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1. INTRODUCTION

Let H(U) denotes the class of analytic functions in the open unit disc U = {z €
C : |z] < 1} and let Hla,p] denotes the subclass of the functions f € H(U) of the
form:

f(z)=a+ap? +ap12P +... (a€C;peN={1,2,...}).

Also, let A(p) be the subclass of the functions f € H(U) of the form
f(z) =2+ Z arz® (peN), (1.1)

and set A; = A(1).

For f,g € H(U), we say that the function f is subordinate to g, or the function
g is superordinate to f, if there exists a Schwarz function w, i.e. w € H(U) with
w(0) = 0 and |w(2)| < 1, z € U, such that f(z) = g(w(z)) for all z € U. This
subordination is usually denoted by f(z) < g(2).

It is well-known that, if the function g is univalent in U, then f(z) < g(z) is
equivalent to f(0) = ¢g(0) and f(U) C g(U).

Supposing that h and g are two analytic functions in U, let

@(r,s,t;2) : C3x U — C.
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If h and @(h(2), zh/(2), 2h" (2); z) are univalent functions in U and if h satisfies the
second-order superordination

"

9(2) < p(h(2), 21 (2), 2 (2); 2), (1.2)

then g is called to be a solution of the differential superordination (1.2). A function
g € H(U) is called a subordinant of (1.2), if ¢(z) < h(z) for all the functions h
satisfying (1.2). A univalent subordinant g that satisfies ¢(z) < ¢(z) for all of the
subordinants ¢ of (1.2), is said to be the best subordinant.

Recently, Miller and Mocanu [14] obtained sufficient conditions on the functions
g, ¢ and ¢ for which the following implication holds:

"

9(2) < @(h(2), 2h'(2), 2k (2); 2) = g(2) < h(2).
Using the results of Miller and Mocanu [14], Bulboaca [6] considered certain
classes of first order differential superordinations as well as superordination-preserving

integral operators [7]. Ali et al. [1], have used the results of Bulboac¢a [6] to obtain
sufficient conditions for normalized analytic functions to satisfy:

2f'(2)
f(z)
where g; and ¢y are given univalent normalized functions in U.

Very recently, Shanmugam et al. ([18], [19] and [20]) obtained the such called
sandwich results for certain classes of analytic functions. Further subordination
results can be found in [17] and [21].

q(z) < =< q2(2),

For f given by (1.1) and g € A(p) defined by g(z) = 2P + 3. bpz¥, the

k=p+1
Hadamard product or ( convolution) is defined by
(f*a)(z) ="+ D abpz’ = (g% f)(2). (1.3)
k=p+1

Using the convolution and for A > 0,1 > 0,p € N;m € Ny = NU {0}, we define the
linear operator D (f * g) : A(p) — A(p) by:
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Doia(frg)(z) = (fx9)(2);

Dhalf +0)() = Dpualf +0)(:) = (1= N =) + oy (07 +0)(2)’
_ p+1+ Ak —p) bk
= + %1 < P ) kbpz" ;
DA a)e) = (L= NDualf <0)(:) + ey (2 Dal7 20)(2))
_ pHIFAk=D)\
= + k;ﬂ ( iy ] ) 1Ok

and (in general)

DAL +0)() = (=MD 20+ gy (FDpR ¢ 0@
— 2y <p+l‘;i(lk_p))makbkzk. (1.4)
k=p+1

From (1.4), we can easily deduce that
Az (Dia(f + 9)(2)) = (p+ DD (f9)(2) = [p(1 = X) + 1] Dy A (f *9)(2) (A ? O)j
1.5
We remark that:
(i) For by = 1 or g(z) = 2P(1 — z)~! we have Dml)\(f xg)(2) = LY\ 1) f(2),

where the operator I}(A, 1) was introduced and studled by Catas [9] which contains
intern the operators D;* (see [5] and [11]) and DY* (see [2]);
.. ( )k —p- ( ) m,l
(ii) For b, = , the operator D \(f*g)(z) = I N (a1, B1)f(2),
(B)pe—per-(Ba)—p(1 )k—p P P '

where the operator Ip (} N y(a1, B1) was introduced and studied by El-Ashwah and

Aouf [10], a1, az,...,aq and fy, By, ..., B, are real or complex numbers (5; ¢ Z; =
{0,-1,-2,..};7=1,2,..,8)(¢ < s+ 158, € Np) and

s (k= 0;d € C* = C\{0})
(s {du+nmw+k—n (keN;de Q).

