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FUZZY DIFFERENTIAL SUBORDINATION

GEORGIA IRINA OROS AND GHEORGHE OROS

ABSTRACT. The method of differential subordination or ”admissible functions
method” was introduced by P.T. Mocanu and S.S. Miller in [1], [2] and then devel-
oped in monography [3], as well as in other papers of other mathematicians. Until
now, the notion of differential subordination appears in papers published in various
journals specialized in complex analysis around the world. We extend this method
to the theory of fuzzy sets.
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1. INTRODUCTION AND PRELIMINARIES

In the field of differential equations of real-valued functions often appear ex-
amples of differential inequalities that have important applications in the general
theory. In those cases, bounds on a function f are often determined from inequali-
ties involving several of the derivatives of f. In two articles [1] and [2], the authors P.
T. Mocanu and S. S. Miller extended those ideas involving differential inequalities
for real-valued functions to complex valued functions, thus giving birth to a new
theory which is known as ”the method of differential subordination” or ”admissible
functions method”. This method is one of the newest methods used in geometric
theory of analytic functions, having a great merit in getting many new results, as
well as simple proofs of known results.

The general form of differential subordination method can be presented as fol-
lows:

Let Q and A be any sets in C, let p be an analytic function in the unit disc U
with p(0) = a, a € C and let ¥(r, s,t; z) : C> x U — C. The problem is to study the
following implication:

{(p(2), 20 (2), 22" (2);2),2 € U} C Q implies p(U) C A. (1.1)
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If A is a simply connected domain containing the point a and A # C, then there
is a conformal mapping g of U onto A such that ¢g(0) = a. In this case, relation
(1.1) can be rewritten as

{(p(2), 20 (2) 22" (2);2), 2 € U} € Q implies p(z) < q(z). (1.2)

If © is also a simply connected domain and €2 # C, then there is a conformal
mapping h of U onto  such that h(0) = ¢(a,0,0;0). If in addition, the function
P(p(2), zp' (2), 2%p"(2); 2) is analytic in U, then relation (1.1) can be rewritten as

Y(p(2), 20 (), 2%p"(2); z) < h(z) implies p(z) < q(z), z € U. (1.3)

For further details on the differential subordination method, the valuable mono-
graph [3] can be seen.

Let U denote the unit disc of the complex plane U = {z € C : |z| < 1},
U ={z€C; |2|] <1} and H(U) denote the class of analytic functions in U.

For a € C and n € N, we denote by Hla,n| ={f € H(U) : f(z) =a+ anz" +
an12" 4+ 2 €U, Ay ={feHU): f(z)=z+an 12"+, 2€ U},
with A; = A. Let S = {f € A: f univalent in U} be the class of holomorphic and
univalent functions in the open unit disc U, with conditions f(0) = 0, f'(0) = 1,
that is the holomorphic and univalent functions with the following power series
development f(z) = z 4+ agz? +---, z € U.

Denote by S* = {f € A; Re ZJ{ES) >0, z € U} , the class of normalized starlike

functions in U, and K = {f € A; Re Z}C,IES) +1>0, z € U} the class of normalized

convex functions in U.
In order to introduce the notion of fuzzy differential subordination, we use the
following definitions and lemmas:

Definition 0.1 [?, p. 21, Definition 2.26]/3] We denote by Q the set of functions q

that are analytic and injective on U\E(q), where E(q) = <{ ¢ € 0U : lirré q(z) = oo} ,
zZ—r

and are such that ¢'(¢) # 0, for ¢ € U \ E(q). The set E(q) is called exception set.

Lemma 0.1 [?, p. 24, Lemma 2.26]3] Let q¢ € Q with q(0) = a, and let p(z) =
a+anz" +an 12"+ -+ be analytic in U with p(z) £ a andn > 1. If p(z) # q(2)
then there exist points zg = roe’® € U and (, € OU \ E(q) and an m > n > 1 for
which p(Uy,) C q(U),

(i) p(20) = (o),

(i) z0p' (20) = mCoq'(Co) and

z0p” (20) ¢od” (Co)
(i7i) Re %/(ZO)O +1>mRe [ %,(CO)O + 1} )
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Definition 0.2 [//. Let X be a non-empty set. An application F : X — [0,1] is
called fuzzy subset. An alternate definition, more precise, would be the following:

A pair (A, Fy), where Fy : X — [0,1] and A={x € X : 0 < Fy(zx) <1} =
supp (A, Fy) is called fuzzy subset. The function Fy is called membership function
of the fuzzy set (A, Fa).

