l g (m)lia
= - ) m,i

m=p+1

If (17) holds then the above expression is bounded by p — 3 and consequently

2F! (2 2F! (2
1+7m’l’5()_p‘_§}3{1+7w%5()} <8,

1
;;J,n,l,(?(z) ]/J,n,l,cs(z)

which equivalent to

2F! 1 o(2)
Rl + p,n,l,0 > 1
{ Fpnis(2)

77

2Fyni3(?)

1+ —p
J—'Z’»nyl’(;(z)

+ 8.
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Hence f; € KDF, 1 (B, 1, 01,02, ...,6,) for i € {1,2,...,n}.

Conversely, let f; € KDF, (8, 1t,61,02,...,0,) for i € {1,2,...,n} and prove
that (17) holds. If f; € KDF, 1 (B, i, 61,02, ...,6,) for i € {1,2,...,n} and z is real,
we get from (7) and (16)

m=p+1 P
e} l;
|2 (5) e
m=p+
> pu|> 6 = l + 5,
i=1 1— > ( ) Ay ;2P
m=p+1
00 l;
o |m=p) 3 (2) e
m=p+1
> )0 = L +6
i=1 1— > (%) A i 2P
m=p+1
That is equivalent to
00 l 00 l;
o | X () mepaniem P | S (%) - p)apen
m=p+1 m=p+1
00 l; + o0 i
i=1 1-— Z (m) Um ;2P i=1 1-— Z (m) U i 2P
m=p+1 m=p-+1
< p-p

The above inequality reduce to

o | S S () n - pame

> |

i=1 1— > (%) A i 2™ P

m=p+1

Let z — 17 along the real axis, then we get

) I
o | 2 St D (3) 0n - pan
; - 3 (

m=p+1

T Sp_57
) am,i

3
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which give the required result.

Remark 5. Setting p = 1,1; = 0 for i € {1,2,...,n} in Theorem 3, we have
obtain Theorem 3 in (see [9]).

Putting p = 1 in Theorem 3, we have

Corollary 5.Let the function f; € T for i € {1,2,...,n}. Then the functions
fi € KDFi (B, p,01,02,...,0n) for i € {1,2,...,n} if and only if

o |3 8 ) = 1) (04 1) ama
m=2 _ <1-— ,B
=1 1 - Z (m)ll Qm,i

m=2

Puttingp=n=1,1; =0, 61 =9 and f; = f in Theorem 3, we have
Corollary 6. Let the function f € T. Then the functions f € KDFy 10 (83, u,0)
if and only if

> 0(m—=1)(p+1)am,
m=2
1— Z Qm,1
m=2

<1-8.

5.A necessary and suffficient condition for a family of analytic functions
gi € KDGp,n,l (67 H, 517 627 ey 571)

In this section, we give a necessary and sufficient condition for a family of func-
2G" (2)
p,n,l,8

tions g; € KDGp (B, 1, 01,02, ...,0,). Let us calculate the expression T e
p,n,l,6

required for proving our result.
Recall that, from (8), we have

/ di
(D'igi(
e (= 8
Now, we differentiate (18) logarithmically and multiply by z, we obtain
g l6 D gl(z )H
1+ L 5; -p+1].
G nis(2) Z Dllgz (Dlgi(2))

o lz / S lz
Let Dligi(z) = 2P— <m) am,iz2"™, (Dligi) (2) =pzP~i= X (m) mam,izm_l
m=p+1 P m=p-+1 p
and
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pp—1)2r 2= 3

7
(m) m(m — 1) apy,2™ 2, we
p 9
m=p+1

1 + Zgl/jl7n7l75(z) _
Gpmio(2)

(19)
[e’e) l;
. p—1) - zal(ﬁ) m (m = 1) g 2™
m=
- Z(Si :;3 l; —pt+1
i=1 pzp~l — 3 (%) My 2™
m=p-+1