Also, for many special operators of the operator Ip q’ s )\(041, B) see [10];
I'(p+a+B)L(k+B)
117) For m = 0 and b, = ,
(i) "T T+ Bk +a+B)
Q;‘ﬁf(z) (e > 0,8 > —1,p € N), where the operator @, 5 was introduced by Liu
and Owa [12].

the operator D'y \(f * g)(2) =
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2. DEFINITIONS AND PRELIMINARIES

To prove our results we shall need the following definition and lemmas.
Definition 1 [14]. Let Q be the set of all functions f that are analytic and injective
on U\ E(f), where

E(f) = {¢ € U lim £(2) = o<},

and are such that f'({) # 0 for ¢ € OU \ E(f).
Lemma 1[13]. Let q be univalent in the unit disc U, and let 6 and ¢ be analytic
in a domain D containing q(U), with p(w) # 0 when w € q(U). Set Q(z) =
2q'(2)¢(a(2)), h(z) = 6(q(2)) + Q(2) and suppose that

(1) Q@ is a starlike function in U,

(i) Re ZC];/(S;) >0, z€ U.
If p is analytic in U with p(0) = ¢(0), p(U) C D and
0(p(2)) + 21/ (2)p(p(2)) < 0(a(2)) + 2q'(2)p(q(2)), (2.1)

then p(z) < q(z), and q is the best dominant of (2.1).
Lemma 2 [18]. Let p,y € C with v # 0, and let q be a convex function in U with

Re <1+zq (Z>> >max{0;—ReM}, z e U.

~y

If p is analytic in U and

up(z) +vzp'(2) < pg(2) + 724 (2), (2.2)

then p(z) < q(z), and q is the best dominant of (2.2).
Lemma 3 [8]. Let q be a univalent function in the unit disc U and let 0 and ¢ be
analytic in a domain D containing q(U). Suppose that
0/
() re? )

w(a(z))
(i1) h(z) = 2¢'(2)p(q(2)) is starlike in U.

If pe H[q(O; 11N Q with p(U) C D, 0(p(z)) + zp'(2)p(p(2)) is univalent in U, and

0(q(2)) + 24 (2)(q(2)) < 0(p(2)) + 2 (2)p(p(2)), (2.3)

then q(z) < p(z), and q is the best subordinant of (2.3).
Note that this result generalize a similar one obtained in [7].

>0 for ze U,
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Lemma 4 [14]. Let g be convex in U and let v € C, with Re{y} > 0. If p €
H[q(0),1] N Q and p(z) + vzp'(z) is univalent in U, then

q(2) +v2q'(2) < p(z) + 720 (2), (2.4)

implies q(z) < p(z), and q is the best subordinant (2.4).

This last lemma give us a necessary and sufficient condition for the univalence
of a special function which will be used in some particular cases:
Lemma 5 [16]. The function q(z) = (1 —2)72%(a,b € C*) is univalent in U if and
only if |2ab—1| <1 or |2ab+ 1| < 1.

3. SUBORDINATION RESULTS

Unless otherwise mentioned, we assume throughout this paper that A > 0,1 >
0,p € N, m € Ny and the powers are considered principle values.
Theorem 1. Let q be univalent in U, with q(0) = 1, and suppose that

" l 1
Re (1+Z§,(S)> >max{0;—p+Re}, z e U, (3.1)

Ap )

where 6 € C*. If f € A(p) satisfies the subordination

m—+1 m !
;5) (Dp,l,ﬁ (f g><z>> NE 5 (Dp,l,xif: g><z>> s &ﬁzf CR
e Dy +9)(2)
Zoaall ),
and q is the best dominant of (3.2).
Proof. Let Dr(Feg)(2)
Kz)=—"tr—— — (2€ 1), (3.3)

4
then, differentiating (3.3) logarithmically with respect to z, and using the identity
(1.5), we have

DAL+ 9)(2)
4

MK’
=K(z)+ 27(2)
p+1

A simple computation shows that

éDng,rxl(f *g)(2) L P 5 Dy \(f % 9)(2) _ k(o) +

p 2P p 2P

0AzK'(2)
plp+1)
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hence the subordination (3.2) is equivalent to

dAzK'(z) dAzq'(2)
K(z) + —F——5 <q(2) + ——+.
Ot e O
Now, applying Lemma 2, with g = 1 and v = (p +l) the proof of Theorem 1 is
completed.
: 1+ Az : "
Taking ¢(z) = T B (-1 < B < A<1)in Theorem 1, the condition (3.1)
z
reduces to LB l .
Re113j>max{0;—p(p;)Reé}, z e U. (3.4)
1-¢

