Acta Universitatis Apulensis No. 30/2012
ISSN: 1582-5329 pp. 107-120

SANDWICH THEOREMS FOR ANALYTIC FUNCTIONS
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ABSTRACT. By making use of the generalized integral operator, we introduce and
study subordination and superordination results for normalized analytic functions in
the open unit disk. Relevant connections of the results are presented in this paper,
with various other known results also pointed out.
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1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of analytic functions of the form f(z) = z+ag2%+azz3+...
or f(z) = z4+> 5 anz" in the open unit disk U normalized by f(0) = f/(0) —1 = 0.
Let the functions f and g be analytic in U,then f is called subordinate to g and is
denoted by f(z) < g(z) or simply f < g if there exist a Schwarz function w analytic
in U such that f(z) = g(w(z)), z € U.

Let ¢ : C3 x U — C and let h analytic in U. Assume that p,¢ are analytic and
univalent in U and p satisfies the differential superordination

h(z) < o(p(2), 20/ (2), 2°D" (2); 2). (1)

An analytic function ¢ is called a subordinant if ¢ < p,for all p satisfying equation
(1). A univalent function ¢ such that p < ¢ for all subordinants p of equaction (1)
is said to be the best subordinant.

Recently Miller and Mocanu [12] obtained conditions on h, ¢ and ¢ for which the
following implication holds

h(z) < d(p(2), 20/ (2), 2°D" (2); 2) = @)(2) < p(2).

With the results of Miller and Mocanu [12], Bulboaca [18] investigated cer-
tain classes of first order differential superordinations as well as superordination-
preserving integral operators [19]. Ali et al.[1] used the results obtained by Bulboaca
[19] and gave the sufficient conditions for certain normalized analytic functions f to
satisfy
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2f'(2)
f(z)
where ¢; and ¢ are given univalent functionsin U with ¢1(0) = 1 and ¢2(0) = 1.
Shanmugam et al. obtained sufficient conditions for a normalized analytic functions
f to satisfy

f(z)

0(2) < Spiy <)

q(z) < < q2(2),

and -
q1(2) < L(z) < q2(2)

(f())?

where g1 and g9 are given univalent function in U with ¢;(0) = 1 and ¢2(0) = 1.
Let f € A. Denote by D* : A — A the operator defined by

D =z/(1 =21 f(2), (A>-1).

It is obvious that,
D°f(2) = f(2), D'f(z) =zf"(2)
and,

Df(2) = (=1 f(2))° /81 6 € N\ {0}.

The operator D° f is called the dth-order Ruscheweyh derivative of f.
Recently, K. I. Noor [2] and K. I. Noor and M. A. Noor [3] defined and studied

an integral operator I, : A — A, analogous to D°f as follows.
Let f, = 2/(1 — 2)"*" (n € Np and £, 1(2) be defined such that

Fa(2) * 1 (2) = 2/(1 = 2)?

Then,
Fa(2) = f 1 (2) x f(2) = (2/(1 = 2)"T) 7+ f(2).

We note that Iyf(z) = f(2), 1 f(z) = zf'(z). The operator I,, is called the Noor
integral of nth order of f (see [4, 5]), which is an important tool in defining several
classes of analytic functions. In recent years, it has been shown that Noor integral
operator has fundamental and significant applications in the geometric function
theory.

For real or complex numbers a, b, ¢ other than 0, —1,—2, ..., the hypergeometric
series is defined by

e

2~ (2)

ey = S (@)
ke =D 0,0

Ea
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Where (), is the pochhammer symbol defined by
(2) _Tn+z) (1 ifn=20
" I \z@+l)(@+2)--(z+n—-1) fneN

We note that the series (2) converges absolutely for all z € U so that it represents
an analytic function in U. Also an incomplete beta function ¢(a,c; z) is related to
Gauss hypergeometric function z9Fj(a, b; c; 2) as,

(b(av & Z) = 22F1(17 a; c; Z)

and we note that ¢(a,1;2) = z/(1 — 2)%, where ¢(a, 1; z) is Koebe function. Using
¢(a,c; z), a convolution operator [6], was defined by Carlson and Shaferr. Further-
more, Hohlov [7] introduced a convolution operator using o F} (a, b; ¢; 2).

