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INTUITIONISTIC FUZZY CONGRUENCE RELATIONS ON
RESIDUATED LATTICES

SHOKOOFEH GHORBANI

ABSTRACT. In this paper, the concept of intuitionistic fuzzy congruence relation
on a residuated lattice is introduced and its properties is studied. The relationship
between intuitionistic fuzzy filters and intuitionistic fuzzy congruence relations on a
residuated lattice is obtain. Then the intuitionistic fuzzy congruence relation cor-
responding to a given intuitionistic fuzzy filter on residuated lattices is defined and
some of its properties is obtained. The quotient algebra induced by this relation is
defined. It is proved that this is also a residuated lattice.

2000 Mathematics Subject Classification: 03G25, 03E72, 08A30.

1. INTRODUCTION

M. Ward and R.P. Dilworth [16] introduced the concept of residuated lattices
as generalization of ideal lattices of rings. The residuated lattice plays the role of
semantics for a multiple- valued logic is called residuated logic. Residuated logic is
a generalization of intuitionistic logic. Therefore it is weaker than classical logic.
Important examples of residuated lattices related to logic are Boolean algebra cor-
responding to basic logic, BL-algebras corresponding to Hajec’s basic logic, MV-
algebras corresponding to Lukasiewicz many valued logic. The residuated lattices
have been widely studied (See [4], [14] and [15]).

The concept of fuzzy sets was introduced by Zadeh [17] in 1965. As a generaliza-
tion of fuzzy set, the concept of intuitionistic fuzzy sets was introduced by Atanassov
[1] in 1985. After that the notion of intuitionistic fuzzy sets was applied to group,
BCK-algebras [8], pseudo MV-algebras [7]. In particular, the notion of intuitionis-
tic fuzzy congruence relation on a lattice, semigroup are defined and some of their
properties are investigated (See [11], [12] and [13]).

In this paper, we apply the notion of intuitionistic fuzzy sets to a residuated
lattice. In section 2, we recall some definitions and theorems which will be needed
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in this paper. In section 3, we define the notion of intuitionistic fuzzy congruence
relation on a residuated lattice and study its properties. In section 4, we show
that there is a one to one correspondence between the set of all intuitionistic fuzzy
congruence relations and the set of all intuitionistic fuzzy filters (which are normal
fuzzy set) of a residuated lattice. Then we prove that the quotient algebra induced
by an intuitionistic fuzzy filter is a residuated lattice and investigate some related
results.

2. PRELIMINARIES

In this section, we review some basic concepts and results which are needed in
the later sections.

Definition 2.1. ([4], [15]) A residuated lattice is an algebraic structure (L, \,V,—
,%,0,1) such that

(1) (L,A,V,0,1) is a bounded lattice with the least element 0 and the greatest
element 1,

(2) (L,*,1) is a commutative monoid where 1 is a unit element,

B)rxy<ziffe <y— z foralz,yz€ L.
We denote the residuated lattice (L, \,V,*,—,0,1) by L.

Proposition 2.2. ([5], [14]) Let L be a residuated lattice. Then we have the
following properties: for all x,y,z € L,
(1) x <y if and only if xt -y =1,
(2)xxy<zAy, zx(x—y) <zAy,
(3) wx(yVz)=(zxy)V(zx*z),
(4) z =y < (zx2)— (y*2),
(5) (x —y)*(y—2) < — 2z
(6) zx(yNz)<(xxy)A(zx*2).

Definition 2.3. ([17]) Let X be a non-empty subset. A fuzzy set in X is a
mapping u: X — [0,1].

Definition 2.4. A fuzzy equivalence relation R on a non-empty set X is a fuzzy
subset of X x X satisfying the following conditions:
(R1) R(z,z) = \/{R(y,2) : y,z € X} (reflexive),
(R2) R(x,y) = R(y, z)(symmetric),
(R3) R(x,z) > R(z,y) N R(y, z) (transitive),
forall x,y,z € X.

