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1. INTRODUCTION

Throughout w, ¥ and A denote the classes of all, gai and analytic scalar valued
single sequences, respectively.
We write w? for the set of all complex sequences (Z,,,), where m,n € N, the set of
positive integers. Then, w? is a linear space under the coordinate wise addition and
scalar multiplication.

Some initial work on double sequence spaces is found in Bromwich [4]. Later on,
they were investigated by Hardy [5], Moricz [9], Moricz and Rhoades [10], Basarir
and Solankan [2], Tripathy [17], Turkmenoglu [19], and many others.

Let us define the following sets of double sequences:
My (t) = {(@mn) € W? : SUPmen |Z | < oo},
Cp(t) == {(a:mn) € w? i p —limmnsoo | Tmn — l|tm" =1 forsomel € (C} ,
Cop (t) == {(xmn) € w? 1 p — liMum nsoo ]wmn|tm” = 1} ,
Lo (1) = {($mn) € w?: D omet 2me |xmn|tmn < OO} )

Cop (1) := €, (1) My (t) and Copp () = Cop (£) () My (2);
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where t = (t;,,) is the sequence of strictly positive reals t,,, for all m,n € N and
P — limym n—soo denotes the limit in the Pringsheim’s sense. In the case t,,, = 1
for all m,n € N; M, (t),C, (t),Cop (t), Lo (1), Cpp () and Copp (t) reduce to the sets
My, Cp, Cop, Ly, Cpp and Cppyp, respectively. Now, we may summarize the knowledge
given in some document related to the double sequence spaces. Gdkhan and Colak
[21,22] have proved that M, (t) and €, (), Cy, (t) are complete paranormed spaces
of double sequences and gave the a—, f—,y— duals of the spaces M, (t) and Cy, (¢) .
Quite recently, in her PhD thesis, Zelter [23] has essentially studied both the the-
ory of topological double sequence spaces and the theory of summability of double
sequences. Mursaleen and Edely [24] have recently introduced the statistical con-
vergence and Cauchy for double sequences and given the relation between statistical
convergent and strongly Cesaro summable double sequences. Nextly, Mursaleen [25]
and Mursaleen and Edely [26] have defined the almost strong regularity of matrices
for double sequences and applied these matrices to establish a core theorem and in-
troduced the M —core for double sequences and determined those four dimensional
matrices transforming every bounded double sequences & = (z;;) into one whose core
is a subset of the M —core of x. More recently, Altay and Basar [27] have defined the
spaces B8, BS (t), €8, €8y, €S, and BV of double sequences consisting of all double
series whose sequence of partial sums are in the spaces My, My (t), Cp, Cpp, Cr and
L, respectively, and also have examined some properties of those sequence spaces
and determined the a— duals of the spaces BS, BV, €8, and the /3 (¥) — duals of the
spaces C8p, and €8, of double series. Quite recently Basar and Sever [28] have in-
troduced the Banach space £, of double sequences corresponding to the well-known
space {, of single sequences and have examined some properties of the space L.
Quite recently Subramanian and Misra [29] have studied the space x3, (p, q,u) of
double sequences and have given some inclusion relations.

Spaces are strongly summable sequences was discussed by Kuttner [31], Maddox
[32], and others. The class of sequences which are strongly Cesaro summable with
respect to a modulus was introduced by Maddox [8] as an extension of the defi-
nition of strongly Cesaro summable sequences. Connor [33] further extended this
definition to a definition of strong A— summability with respect to a modulus where
A = (ap,k) is a nonnegative regular matrix and established some connections between
strong A— summability, strong A— summability with respect to a modulus, and A—
statistical convergence. In [34] the notion of convergence of double sequences was
presented by A. Pringsheim. Also, in [35]-[38], and [39] the four dimensional matrix
transformation (Az), , = 201 > 0%, @) T, was studied extensively by Robison
and Hamilton. In their work and throughout this paper, the four dimensional matri-
ces and double sequences have real-valued entries unless specified otherwise. In this
paper we extend a few results known in the literature for ordinary(single) sequence
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spaces to multiply sequence spaces.
We need the following inequality in the sequel of the paper. For a,b,> 0 and
0 < p<1, we have
(a+b)P <aP +V° (1)

The double series Y 7 | Ty is called convergent if and only if the double sequence

(Smn) is convergent, where Sy, = Z’znjil zij(m,n € N) (see[l]).