N. Shukla and P. Shukla [8] studied the mapping properties of a function f, to
be as given in

fula,b,c,z) = (1 — p)zoFi(a,b;c; z) + pz(22Fi(a, byc; 2)),
and investigated the geometric properties of an integral operator of the form

[

Kim and Shon [9] considered linear operator L, : A — A defined by
L,(a,b,c)f(z) = fula,b,c)(2) x f(z).
We now introduce a function ( fu)(_l) given by
Fu(a,0,0)(2) * (fula,0,0)(2) 7 = 2/(L =)™ (k20,4 > ~1),
and Al-Shagsi and M. Darus obtain the following generalized linear operator:
Li(a,b,0)f(2) = (fula,b,¢)()) ™"« £(2).

The operator I ;‘ is known as the generalized integral operator. Therefore, the func-
tion (f,)~! has the following form

N O )1 ()
abc z zeU.
Ul =2 Gk (@O
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Therefore,

I>‘ a,b,c)f apyr2FTL
( Z . k+1
Also it can easily be verified that
(L) (a,b,0)f(2)) = A+ DI (a,b,¢) f(2) = AL (a,b, ) (2)),

z(Ift‘(a +1,b,¢)f(2)) = aIﬁ‘(a,b, c)f(z) = (a— 1)Iﬁ‘(a +1,b,¢)f(z2).

Definition 1. Let f € A belongs to the family of functions S* (starlike) if and

only if
2 f(2)
%<m>>0, ZEU,TLENO.

Definition 2. Let f € A belongs to the family of functions V,\,n € Ny if and
only if (Iﬁ‘f(z)) € S* zeU.

Definition 3. Let f € A belongs to the family of functions G},,n € Ny if and
only if there exists g € V¥ such that

213 f(2))
R4 (gﬁ‘f(z) > >0,z € U.

In the present work, we apply a method based on the differential subordina-
tion in order to obtain subordination results involving Noor Integral operator for a
normalized analytic function f

2(IMf(2))
q1(z) < (W) < q2(2)

AL f(2))
2) | —— | q(2).
(2) ( Y0 (2)
Note also similar work has been seen for different subclasses done by other authors

(see for example [13-16]). In order to prove our subordination and superordination
results, we need to the following lemmas in the sequel.

and
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Lemma 1. [10] Let q(z) be univalent in the open unit disk U and 6, ¢ be analytic
in a domain D containing q(U) with ¢(w) # 0 when w € q(U),

Q(2) = 2q(2)8(q'(2))  h(z) = 0(q(2)) + Q(2),

suppose that Q(z) is starlike univalent in U and R (igé?) >0, zeU, if,

0(p(2)) + 2 (2)d(p(2)) < 0(q(2)) + 24'(2)p(q(2)),

then,
p(2) < q(z),

and q is the best dominant.

Lemma 2. [11] Let ¢(z) be convex univalent in the open unit disk U and 9, ¢
be analytic in a domain D containing ¢(U). Suppose that,
.2q'(2)p(q(2)) is starlike univalent in U and

R (gj((j))) >0, zeU,

if p(z) € H[q(0),1] N Q, with p(U) C D and ¥(p(z)) + 2p'(2)ep(z) is univalent
in U and

(q(2)) + 2¢ (2)pq(2) < I(p(2)) + 2p'(2)ep(2),
then,
q(z) < p(2),

and ¢(z) is the best subordinant.

Definition 4. [12] Denote by @ the set of all functions f(z) that are analytic
and injective on U — E(f) where E(f) = ¢ € OU : lim,_,¢ f(z) = oo and are such
that f/(¢) # 0 for ¢ € OU — E(f).