It is easy to check that the function ¢(¢) = || < |B|, is convex in U, and

1+¢
since ¢(¢) = () for all |¢| < |BY, it follows that the image (U) is a convex domain
symmetric with respect to the real axis, hence

1—
inf
n {Re1

z 1B
B eU}— >0 (3.5)

1+ |B|
and the inequality (3.3) is equivalent to

pp+l) o 1 |B 1
A § — |B|+ 1’

hence we obtain the following corollary.
Corollary 1. Let -1 < B < A<1 and § € C* with

1—|B| plp+1) , 1
> - 2 Re= .
5B /max{o, 3 Reé

If f € Alp), and

0 D;Tﬁ,\%f *g)(2) L P s Dy A(f x9)(2) ~ 1+ Az Ly oA (A-B)z (3.6)
p 2P P 2P 1+ Bz plp+1)(1+Bz)?" *
then
Dl (f x9)(2) PREC
zP 1+ Bz’
1+ Az .
and B the best dominant of (3.6).

Forp= A =1 and B = —1 in Corollary 1, we have:
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l 1
Corollary 2. Let 6 € C* with pt! Re -

>0.1 A
3 5_0 f fe A, and

DI (f + 9)(2) DA(fg)(2)\  1+=2 25\
5( 2 >+(15)< 2 ) 1—z+(1—|—l)(1—z)2’ (3.7)
then
D%\(f*g)(z) 142
<
z 1—-=2
and ® is the best dominant of (3.7).

— 2z
Theorem 2. Let q be univalent in U, with q(0) =1 and q(z) # 0 for all z € U.
Let v,u € C* and v,n € C, with v+n # 0. Let f € A(p) and suppose that f and
q satisfy the conditions:

vDI R (f % 9)(2) + D\ (f * 9)(2)

(v +m)zP #0, 2eU, (5:8)
and
2q" (2)  2q(2)
Re <1+ D 1 ) > 0. (3.9)
If
vz [D;”‘l:&l(f * g)(z)]/ +nz [Dgl,x(f * g)(z)}, 2q'(2)
S e T T Yoo s N T R B I
then

vD N (f % 9)(2) + 0Dy \(f * 9)(2)
(v +m)zP

w
] < q(2),

and q is the best dominant of (3.10).
Proof. Let K(z) given by (3.3), then K(z) is analytic in U, differentiating K (z)
logarithmically with respect to z, we get
2K'(2)  [vaADy (S % ) (2)) + 02Dy (f * 9)(2)) _,
v # 9)(2) + 0D (f % 9)(2)

Now, using Lemma 1 with §(w) = 1 and p(w) = I, then 6 is analytic in C and
p(w) # 0 is analytic in C*. Also if we let

K(z)




A. O. Mostafa - Differential Sandwich Theorems for p-Valent Functions...

and .

) = 0la(2) + Q) = 1+ 74,

)
then, Q(0) = 0 and Q’(0) # 0, and the assumption (3.9) yields that @ is a starlike
function in U and

) [ W e o)
‘“Q@)‘R{L*¢w «a}>0(€m’

and then, by using Lemma 1, we deduce that the assumption (3.10) implies K (z) <

¢(z) and the function ¢ is the best dominant of (3.10).

1+ A
Taking v =0,n=1,v=1and ¢(z) = 1 132 in Theorem 2, it is easy to check
z

that the assumption (3.9) holds whenever —1 < A < B < 1, hence we obtain the
next result:
Corollary 3. Let -1 < A< B<1and pe€ C*. Let f € A(p) and suppose that

D™ xq)(z
IRTICI
2P
If /
z | Dy A(f % 9)(2) _
1+ n [ L } p| <A BE (3.11)
Dria(fx9)(2) (1+ Az)(1 + Bz)
then )
D7 A (f x9)(2) 1+ Az
L =<
zP 1+ Bz’
1+ Az . .
and T B> is the best dominant of (3.11).

Puttingv =0, n=A=p=1,m=1=0,v = (a,b € C*), p = a, and

1
ab
q(z) = (1 — 2)72% in Theorem 2 and combining this together with Lemma 5 we

obtain the result due to Obradovi¢ et al. [15, Theorem 1].
p(A—B)
Puttingrv =0, p=n=A=v=1,m=101=0,and ¢(z2) = (1+Bz) B
(-1 < B< A<1, B#0)in Theorem 2, and using Lemma 5, we get the next
corollary:

A-B
Corollary 4.Let —1 < B < A <1, with B # 0, and suppose that M(B) — 1‘ <
A-B
1 or ‘M(B)+1’ < 1. Let f € Ay such that /() # 0 for all z € U, and let
z
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pec / 1+ [B+u(A—B
1+ p <Z}c(i§) - 1> <1 IFJ’:(BZ_ UE3 (3.12)
then ) u (A-B)
< , ) < (14 Bz) B

wA-B)
and (14+ Bz) B is the best dominant of (3.12).
oi¢

Puttingv =0, n=A=p=1,m=1=0,v = (a,bEC*;]C\<E>,
abcos( 2
—2abcos (e~ ¢

uw=aandq(z) =(1-2) in Theorem 2, we obtain the result due to Aouf
et al. [3].