Definition 0.3 [4]. Let two fuzzy subsets of X, (M, Fyr) and (N, Fy). We say
that the fuzzy subsets M and N are equal if and only if Fyr(x) = Fy(x), x € X and
we denote this by (M, Fyr) = (N, Fy). The fuzzy subset (M, Fyy) is contained in
the fuzzy subset (N, Fn) if and only if Fpr(z) < Fy(x), x € X and we denote the
inclusion relation by (M, Fyr) € (N, Fy).

Proposition 1 [4] If (M, Fy) = (N, Fy), then we have M = N, where M =
supp (M, Fir), N = supp (N, Fiy).

Proposition 2 [4] If (M, Fy) € (N, Fy), then we have M C N, where M =
supp (M, Fa) and N = supp (N, Fy).

Definition 0.4 [/ Let D C C, zg € D be a fized point, and let the functions
fyg € H(D). The function f is said to be fuzzy subordinate to g, written f <x g or
f(2) <7 g(2) if the following conditions are satisfied:

1°. f(20) = g(20);

2°. Fyp)(f(2)) < Fypylg(2)), z € D.

2. MAIN RESULTS

Let Q = supp(Q,Fq) = {z € C| 0 < Fa(z) <1}, A = supp(A,Fa) =
{z € C|0< Fa(z) <1}, p(U) = supp (p(U), Fyany) = {f(2) | 0 < Fpan(f(2)) <
1, ze U} and 9(C* x U) = supp ($(C* x U), Fyesxv)) = {4 (p(2), 20%p"(2); 2) |

0 < Fyesxu)((p(2), 2p%p"(2);2)) < 1, 2z € U}

Definition 0.5 Let Q) be a set in C, ¢ € Q and n be a positive integer. The class
of admissible functions U,[Q, q] consists of those functions v : C3 x U — C that
satisfy the admissibility condition:

Fo(¢(r,s,t;2)) =0, zeU, (A)

q'(¢)
and m > n. We write U1[Q,q| as V[Q,q]. In the special case when Q is a simply
connected domain, 2 # C, and h is a conformal mapping of U onto 2 we denote

this class by W, [h,q].

whenever r = q(¢), s = m{q'(¢), Re £+1 > mRe [Cq”(C) + 1}, z€eU, (€ dU\E(q)
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If ¢ : C2 x U — C, then the admissibility condition (A) reduces to

Fo(¥(q(¢),m¢d (¢); 2)) =0, (A7)

when z € U, ( € 0U \ E(q) and m > n.
If ¢ : C x U — C, then the admissibility condition (A) reduces to

Fa(i(q(C); 2)) =0, (A7)
when z € U and ¢ € 0U \ E(q).
Let (Q,Fq) and (A, Fa) be any fuzzy sets in C, (2 € C, A C C), let p be
an analytic function in the unit disc U with p(0) = a, a € C and let ¥ (r, s, t;2) :
C? x U — C. The problem is to study the following implication:

Fy(eoxtn($(p(2), 20 (2), 29" (2); 2)) < Fa(2), implies Fy)(p(2)) < Fa(2).
(2.1)
From this implication we can state the following types of problems that charac-
terize the theory of fuzzy differential subordinations in the complex plane.

Problem 3 Given (2, Fq) and (A, FA) any fuzzy sets in C, find conditions on 1)
so that (2.1) holds. We call such a1 an admissible function.

Problem 4 Given ¢ and (2, Fq), find (A, Fa) so that (2.1) holds. Furthermore,
find the ”smallest” such A.

Problem 5 Given 1 and (A, Fa), find (2, Fq) so that (2.1) holds. Furthermore,
find the ”largest” such (2, Fq).

If either (2, F) or (A, Fa) in (2.1) is a simply connected domain then (2.1) can
be rewritten in terms of fuzzy differential subordination.

If (A, Fa) is a simply connected domain containing the point @ and A # C, then
there is a conformal mapping ¢ of U onto A such that ¢(0) = a. In this case (2.1)
can be rewritten as

Fycsxuy((p(2), 20’ (2),2%p"(2); 2)) < Fa(z) implies (0.1)
Foun(p(2) < Fyan(a(2)), z €U, e p(z) <F q(2).