Lemma 3. [17] Let ¢(z) be convex univalent in the unit disk U and ¢ and v € C

with
R (1 L), w> > 0.
qd(z) v

If; p(2) is analytic in U and

Yp(2) + v2p'(2) < bq(z) + 24 (2),

then p(z) < ¢(2) and ¢ is the best dominant.
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Lemma 4. [12] Let ¢ be convex univalent in the unit disk U and v € c. Further,
assume that (5 > 0). If p(z) € H[q(0),1] N Q with p(z) + vy2p/(z) is univalent in U
then

q(2) + 2¢'(2) < p(2) + 2p'(2)

Implies ¢(z) < p(z) and ¢ is the best subordinant.
2.MAIN RESULTS ABOUT SANDWICH THEOREMS

By using Lemmas 1 and Lemma 2, we prove subordination and superordination
results for analytic functions as follows.

Theorem 1. Let ¢(z) # 0 be univalent in U such that z¢'(z)/q(z) is starlike
univalent in U and

o 2q"(2)  2q'(2)
?]%(1—1—7(1(2)4- 70 — o2 >>O, a,vyeC, v#0. (3)

If f € A satisfies the following subordination

a<z(12f(2))'>+ (HZ(Iﬁf(Z))" 2 (1)

- > < aq(z) + v2¢'(2)/q(2),

I f(2) (I} f(2)' I3 f(2)
then,
2 (I2f(2)'
D) q(2),
and ¢(z) is the best dominant.
Proof.Let,
oz (Ili‘f(z))/

then after computation, we have

()" (1)
() MG

2p(2)/p(z) = 1+

which yields the following subordination

ap(z) +v2p'(2)/p(2) < aq(z) +v2¢'(2)/q(2), v €C.

By setting,
O(w) =aw ¢(w)=r7/w, ~#0,
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it can be easily observed that §(w) is analytic in C' and ¢(w) is analytic in C' — {0}
and that ¢(w) # 0 when w € C' — {0}. Also, by letting

Q(2) = 2¢'(2)6(q(2)) = 724'(2)/q(2),
and,
h(z) = 0(q(2)) + Q(2) = aq(2) + y2¢'(2)/q(2),
we find that Q(z) is starlike univalent in U and that

SCORICEE R

213 f(2)

So by Lemma 1.,we have )

<q(z).

In case ®(w) = w in theorem 1, then we get the following result:

Corollary 1. If f € A and assume that (3) holds then

2 (I f(2)" PEERC (A— B)z
(I/i‘f(z))/ 1+ Bz (1+Az)(1+ Bz)’
implies,
z(I/i‘f(z))/ 1+ Az
—1<B<AKI1
I f(2) -<1—|—Bz’ - -
and iig; is the best dominant.

Proof. By setting a =~ =1 and q(z) =1+ Az/1+ Bz where -1 < B< A< 1.

Corollary 2. If f € A and assume that (3) holds then

z([ﬁ‘f(z))” . 142 2z
(INf(2)" 1-2z (A42)(1-2)
implies,
z(I[}f(z))/ 142z
I f(2) 1—2’
and %fz is the best dominant.

Proof. By setting a =y =1and q(z) =14 2/1—2
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Corollary 3. If f € A and assume that (3) holds then

=)

Az
< e+ Az,
(I (2)
implies,
!
z (I/j\f(z)) =< eAz
I f(2)
and e?* is the best dominant.

Proof. By setting o = v = 1 and ¢(z) = e4%, |A| < IL

Theorem 2. Let q(z) # 0 be convex univalent in the unit disk U. Suppose that
R (:q(z)> >0, a,yeC forzelU, (4)

and 2q'(2)/q(z) is starlike univalent in U. if,

2 (@)
D)

NEO) ()" 2 ()
< f(2) )”(” () L) )

1s univalent is U and the subordination

€ H[q(0),1](Q, [eA4,

: 2 (I (=) ()" 2 (Ie)
a(2) + 724/ (2) /q(2) < ( mie ) U e i)
holds, then
2 (If(2)
q(2) DG
and q is the best subordinant.
Proof. Let
oz (Iﬁ‘f(z))/
p(Z) - Iﬁ‘f(z) )
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then after doing some calculation, we get

ey — 14 ZIE)" ()
R vy T

this implies that,

aq(2) + 724 (2)/q(2) < ap(z) +v2p'(2)/p(2), a,v €C,

By setting
Iw)=aw o) =v/w, 7#0.

