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ABSTRACT. We consider the integral operators T, . 3, ..., (2) and J,5(2).
For this two operators we obtain new univalence conditions.
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1. INTRODUCTION AND PRELIMINARIES

Let A the class of all functions of the form:
oo
fR) =2+ an2" (1)
n=2

which are analytic in U = {z : |z| < 1} and f(0) = f/(0) — 1 = 0.
By 8 we denote the class of all functions in A which are univalent in U.
Pascu in [4] has proved next theorem:

Theorem 0.1. /4] Le o be a complex number, Reaw > 0 and and f a regular
function in U. If

L— |2 | 2f"(2)

Rea f'(2)

for all z € U, then for any complex number 3,Rel > Rea, the function

<1 (2)

z

Foe) = | 6 [ o (i 3)

0

1s in the class S.
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Theorem 0.2. (Schwarz Lemma)[2]. Let f the function regular in the disk Ur =
{z € C: |z]| < R}, with |f(2)] < M, M fized. If f has in z = 0 one zero with
multiply > m, then

7)< Brlel™, = €U (W

the equality (in the inequality (4 for z # 0) can hold if f(z) = ewRﬂmzm, where 0 is
constant.

The following theorem is another univalent condition which was proved by Ozaki
and Nunokawa [3]:

Theorem 0.3. [3] Let f € A satisfy the following inequality:

22 (2)
(f())?

—1‘§1 (zelU) (5)

then f is univalent in U.

In [1] Al-Oboudi introduce the operator:
o0
D" f(z) :z—i—Z(l—i—(k— 1)e)"agz* (n € N)
k=2
with D?f(0) = 0. We will use Al-Oboudi operator to define a new operator in our
paper.
2.MAIN RESULTS

Theorem 0.4. Let a € C,Rea > 0 and for i = {1,...,n} we consider f5; €
C,B; #0. Also let M; > 0 and f;i(2) all the functions defined by (1) that satisfies
the condition (5). If

|fi(z)| < M; (tef{l,....,n},zel) (6)

and
Rea < ax |B:|(2M; + 1)n (7)

then for any complex numbers ~; with Revy; > Rea the function

~—

i=1 Nt i=1

n /g z Sy m | m
TBlymyﬁny'Ylw-a"Yn(z) = Z ( + /61> /ui—l A H(fz(u))ﬁldu ! (8
0
s in the univalent functions class 8.
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Proof. Let g the regular function in U defined by

e ) P
:O/E<fi)> ”

o (H )>‘ “

From here we have that

So

Hence using (6) and (9) we get

1 — |Z|2Rea Zg”(Z) B 1— |Z’2Rea Zﬁ Zf/ fz( )
Rea d(z) | Rea ‘U fiz)
1 — |z|FRea 2f’ !f( )|
< 3 1
~  Rex Z 15l fi( |z +
(10)
ﬂ Z|5'|(2M‘+1)
— Rea — 7 (2
1_ ’Z’2Rea
From (10) using the hypothesis (7) we obtain
_ 2Rea "
L= ™ 20|
Rea g(z) | —
for all z € U.
Applying Theorem 0.1 we obtain that T, . 3,4,y (2) defined by (8) is in the
univalent functions class 8. O

Corollary 0.1. Let o, 5 € C, with Reaw > 0. Also let M > 0 and f the function
that satisfies the inequality (5). If

fRl <M (el

and
Rea < |B|(2M + 1)
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then for any complexr number v with Rey < Rea the function

z

1
1it+s

T, = | (2+5) [ G an)
0

is in the univalent function class 8.

Proof. We put n =1 in Theorem 0.4

O]

Theorem 0.5. Let « € C,Rea > 0 and a+bi —1 € C. Forj € {1,...,n}, let
M; >0 and h; € A, D™h;(2) satisfies the condition (5). If

|Dmhj(2)| < Mj (Z celU,je {1, .. n})

and
1

Rea < ————= max (2M; + 1)n

(a—1)2+ b2 1<i<n

then for any complexr numbers p, 0, Repd > Rea the function

z 1
n Dm . a+bi—
%W*:”/W*H( ?@>+lﬁ

0 j=1

is in the univalent function class 8.

(11)

(12)

Proof. Because h; € A,j € {1,...,n}, from definition of D™h;(z) we have that

Dy (2)

z

and %j(z) # 0.
We consider the function

From here we obtain that

zf"(z 1 z2(D™g;(t))
f"(z) Z<( g9; (1))

f'(z2)  a+bi—1

o
=1+ Z[l + (k — De]™ag ;2" 71, m € N*
k=2
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wich implies that

[ i 7] B e i(zwmgj(t))’_l)
Rea f(z) Rea  |a+bi—1] = Dmg;(t)
1= |of?Re < (D"g;(1))'| . |D™ ;1) )
< Rea mZ Drg@r | 1

From hypothesis (11) and from Scharwz Lemma we obtain

1 — ’Z‘ZRea Zf”(Z) 1— |Z|2Rea
(2M; +1)
Rea f'(2) Rea \/(a 2 4 b2 Z *
1 _ 2Rea 1

12 max (2M; + 1)n

Rea (@ —1)2 + b2 1<j<n
Applying (12) we get

2Rea "
L 2P )
Rea f'(z) | —

and now from Theorem (0.1) we obtain that the function J,s(z) defined by (13)
belongs to 8. O

Corollary 0.2. Let « € C,Rea > 0 and a+bi —1 € C. Forj € {1,...,n} we
consider M; > 0,h; € A and D™h;(z) satisfies the condition (5). If

ID™hi(2)| < M;  (z€U,je{l,...n})

and 1
Rea < ————= max (2M; + 1)n

V(e —1)2+1? 1<J<n

then for any complex number 6, Red > Rea the function

z 1
n D™k atbiz
Js(z) = 5/755—1 [] <’t”(t)) T
0 J=1

is in the univalent function class 8.

=

Proof. We consider p =1 in Theorem 0.5 O

For pd = 1 in Theorem 0.5 we obtain
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Corollary 0.3. Let « € C,Rea >0 and a+bi—1€ C. Forj e {l,...,n} we
consider M; > 0,h; € A and D™h;(z) satisfies the condition (5). If

ID™hi(2)| < M;  (ze€U,j€{l,...n})

and 1
Reov < ———= max (2M; + 1)n
(a—1)%+ b2 1<i<n
and for k € N* the function
J(z) = / 11

o J=1

1
D™h;(t) atbi-1
t
is in the univalent function class 8.
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