Theorem 3. Let g be univalent in U with q(0) = 1, let u,y € C*, and let
o,Quv,n e C withv+n #0. Let f € A(p) and suppose that f and q satisfy

the next two conditions:

vDIEL(f % g)(2) + Dy A (f * 9)(2)

) #0, ze U, (3.18)
and Y
Re <1+Z;(i§)> >max{0;—Rez}, z e U. (3.14)
If
o) = DS (f * 9)(2) + 0D A (F = 9)(2) "
o (v +n)zP
vz [ DI+ 9)(2)] 4z (D2 (F +9) ()]
- Q 2.15
SRS Gy s T s Ty T Rl | IR
and
P(2) < oq(z) + 724 (2) + Q, (8.16)
then

[vDZ?lwf % 9)(2) + 0D\ (f * g)(Z)] " o)

(v +m)2P
and q is the best dominant of (3.16).

Proof. Let . .,
vDy 5 (f % 9)(2) + 0D\ (f * g)(Z)]

o (3.17)

G(z) = [

229



A. O. Mostafa - Differential Sandwich Theorems for p-Valent Functions...

Then G(z) is analytic in U, differentiating (3.17) logarithmically with respect to z,
we have

2G(z) [D;"zﬁl(f * g)(Z)}/ +12 [D;”z A(f 9)(2)}/ -

[ E I T 1 R T TN TR T B
hence

, ve [P+ 9)(=)] 40z [P 9) ()]

ZG( ) NG(Z) VDanl+)\1(f )( )+7]Dpu(f*g)(z) - P
Now, let
O(w)=cw+Q, @w)=7vy, weC,
Q(2) = 2q¢'(2)p(q(2)) = v2¢'(2) (2 € U)

and

h(z) = 0(a(2)) + Q(2) = 0q(2) +72¢'(2) + Q (z € U).
Using (3.14), we see that @ is starlike in U and
2h (z) {0 2q"(2) }
Re =Req—+1+ >0,
Q(2) g q'(z)
hence, by applying Lemma 1, the proof of Theorem 3 is completed.
Taking ¢(z) = Z( —1 < B < A<1),in Theorem 3 and according to (3.5),

14+ Bz
the condition (3.14) reduces to

o 1—|B]|
max ¢ 0;—Re— » < .
{ 7}_1+|B|

Hence, for the special case v = v =1, n = 0, we obtain the following result:
Corollary 5. Let -1 < B < A<1 and let o € C with

— |B|
max {0; — Re }_ B
Let f,g € A(p) and suppose that & %0, ze U, and let p € C*. If
/
D;?ljr,\l(f*g)(z) g o+ 2 | Dy A(f* 9)(2) I |
2 S NI
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1+ Az (A — B)
<01+Bz —I—Q—l—zm, (3.18)
then
[D;’fl,ﬁl(f*g)(Z) Y14 Az
2P 1+ Bz’
1+ Az .
and B the best dominant of (3.18).
Takingn=v7=A=p=1Lv=m=101=0,9(z) = 2(1 —2) L and ¢q(z) = 1jz

in Theorem 3, we obtain the next corollary:

Corollary 6. Let f € Ay such that fiz) #0 forall z€ U, and let p e C*. If
fe)1" zf'(2) 142 2z
— — -1 Q Q 3.19
[ . o+ p 8 +Q <o+ +(1_2)2, (3.19)
then i
1) ree
z 1-=2
and Z is the best dominant of (3.19).

4. SUPERORDINATION AND SANDWICH RESULTS

Theorem 4. Let g be convez in U with ¢(0) =1 and § € C* with m Re{d} > 0.
Dyia(f +9)(2)
2P

) (D;flt\l(f*g)(z)> +p—5 <D;’,‘l,x(f*g)(2)>

Let f,g € A(p) and suppose that € H[q(0),1] N Q. If the function

p 2P p 2P

is univalent in the unit disc U, and

a2 (2) 5(D;’?lx1<f*g><z>>+p—a(D;’?l,xf*w(@)’ (1)

+ " < -
q(2) p(p+ l) p 2P D 2P

then m
FRPEAICALIC
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and q is the best subordinant of (4.1).