A sequence x = (y,y)is said to be double analytic if supy,, \mmnll/ Mt 0. The
vector space of all double analytic sequences will be denoted by A%. A sequence
2 = (Zmn) is called double gai sequence if ((m + n)! [Zmn|)/ ™™ = 0 as m, n — oco.
The double gai sequences will be denoted by x2. Let ¢ = {all finite sequences} .

Consider a double sequence x = (z;;). The (m,n)" section zlmM of the sequence

is defined by zlmn = Z:'njﬁo:”ij%ij for all m,n € N; where 3;; denotes the dou-
ble sequence whose only non zero term is a ﬁ in the (i, J )th place for each i, j € N.

An FK-space(or a metric space)X is said to have AK property if (S,,) is a
Schauder basis for X. Or equivalently z[™" — 2.

An FDK-space is a double sequence space endowed with a complete metriz-
able; locally convex topology under which the coordinate mappings © = (z;) —
(Zmn)(m,n € N) are also continuous.

If X is a sequence space, we give the following definitions:
(1)X'= the continuous dual of X;
(i) X* = {a = (amn) : 2 g0zt [@GmnTmn| < 00, foreachz € X} ;

(iii) X? = {a = (amn) : Z;’jn:lamnxmn isconvegent, foreachx € X} :

(iv) X7 = {a = (@mn) : SUPmn > 1 ’Zn]\fé\;l GmnTmn

< 00, foreachx € X};

(v)let X beanF K — space D ¢; then X = {f(%mn) f e X’} ;

1/m+n

(vi)X°® = {a = (Amn) : SUPmn |@mnTmn] < 00, foreachx € X} :

X X8 X7 are called o — (orKéthe — Toeplitz)dual of X, 3 — (or generalized —
Kothe —Toeplitz)dual of X,y — dualof X, 6 — dualof X respectively. X is defined
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by Gupta and Kamptan [20]. It is clear that z® € X? and X* ¢ X7, but X? ¢ X7
does not hold, since the sequence of partial sums of a double convergent series need
not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced
by Kizmaz [30] as follows

Z(A)={z=(z) cw: (Axy) € Z}

for Z = ¢, cp and l, where Az =z — 2441 for all k € N.

Here ¢,cy and f, denote the classes of convergent,null and bounded sclar valued
single sequences respectively. The difference space bv, of the classical space ¢, is
introduced and studied in the case 1 < p < oo by BaSar and Altay in [42] and in
the case 0 < p < 1 by Altay and BaSar in [43]. The spaces ¢ (A),co (A), 0o (A)
and bv, are Banach spaces normed by

2]l = |21] + supis1 [Awy] and [2]]y,,, = (2 laxl”)'?, (1 < p < o0).

Later on the notion was further investigated by many others. We now introduce the
following difference double sequence spaces defined by

Z (D) ={z = (zmn) € W : (Azpmpn) € Z}

A2 L2 _ _
where Z = A%, x* and A% = (Tmn — Tmnt1) — (Tmtin — Tmtintl) = Tmn —
Tmn+l — Tm+1n + Tmt1ins1 for all myn € N.

2.DEFINITIONS AND PRELIMINARIES

Definition 1. A sequence X is v— invariant if X, = X where

Xy ={2 = (Tmn) : VmnTmn) € X},

where X = A% and 2.

Definition 2. We say that a sequence space A2 (X) is v— invariant if A2 (X) =
A%(X).

Defintion 3. Let A = (azn?) denotes a four dimensional summability method

that maps the complex double sequences x into the double sequence Ax where the
k,¢— th term to Az is as follows:

(Az)y, = Zﬁzl Ziil A" Tmn
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such transformation is said to be nonnegative if af;" is nonnegative.