If (Q, Fq) is also a simply connected domain and 2 # C, then there is a conformal
mapping h of U onto 2 such that h(0) = ¢(a,0,0;0). If in addition, the function
P(p(2), zp' (2), 2%p"(2); 2) is analytic in U, then (2.1) can be rewritten as

V(p(2), 20 (2), 220" (2); 2) <7 h(z) and Fywy(2) < Fpwy(z), implies  (2.17)

p(z) <F q(z) and F,q)(2) < Fyw)(2), z€U.
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Definition 0.6 Let ¢ : C3 x U — C and let h be univalent in U. If p is analytic in
U and satisfies the (second-order) fuzzy differential subordination

Fy(esxvy(W(p(2), 20 (2), 29" (2); 2)) < Fyy(h(z)) e (2.2)

V(p(2), 20’ (), 20" (2); 2) <7 h(2), z€U,

then p is called a fuzzy solution of the fuzzy differential subordination. The
univalent function q is called a fuzzy dominant of the fuzzy solutions of the
fuzzy differential subordination, or more simple a fuzzy dominant, if p(z) <r
q(2), z € U, for all p satisfying (2.2). A fuzzy dominant q that satisfies G(z) <r q(2),
z € U, for all fuzzy dominants q of (2.2) is said to be the fuzzy best dominant of

(2.2).

Note that the fuzzy best dominant is unique up to a rotation of U.

If we require the more restrictive condition p € H[a,n|, then p will be called an
(@, n)-fuzzy solution, ¢ an (a, n)-fuzzy dominant, and ¢ the best (a, n)-fuzzy solution.

In the case when (92, Fg) and (A, Fa) in (2.1) are simply connected domains,
we have seen that (2.1) can be rewritten in terms of subordination such as given in
(2.2). Using this and Definition 0.5 we can restate Problems 3-5 as follows:

Problem 6 Given univalent functions h and q, find a class of admissible functions

Ulh, q] such that (2.2) holds.

Problem 7 Given the fuzzy differential subordination in (2.2), find a dominant q.
Moreover, find the fuzzy best dominant.

Problem 8 Given ¢ and fuzzy dominant q, find the “largest” class of univalent
function h such that (2.2) holds.
Next we give solutions to the Problems 3, 6 and 4, 7.
Theorem 9 Let ¢ € U,[Q, q] with ¢(0) = a. If p € H|a,n| satisfies
Fyeoxn)($(p(2), 2p(2), 2" (2); 2)) < Fa(2), z €U, (2.3)
then Fp(U)(f(z)) < Fq(U)(g(z)) i.e. p(z) <pq(z), zeU.

Proof. From (2.3) and Definition 0.3 we have (p(2),2p’ (2),2%p"(2);2) C Q
and this implies
Foy(p(2), 20 (2), 2%p"(2); 2) € (0,1]. (2.4)
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Assume p(2) A q(2), z € U. By Lemma 0.1 there exist points zy = roe'® € U

and ¢y € OU \ E(q), and m > n > 1 that satisfy p(z0) = q(Co), 200’ (20) = mCoq'(Co)
zop” (20) 04" (Co)
and ReW—i—lZmRe |: O,(C)O +].i| .
Using these conditions with r = p(z0) = ¢({y), s = z0p'(20) = mlyq' ((p), t =
220" (20) = ¢3¢"(Cy), and z = 2y in Definition 0.5 we obtain

Fa (4 (p(20), 209’ (20), 20" (20); 20)) = va(a(Co), mCa (o), G5a" (o )i 20) = 0.

Since this contradicts (2.4) we must have p(z) <r ¢(2), 2z € U. =

Remark 2.1 Upon examining the proof of Theorem 9, it is easy to see that the
theorem also holds, if condition (2.3) is replaced by

Fycsxv)(@(p(2), 20 (2), 2" (2); w(2)) < Fa(z), 2 €U,

where w(z) is any function mapping U into U.

On checking the definitions of @ and W, [€2,q], we see that the hypothesis of
Theorem 9 requires that ¢ behave very nicely on the boundary of U. If this is not
true or if the behavior of ¢ is not known, it may still be possible to prove that
p(2) <F q(z), by the following limiting procedure.

Theorem 10 Let Q@ C C and let q be univalent in U, with q(0) = a. Let 1) €
U,[2, qp) for some p € (0,1), where q,(2) = q(pz), z € U. If p e H(U), with p(0) =
a and Fycsxu)(0(p(2), 20/ (2),2%0"(2);2)) < Fa(z2), 2 € U then Fyu)(f(2)) <
Fuuy(q(2)) e p(z) <rq(2), z€U.

