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THE STUDY OF CARTAN SPACE WITH RANDERS METRIC

S.K. NARASIMHAMURTHY, H. ANJAN KUMAR AND AJITH

ABSTRACT. In this paper, we study the Cartan space with some (a, ) metrics,
in particular Randers metric admitting h-metrical d-connection. Further, we show
that the condition for Cartan space with Randers metric to be locally Minkowski
and Conformally flat.
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1. INTRODUCTION

In 1993, E. Cartan originally introduced a Cartan space, which is considered as a
dual of Finsler space [1]. H. Rund [4], F. Brickell [2] and others studied the relation
between these two spaces. R. Miron ([10], [11]), introduced the theory of Hamilton
space and proved that Cartan space is a particular case of Hamilton space. T.
Igrashi ([18], [19]), introduced the notion of the («, 5)-metric in Cartan space and
obtained the metric tensor and the invariants p and r, which characterize the special
classes of Cartan spaces with (o, §)-metric. H.G. Nagaraja [5] studied the h-metrical
d-connection on Cartan space with («, 5)-metric.

The concept of Randers metric was proposed by physicist G. Randers in 1941
from the stand point of general relativity [3]. Many Finslerian geometers have made
efforts in investigating the geometric properties of Randers metric.

M. S. Knebelman [8] initiated the conformal theory of Finsler spaces in 1929.
Several authors including S. K. Narasimhamurthy [13] discussed conformal transfor-
mations on special Finsler spaces. P. N. Pandey [9] studied the groups of conformal
transformations in conformally related Finsler spaces. M. Matsumoto [6] determined
the condition for conformally flatness of Randers metric. In this paper, we consider
particular Cartan space with («, 3)-metric, i.e., Randers metric K = a4+ admitting
a h-metrical d-connection.
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2.PRELIMINARIES

Let M be a real smooth manifold and (7*M,II, M), its cotangent bundle. A
Cartan structure on M is a function K : T*M — [0, co) with the following properties:
1. K is C*® on T*M/0 for 0 = {(z,0),z € M},

2. K(x,\p) = A\K(z,p) for all A >0,
3. The n x n matrix (¢¥/) is positive definite at all points of T*M/0 ,
where ¢¥(z,p) = %8i8jK2(l‘,p). We note that infact K (z,p) > 0, whenever p # 0.

Definition 1 The pair (M, K) = C" is called Cartan space.

Example 1 [12] Let (v;5(x)) be the matriz of the local coefficients of a Riemman-
nian metric on M and v (z), its inverse. Then K(x,p) = \/v"(x)pip; gives a
Cartan structure. Thus any Riemannian manifold can be regarded as a Cartan
space .

A Cartan space C" = (M, K) is said to be with («a, §)-metric if K (x,p) is a function
of the variable a(z, p) = (aijpipj)% and B(z,p) = b'(x)p;, where a¥ is a Riemannian
metric and b'(z) is a vector field depending only on x. Clearly K must satisfy the
conditions imposed on the fundamental function of a Cartan space. The fundamental
tensor g (z,p) and its reciprocal g;;(x,p) of the Cartan space C" = (M, K (a, 3))
are given by the relation

g7 = pa' + pob’t’ + p_1 (b'p? + b p") + p_ap’p’, (1)

where p, po, p—1, p—2 are invariants given by
p=30""Ka, po1=g50""Kap, po=50*(Kaa—a'Ka), po=5Kpp
and

gij = oayj + oobib; + o_1(bipj + bjpi) + 0 _2pip;, (2)
=1 = 2 =P — P2 — P2
where o = » T=04+09B*+p_18, o0¢= b o= o ="2
and B2 = b'b;.
The Cartan tensor C*7* is given by
cik = —i[r_lblbjbk + {p_1a"b% 4 p_oa¥p* + r bt p* (3)

+ rosb'p’p" + (i/5/k)} + roap'pp",
where r_1 = %K,Bﬁ,& r_9 = %a‘lKaﬁ/B, r_g= %a‘Q(Kaag — o 'K,p),

r_4 = %a_?’{Kaw —3a ' Koo + 302K, }.
and (i/j/k) represent cyclic sum in the indices i, j, k.
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Let ’ : / denote the covariant differentiation with respect to Christoffel symbols

7§k constructed from a;;. Since af =0 and p;, = 0, if blk =0, then g7} = 0. Using
the Christoffel symbols H; = %g”((sjgm + 0k gjr — 0rg;ji) constructed from g;;(x, p),
we can define canonical N-connection.

1 .
Nij = Uiypr = 5Thepid” 0" g3, (4)

where T (p) = 59" (0j9:k + Okgjr — Orgii)-
We consider the canonical d-connection

DT = (Nyy,, Hy,, CI%). (5)

The d-connection field of type (2, 1), oIF s given by

K3
, 1 . ,
O = =590 g™ = ginCTI". (6)
We denote ’|,” be the h-covariant differentiation with respect to DT

Definition 2 [5/ A d-connection DI of a Cartan space C™ with («, 3)-metric is
called the h-metrical d-connection if it satisfies the conditions
(i) h-deflection D;;(= p;;)=0,
(i1) ol =0,
(iii) g} = 0.
3.CARTAN SPACE WITH RANDERS METRIC ADMITTING H-METRICAL
D-CONNECTION

Let C" = (M, K(a, 8)) be an n-dimensional Cartan space with the metric K =
a+ B where a = (a¥ pipj)% is a Riemannian metric and 8 = b’(x)p; is a differential
1-form. The angular metric tensor is given by

- ij i pJj
h”zK(a—PP).