The notion of regularity for two dimensional matrix transformations was pre-
sented by Silverman [40] and Toeplitz [41]. Following Silverman and Toeplitz, Robi-
son and Hamilton presented the following four dimensional analog of regularity for
double sequences in which they both added an adiditional assumption of bounded-
ness. This assumption was made because a double sequence which is P— convergent
is not necessarily bounded.

3.MAIN RESULTS

Lemma 4. supmn |$mn — Tymntl — Tm+intl + l‘m+1n+1‘1/m+n < oo if and only
if
(1) supmn (mnf1 |93mn]1/m+n < 00
(ii) supmn
1 1 1 1/m+n
‘$mn — (mn) (mn+1)"" Tmnt1 — (mn) (m+1n)"" pp1n + (mn) (m+1In+ 1) Tptins1
< oQ.
If we consider Lemma (3.1), then we have the following result:
Corollary 5. supm,n
(mn) 2mn — (mp + 1) 22l — (g 4+ 1n) S2H 0 4 (4 1n + 1) metintl Hmn < 0
Wmn Wmn-+1 Wm+1n Wm+1n+1
3 e Umn 1/m+n :s Umn Umn+1 Um+1n Um+1n+1 l/m-l—n
if and only if (i) supmn Winn < 00 (ii) supmy (mn) Wmn  Wmntl  Omiln | Wmtlntl <

Theorem 6. AZ (A?) C A2 (A?) if and only if the matrix A = (a}}") maps A?
into A? where

Vit1j+1 + Vit1j + Vij+1 — Vij,
%ﬂi if m,n=i+1,j+1
alit = % if m,n=i+1,j (2)
% if m,n i,j+1
0 if m,n >i+2,j+2

i J 1/m+n
Proof: Let y € A2. Define Tij = — L= 2nm[Yn] . Then

Wpq
WijTij — Wij41Tij4+1 — Wit1jTi+1j T Wit1j+1Ti+1j+1 € A?%. Hence Ai% S A2, so by
assumption A,z € A% It follows that Ay € A% This shows that A = (a}"") maps A?
into A2. Let z € Ay (A2) , hence (wijxij — Wij+1Tij+1 — Wi+1jTi+1j + wi+1j+1xi+1j+1) S
AQ. Then also Yy = (wi71j71$¢71]’71 — Wi—15Ti—15 — Wij—1T45-1 + wl-jxij) S A2, where
w_1 = 2_1 = 0. By assumption we have Ay € A%. Hence z € A? (AQ) . This com-
pletes the proof.
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Theorem 7. Let X and Y be sequence spaces and assume that X is such that a

r11 T2 w13 T, 0
To1  Toz a3+ Ta, O
sequence : belongs to X if and only if the sequence

Tml Tm2 Tm3 + Tmn 0

0 0 0--- 0 0
To1 To2 T3+ Top O
r31 w32 w33 T3y O
Tml Tm2 Tm3 - Tmn O
0 0 0--- 0 0

Then we have A2 (X) C A2(Y) if and only if the matrix A = (a7¥*) maps X into
Y, where A = (a}}") is defined by equation (3.1).

The proof is very similar to that of Theorem (3.3).

Corollary 8. We have A2 (A?) Cc A2 (A?) if and only if

1/m+n
< o0.

(% v. (¥
mnmn —mn 4+ 125 — gy I 0 o T 4 1
mn

Su
pmn Wmn+1 Wm+1n Wm+1n+1

Proof:  This follows from Theorem 3.3, the well known characterization of
matrices mapping A? into A? and corollary 3.2.

Corollary 9. We have A2 (XQ) C A2 (Xz) if and only if

) 1/m+n

—

Wmn mn-+ Wm+1n Wm+1n+1
0 as m,n — oo.

Proof: This follows from Theorem 3.5, the well-known characterization of matrices
mapping x? into x? and corollary 3.2.

((m—l—n)!‘mn”m” —mn 4 12— In i o 1 4 1 petiett

If we consider corollary 3.5 and corollary 3.6, then we have necessary and sufficient
conditions for the v—invariant of A? (AQ) and A? (X2) .
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