Proof. The function g, is univalent on U, and therefore E(q,) is empty and
¢p € Q. The class ¥,[Q, ¢,] is an admissible class and from Theorem 9 we obtain

p(2) <F qp(2), z € U.

From p(2) < (). = € U we bave p(0) = (0) and Fy(0(2)) < Fy(a4(2)
z € U. Since q,(z) = q(pz), we have qp( )= q( ) and Fy 17)(qp(2)) = (q pz)).
Hence, Ty (=) Fy0)(6)) = Fooa(52). o o 2

By letting p — 1 we obtaln p(2) <F q(z ), elU. m

We next consider the special situation when €2 # C is a simply connected domain.
In this case Q@ = h(U) where h is a conformal mapping of U onto € and the class
U, [h(U), q] is written as v, [h, q]. The following result is an immediate consequence
of Theorem 9.
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Theorem 11 Lety € U, [h,q| with q(0) = a. Ifp € H|a,n], Y(p(z), zp’ (2 ) 229" (2);
is analytic in U, and Fycsn((p(2), 20(2). 20"(2): 2)) < Fyay (H(2)) e

W(p(z), 20’ (2),2°p"(2);2) <p h(2), z€U, then

Foon(f(2) < Fyuy(q(z)) e p(z) <rq(z), z€U.

This result can be extended to those cases in which the behavior of ¢ on the
boundary of U is unknown by the following theorem.

Theorem 12 Let h and q be univalent in U, with q(0) = a, and let h,(z) = h(pz)
and q,(2) = q(pz). Let ¢ : C* x U — C satisfy one of the following conditions:

(i) ¥ € Wylh,q,] for some p € (0,1), or

(ii) there exists pg € (0,1) such that ¢ € Wylh,,q,], for all p € (py,1).
If p € Hla, 1] and Y (p(2), zp’' (2), 220" (2); 2) is analytic in U, and

Fycsxuy((p(2), 2p(2), 2°0"(2); 2)) < Fpan(H(z)) e (2.5)
W(p(2),2p' (2),2°p"(2);2) <p h(2), z€U, then
Fyuy(f(2) < Fyuy(a(2)) ie. p(z) <pq(z), z€U.

Proof. Case (i). By applying Theorem 9, we have p(z) <r ¢,(2), z € U, i.e.
Fyaun(p(2) < Fyw)(4(2)), 2 € U and p(0) = ¢,(0). Since 4,(2) = q(pz), we have
qp(0) = q(0) and Fy (1)(4p(2)) = Fyw)(a(pz)). We obtain Fy,r)(p(2)) < Fy,w)(2) =
Fywn(a(pz)), hence p(z) <r q(pz), z € U. By letting p — 1 we obtain p(2) <r q(2),
zeU.

Case (ii). 1f we let py(z) = p(p2), then Py (6(p,(2), 20,(2), 2200(2): p2))
= Fysxu)(©(p(pz), pzp2°p" (p2); p2) < Fr ) (hp(2))-

By using Theorem 9 and the comment associated with Remark 2.1, with w(z) =
pz, we obtain p,(z) <r q,(2), for p € (pg,1). By letting p — 1 we obtain p(z) <
q(2),z€U. m

The next two theorems yield best dominants of the fuzzy differential subordina-
tion (2.5). The cases n =1 and n > 1 need to be handled separately.

Theorem 13 Let h be univalent in U and let ¢ : C> x U — C. Suppose that the
differential equation

Y(p(2), 20 (2), 2" (2);2) = h(2), z €U, (2.6)

has a solution q, with q(0) = a, and one of the following conditions is satisfied:
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(i) ¢ € Q and ) € ¥[h,q],
(ii) q is univalent in U and 1 € V[h, q,], for some p € (0,1), or
(iii) q is univalent in U and there exists py € (0,1) such that ¢ € Wlh,,q,] for

all pe (pOa 1)
If p € Hla, 1] and ¥ (p(2), zp’ (), 22p"(2); 2) is analytic in U, and if p satisfies

Fycsxv)(@(0(2), 2p(2), 229" (2); 2)) < Fru)(H(2)) e (2.7)
D(p(2), 20" (2) . 2°p"(2); 2) <p h(2), then
Fuan(f(2) < Fyun(a(z)) e p(z) <pq(z), z€U,
and q is the best dominant.
Proof. By applying Theorems 11 and 12, we deduce that ¢ is a dominant of