« s

The fundamental tensor g“(x,p) and its reciprocal g;;(x,p) of the Cartan space
C" = (M, K(a, p)) are as follows

97 = b + E'H, (7)
where k' = 0'K = b + %i.
« 1 15}
9= 55 (aij ot B <abibj — bip; — bjpi + azpz‘pj)> : (8)
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Proposition 1 [17] The Cartan spaces with Rander’s metric is C-reducible.
The Cartan tensor is given by
CVF = AP + RIFAT - RP AT (9)

where A" = S5 (b° — %P’)
Contracting g;i on both sides of the above equation, we have

O = g;1,0% = (n + 1) A"
By means of (9), which implies
CIF = ——(h9CF + WECT 4 WM CY).
n+1

Theorem 1 A Cartan space C™ with Randers metric admitting a h-metrical d-
connection is locally flat if and only if the associated Riemannian space is locally

flat.
Proof. If the connection DI' is h-metrical, then o), = 0, from which, we get
0=Kp=ap+Br=>0h (10)

and '
Bin = bjpi =0, (11)

which yields blih =0.
Now from a‘ii =0, we get HJ’k = ’y;k Hence we have

and also the curvature tensor D}ij of DI coincides with the curvature tensor R};ij
of Riemmanian connection RI' = ('y;-k, ’y;-kyi, 0).
If R}, ;). = 0, then Dj 5 = 0.

Definition 3 [5/ A Cartan space C™ is a Berwald space if and only if C’,i{h =0.

Theorem 2 A Cartan space with Randers metric admitting h-metrical d-connection
1s a Berwald space.
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Proof. The connection DI is h-metrical, then g‘l}]l =0, op =0, afi =0, bfh =
Eo_
0, P = 0.
Hence, from (7), (8) and (9), we have

Cily = 0. (13)

It is well known that [15] a locally Minkowski space is a Berwald space in which
the curvature tensor vanishes. Hence, from the above theorem we have

Theorem 3 A Cartan space with Randers metric K = a+f admitting h-metrical d-
connection s locally Minkowski if and only if associated Riemannian space is locally

flat.

4.CONFORMAL CHANGE OF A CARTAN SPACE WITH RANDERS METRIC

Let C™ = (M, K) be an n-dimensional Cartan space with Randers metric K («, 5) =
a + . By conformal change o : K — K : K(a,) = ¢K(a, 3), we have another
Cartan space C" = (M, K), where a@ = e°a and 3 = €.

Under Conformal change and putting o = (a% (x)pipj)% and B = b'(z)p;, we
have the following quantities [12] :

@ = 2741 §i = ehi, gl = 2741, Gij = €_2ng'j, i = (20 pii Gk — 20 cidk - Gi = o,
By the Proposition 1, we state that

Theorem 4 Under conformal transformation C-reducible property preserves in Car-
tan space with Randers metric.

Theorem 5 In a Cartan space with Randers metric, there exist conformally invari-
ant symmetric linear connection D}k.

Proof. The Christoffel symbols ﬁ;k constructed from @ are written as

Yok = Vi + Bigs (14)
where B;k = 5§0k + 5,iaj — Jiaﬂc and ¢! = aijaj. ‘
Taking covariant derivative of b* with respect to f’y;k, we get
by = e (b + 204b" + b7 0,05 — o' an). (15)
Transvecting above by b¥ and putting

bfrb"
n+4

i1 i
M = ﬁ{bkb:k - 1, (16)
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we have A ‘ ‘
o= M — M, (17)

from which, we get o; = M; — M;. Using (14) and putting
D} = hj + 04, M; + 65 My, — M'ay;,

we have N ‘

Dzj is a symmetric conformally invariant linear connection on M.

Theorem 6 In a Cartan space C™ with Randers metric admits h-metrical d-connection
M =0 and there exist a conformally invariant symetric linear connection D;k such
that D;k = 7;-k, and its curvature tensor Dzjk = R;ij-

Proof. we denote by D;ij the curvature tensor D;.k, we have from (18)
Djir. = Djjy. (19)
Since b’ = 0, we have M* = 0. Hence Dé‘k = %i'k and D;zjk = R;zjk‘

Theorem 7 The Cartan space C™ with Randers metric is conformally flat if and
only if the conditions szjk =0, (20) and (21) are satisfied.

Proof. The Cartan space C™ with Randers metric K is locally Minkowski, then
we have R}ij =0 and ¥, =0.
- From the Theorm (6), we have MZ = 0 and Dj; = R} ;. Thus (17) yields
o' = M*, the covariant vector field M* is locally gradient

5 = M (20)
and we have from (15)
by, = 2Myb' + b" M5}, — M0 ayy,. (21)

Conversely, suppose that C™ has the gradient vector M’ = o° satisfying (15). If
we consider the conformal Cartan space C", then from (17), we get M* = 0, which
yields D% =75 and D} . = Rj 5.

Hence, I}, = 0 follows from (18). Using the condition (21), we have from (15)
that o/, = 0.
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Theorem 8 A Cartan space C" = (M, K) with K = a + [ admitting h-metrical
d-connection is conformally flat if and only if associated Riemannian space is locally

flat.

Proof. The associate Riemannian space (M, «) is locally flat ( ’ﬁjk = 0), then
from (19) and Theorem (5), we have D,iljk = 0, that is, the space C" is conformally
flat.
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