[e%e] l;
o | X () mim—p)amm
5‘ m=p+1
- Z ¢ 0 l;
i=1 p— > (%) My 2P

m=p-+1

Theorem 4. Let the function g; € T}, for i € {1,2,...,n}. Then the functions
9i € KDGp, 1 (B, 1, 01,02, ...,0p) for i € {1,2,...,n} if and only if

— <p-5. (20)
i=1 b —= Z (%) mam,;
m=p+1

Proof. First consider

7

pvn:lvé(z)

2G, 11.6(2) 2G) 1.6(2)
14 20 2 | — R4+ 20 2 < (u+1
g;7n’l76(2) p g/ — (/‘I’ )

Zggvnzlva(z)
14+ —Bne =
gp7n7176(z)

From (19), we obtain
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z2G
(W+1) 14 220 —p

)

= () |> s mepel

o | S s (m) ) a2

N
3
_|_
=
3
4
s
8

l;
S op= 3 () mlam 2]
m=p-+1 P
. L
n Z+15i (%) m(m_p)am,i
m=p
< (M+1)Z ) l;
% e s (o)

m=p+1

If (20) holds then the above expression is bounded by p — 5 and consequently

Zg” z = 2 z
1 + p7n’l76( ) _p‘ _ %{1 _|_ pvnzlvé( ) < _B,

I
;,n,l,é(z) g;/m,z,(s(z)

which equivalent to
2Gpn,s(2)

20} n1,5(%)
RL+ b >y -p
{ g;/m,z,d(z) ;),n,l,é(z)
Hence g; € KDGp, ;1 (B, pt, 01,02, ...,0p) for i € {1,2,...,n} .
Conversely, let g; € KDGp 1 (B, 11, 01,02,...,0,) for i € {1,2,...,n} and prove
that (20) holds. If g; € KDG, .1 (B, 11,61, 02, ...,0,) for i € {1,2,...,n} and z is real,
we get from (8) and (19)

1+ + 3.
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00 l; 7]
n > <%> m(m —p) ap 2™ P
m=p+1
p— 7 %) 1 )
i=1 p— > (—) Mgy, ;2P
m=p+1 p i
e l;
oo | X (%) mm =) ameem
=p+1
> p|> 6 | - +8,
i=1 p— > (m) My, ;2P
m=p+1 P
[e'e} l;
| X (%) mm = p)amem
m=p+1
> py 0 = ’ + 5.
i=1 p— > <m) Mgy ;2P
m=p—+1 P

That is equivalent to

| S s () mon - pamr]| L] S 6 (5) mmp

m=p+1
> %

ll' li
i=1 p— > (%) My 2™ P i=1 p— > (%) My ;2P

< p—F.
The above inequality reduce to

l.
“m (m —p) api2™P

w | 2 sy (2
m=p+1
; =

l;
p= 2 () mamsenr
m=p+1

SN——

<p-8.

£ 5 (2) mim s
Let z — 1~ along the real axis, then we get >, | ™=

1.
p— Z (%) Zmam,i

IN

pb—= 57

which give the required result.

Remark 6. Setting p =1, ; = 0 for i € {1,2,...,n} in Theorem 4, we have
obtain Theorem 4 in (see [9]).

Putting p = 1 in Theorem 4, we have
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Corollary 7. Let the function g; € T for i € {1,2,...,n}. Then the functions
gi € KDGi 1 (B, 1, 01,02, ...,0) for i € {1,2,...,n} if and only if

v | S 0+ 1) () (m = 1) g

Z m=2 — Sl_ﬁ

= L= 3 (m) may,
m=2

Putting p=n=1,1; =0, 1 = § and g; = g in Theorem 4, we have
Corollary 8. Let the function g € T'. Then the functions g € KDG 10 (5, i, 6) if

io: S(p+l)ym(m—1)am1

and only if 2=2— <1-5.
1—- 3" mam,1
m=2
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