It can be easily observed that ¥(w) is analytic in C' and ¢(w) is analytic in C'— {0}
and that p(w) # 0 when w € C — {0}. Also, we obtain

! (:90/((3((,:))))> =¥ (jq(2)> > 0.

So by using Lemma 2.,we have

2 (=)
q(z) < DG

Theorem 3. Let q1(z) # 0,q2(z) # 0 be convex univalent in the unit disk U
satisfying (3) and (4) respectively. Suppose that and zqi(2)/q1(2), 2¢5(2)/q2(2) is
starlike univalent in U. If,

2 (L)
D)

NEHIO)) ()" 2 (1)
< I f(2) AR (1) f(2)) Dfz) )’

1s univalent is U and the subordination

€ H[q(0),1](Q, [e€A4,

2R 2 (I f(2) 2 (M(2)" 2(1(2)
DTG ( e )T ey T e
<o)+ 505
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holds, then
z (Iﬁ‘f(z)),
I f(z)

and q1(z) 1is the best subordinant and q2(2) is the best dominant.

qi(z) < < q2(2),
Proof. To prove the result, we use Theorem 1 and Theorem 2 simultaneously.

Theorem 4. Let q(z) be convexr univalent in the unit disk U and ~y € C satisfying
that

! 1
%<1+zq,(z)+>>o,yec. (5)
q(z) v
“ . « z(I[}f(z))l . .
If f € G}, forn € Ng and exists g € V,¥ such that e analytic in U and the
n

subordination

2 (I f(2) (1 . <1 L 2RI ()

)) < q(z) +72¢'(2), 7€ C

Ipg(z) (1) f(2)) Ig(2)
holds, then
2 (IMf(z '
(ISg((z))) q(2),
and q is the best dominant.
Proof. Let
2 (I (2)
Ing(z)
Therefore,
LAY (2R 2 ()
PO="ne ey T e

which yields the following subordination

p(2) +72p'(2) < q(2) +7v2¢'(2), v € C
This implies that
2 (If(2)
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Theorem 5. Let be convex univalent in the unit disk U and v € C. Further,
assume that ®(7) > 0. If

z A y4 !
W € H[q(0)7 1] N Q7
“w
. (B12) (B1) = (Rae))
z qu(z) z Iﬂf(z) I Ig(z
3g(2) (“(” ) D) ))

is univalent in U then

q(z) +zq'(2) <

)

I3g(2) (M=) ()

this implies that

q(z) = AT Lir@)
Ing(z)
and q is the best subordinant.
Proof. Let
p() = = (Iﬁf(z)),-
I3g(2)

Hence by using the same method as above, we get

) (2t

Zp/(z) - I,)jg(z)

(I f(2)) Ihg(2)
which yields the following subordination
q(2) + 724/ (2) < p(2) +72p(2), 7 € C.

Thus in view of Lemma 4, we have

()

q(z) = p(z) = q(2) < D7)

Theorem 6. Let ¢1(2),g2(2) be convex univalent in the unit disk U such that

/!
§R<1+Zq,2(z) +1) >0,v€C, R(>7F)>0.
q1(2) Y
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z

z A !
If f € G}, for n € Ny and exists g € V¥ such that %((z)) € Hlg1(0),1] N Q, with
N

)

R (1 (1, B2 o)

Ing(2) (1) f(2)) Ing(z)

is univalent in U then

z (I[}f(z))/ <1 N (1 N z (Ili‘f(z))” z (Iﬁ‘g(z))/

7902 (7)o >> e

q(2)+vzq (2) <

holds, then
2 (If(2)
I f(2)

and ¢1(z) is the best subordinant and ga(z) is the best dominant.

q(2) < < q2(2),

Proof. To prove the result, we use Theorem 4 and Theorem 5 simultaneously.
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