(2.7). Since ¢ satisfies (2.6), it is a solution of (2.7) and therefore ¢ will be dominated
by all dominants of (2.7). Hence g will be the best dominant of (2.7). m

Theorem 14 Let h be univalent in U and let ¢ : C> x U — C. Suppose that the
differential equation

¥(g(2),n2q (2),n(n = 1)2q' (2) +n°2*"¢"(2); 2) = h(2), (2.8)

has a solution q, with q(0) = a, and one of the following conditions is satisfied:

(i) ¢ € Q and Y € Uylh, q|;

(ii) q is univalent in U and 1 € V,[h, qp], for some p € (0,1), or

(iii) q is univalent in U and there exists py € (0,1) such that ¢ € ¥, [h,, q,] for
all p € (py,1).

If p € Hla,n], ¥v(p(2), 2p' (2),22p"(2); 2) is analytic in U, and p satisfies

Fy(esxv)(W(p(2), 2p(2), 2°p"(2): 2)) < Fyw)(H(2)) e (2.9)

Y(p(z), 20" (2), ZZP//(Z);Z) <p h(z), then
Fyan(f(2)) < Fyaun(a(2)) de p(z) <rq(2), z€U,

(
and q 1is the best (a,n)-dominant.

Proof. By applying Theorems 11 and 12 we deduce that ¢ is a dominant of (2.9).
If we let p(z) = q(2"), then zp' (2) = nz"¢ (") and 2%p” (2) =n(n —1)2"¢ (z")+
n222nq// ( ) )

Therefore from 2.8) we obtain ¥ (p(2), zp’ (2),2%p" (2);2) = h(2"), and using

(2.9), we obtain h(z") <p h(z), z € U.
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Since p(z) = q(2"), we have Fy,1r)(p(2)) = Fyw)(q(2")). Using Definition 0.2 and
Proposition 1 we deduce p(U) = q(U) and we conclude that q is the fuzzy (a,n)-best

dominant. m

Remark 2.2 From the above two theorems we see that the problem of finding best
dominants of fuzzy differential subordination reduces to finding univalent solutions
of differential equations.

Theorem 9 can be used to show that the solutions of certain second order differ-
ential equations take values in particular sets.

Corollary 15 Let v € ¥,[Q,q] with q(0) = a. If f is analytic in U satisfying
f(U) C Q and if the differential equation (p(2),zp' (2),2%p"(2);2) = f(2) has a
solution p € Hla,n], then p(z) <r q(z).

Theorem 16 Let h be starlike in U, with h(0) = 0. If p € H[0,1] N Q is univalent
i U, then
2p'(z) <r h(z), z€U, (2.10)

implies p(z) <r q(z), z € U, where q is given by

q(z) = /Ozh(t)-tldt, zeU. (2.11)
The function q is convex and is the fuzzy best dominant.
Proof. Differentiating (2.11) we have
nzq (z) = h(z), zeU. (2.12)

If we let 1 : C2 x U — C, (s;2) = s, for s = 2p/(z), z € U, relation (2.10)
becomes ¥ (zp'(z2)) <r h(z), ze€U.

Using (2.12) the function ¢ is the solution of the equation ¥ (nzq'(2)) = nzq¢'(z) =
h(z), =z € U, and since h is starlike, we deduce from Alexander’s theorem that ¢
is convex and univalent.

As in the previous theorem, we can assume that h and ¢ are analytic and uni-
valent on U, and ¢/(¢) # 0, for |¢| = 1. The conclusion of this theorem follows from
part (i) of Theorem 14 if we show that ¢ € U, [h, q]. We get this immediately since
h(U) is a starlike domain and

(mCq (€)) = md'(¢) = “-h(C) & h(V), (2.13)
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where |(| =1, 2 € U and m > n. From (2.13) we have Fj, (1 (m(q'(¢))) = 0.
Using Definition 0.5 we obtain ¢ € ¥,[h, q]. Applying Theorem 14 we conclude
that ¢ is the fuzzy best dominant. =

Example 2.1 Let h(z) = z + %cosz, Re Z}]:Eg) > 0, z € U, with h(0) = 0. If

p € H[0,1] N Q satisfies 2p/(z) <5 2z + %cosz = h(z), z € U, then p(z) <r
z+ %z sin z + %COSZ + % = ¢(z), z € U, and the function ¢ is convex and is the
fuzzy best dominant.
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