Proof. Let K(z) be given by (3.3), then, from the assumption of the theorem it
is analytic in U. Differentiating K (z) logarithmically with respect to z, and using
(1.5), we have

k(o) 4 PG 8 DIEN(f * 9)(2) P8 Dpa(f x9)(z)

plp+1) p 2P P 2P

Using Lemma 4, the proof of Theorem 4 is completed.
1+ A
Taking ¢(z) = R in Theorem 4, where —1 < B < A < 1, we obtain the

1+ Bz
next corollary:
Corollary 7. Let q be convex in U with ¢(0) = 1, let § € C* and with —2— Re{5} >

p(p+1)
DIy A(fx9)(2)
zp

0. Let f,g € A(p) suppose that

5 (D;:?lal(f*g)(z)) Lpo (Dg}l,mf*g)(z))

D 2P D zP

€ Hlq(0),1] N Q. If the function

is univalent in U, and

<
1+Bz plp+)(1+Bz)?2 p

1+ Az INA - B)z Y (D;?lj&l(f * g)(z)) n
V4

p—06 [ Dpin(f*9)(2)
+= ( > ) : (4.2)
then
1+ Az ~ Dy A(f *9)(2)
1+ Bz zP ’
and LAz is the best subordinant of (4.2).
1+ Bz

Using the same tequnique of the proof of Theorem 3, and applying Lemma 3,
we obtain the following result.
Theorem 5. Let g be convex in U with q(0) =1, let u,v € C*, and let 0,Q,v,n € C

with v+ n # 0 and Re 750. Let f,9 € A(p) and suppose that f satisfies the next
Y

conditions: .
vD N (f * 9)(2) + Dy \(f + 9)(2)

vt #£0, ze U,
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and
o

€ Hlq(0),1]Nn Q.

vDyEN(f  9)(2) + 0Dy (f * 9)(2)
(v +mn)zP

If the function 1 given by (3.15) is univalent in U, and

oq(z) +7v2¢' (2) + Q@ < Y(2), (4.8)

then

(2) < vD N (f % 9)(2) + 0Dy (f % 9)(2) "
! v +m)e |
and q is the best subordinant of (4.3).
Combining Theorem 1 with Theorem 4 and Theorem 3 with Theorem 5 , we
obtain respectively the following sandwich results:
Theorem 6. Let q; and g2 be two convex functions in U with q1(0) = g2(0) = 1, let
e Dyia(f + 9)(2)
d € C* with mRe{é} > 0. Let f,g € A(p) and suppose that ——— €
z
H[q(0),1] N Q. If the function

5 (D;:?lal(f*g)(z)) Lpo (Dg}l,mf*g)(z))

D 2P D zP

is univalent in the unit disc U, and

() + 0Aeqi(2) § D (f+9)(2) P9 Dy (f9)(2)

plp+1) p 2P P 2P
(5 /
< ga(2) + m (44)
then D™ (f g)(2)
ES z
a(z) <~ T < (a),

and q1 and q2 are, respectively, the best subordinant and the best dominant of (4.4).
Theorem 7. Let q1 and g2 be two convex functions in U with q1(0) = ¢2(0) =1,

let pu,v € C*, and let 0,Q,v,n € C with v+n # 0 and Re% > 0. Let f,g € A(p)

and suppose that f satisfies the next conditions:

vDI L (f % 9)(2) + D\ (f * 9)(2)
(v +m)2P

#0, ze€ U,
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and
o

€ Hlq(0),1]Nn Q.

vDyEN(f  9)(2) + 0Dy (f * 9)(2)
(v +mn)zP

If the function v given by (3.15) is univalent in U, and
oq1(2) +72q1(2) + Q < P(2) < oqa(2) + v25(2) + Q, (4.5)

then

q(z) < < q2(2),

vDIEL(f % g)(2) + D\ (f+ 9)(2) ]
(v +mn)2P

and q1 and g2 are, respectively, the best subordinant and the best dominant of (4.5).

Remark. (i) Taking by = 1 or g(2) = 2P(1 — 2)~! in the above results, we obtain

results corresponding to the operator I))*(A, [);

. . (1) k—p---(g)k—p
() Taking b = o5 B Dis

the results obtained by El-Ashwah and Aouf [10];

I'(p+a+pB)(k+p5)

Pp+ AT (k+a+p)
we obtain the results obtained by Aouf and Bulboaca [4].

, in the above results, we obtain

(#3) Taking m = 0 and b, = in the above results,
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