Definition 2.5. ([9]) A fuzzy equivalence relation 6 on a residuated lattice L is
called a fuzzy congruence relation on L if
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(C1) 0z xy, z x w) = 0(x, 2) A Oy, w),
(C2) 0(x —y,z — w) > 0(x,2) NO(y,w),
(C3) O(x Ny, z ANw) > 0(x,z) AO(y,w),
(C4) 0(z vy, 2V w) > 0(x,2) NO(y,w),
for all x,y,z,w € L.

For sets X, Y and Z, f = (f1, f2) : X — Y x Z is called a complex mapping if
fi: X =Y and fo : X — Z are mappings. Throughout this paper, we will denote
the unit interval [0, 1] as 1.

Definition 2.6.([1]) Let X be a non-empty set. A complex mapping A =
(na,va) : X — I x I is called an intuitionistic fuzzy set (in short, IFS) in X if
A +va =1 for each x € X, where the mapping pg : X — I andvyg : X — 1
denote the degree of membership (namely pua(x)) and the degree of non-membership
(namely va(z)) of each x € X to A respectively. In particular, O~ and 1. denote
the intuitionistic fuzzy empty set and the intuitionistic fuzzy whole set in a set X
defined by 0.(x) = (0,1) and 1.(z) = (1,0) for each x € X respectively.

Definition 2.7.([2]) Let X be a non-empty set and let A = (pa,va) and B =
(uB,vRB) be IFS in X. Then
(1) AC B iff pa < pp and vp < vg.
(2) A=B iff AC B and B C A.
(8) ANB = (ua A pup,vaVup).
(4) AUB = (uaV pp,va Avg).
(5) [A = (a1 — pa), <> A= (1— va,va).
Definition 2.8. ([10]) Let A = (ua,va) be an IFS of a residuated lattice L.
A = (pa,va) is called intuitionistic fuzzy filter of L if it satisfies the following
conditions: for any x,y € L
(IF1) pa(z) < pa(l) and va(z) > va(l),
(IF2) pa(y) = pa(z) A palz —y),
(IF3) va(y) <wva(z)Vva(z —y).
Theorem 2.9. ([10]) Let A = (pua,va) be an IFS of a residuated lattice L. Then
A = (na,va) is an intuitionistic fuzzy filter of L if and only if
(IF}) @ <y implies pa(x) < pa(y), va(@) = va(y),
(IF5) pa(x * y) = pa(e) A pa(y),
(IF6) va(x = y) < va(z) Vva(y),
for all x,y € L.

Definition 2.10. ([6]) Let X be a non-empty set. Then a complex mapping
R = (ug,vRr) : X x X — I x I is called an intuitionistic fuzzy relation (in short,
IFR) on X if pr(z,y) + vr(z,y) <1 for each (x,y) € X x X. We will denote the
set of all IFR on a set X as IFR(X).
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Definition 2.11.([6]) Let X be a set and R,Q € IFR(X). Then the composition
of R and Q, Qo R, is defined as follows: for any r,y € X,

poor(z,y) = é/X[uR(x,z) A ug(z,y)] and vgor(x,y) = é\X[VR(x, 2)Vg(z,y)].

Definition 2.12. ([6]) Let X be a set and R € IFR(X). Then R is called
an intuitionistic fuzzy equivalence relation (in short, IFE) on X if it satisfies the
following conditions:

(i) R is intuitionistic fuzzy reflexive, i.e., R(x,z) = (1,0) for each xz € X,
(ii) R is intuitionistic fuzzy symmetric, i.e., R(z,y) = R(y,x), for any x,y € X,
(i4i) R is intuitionistic fuzzy transitive, i.e., Ro R C R.

3. INTUITIONISTIC FUZZY CONGRUENCE RELATION

Definition 3.1. Let R = (ugr,vr) be an IFE on a residuated lattice L. Then R
is called an intuitionistic fuzzy congruence relation (in short IFC) if it satisfies the
following conditions: for any x,y,z,w € L
(IFC1) pr(z* z,y *w) > pr(z,y) Apr(z,w), vr(z* z,y *w) < vgr(z,y) Vvg(z,w),
(IFC2) pr(z — z,y — w) > pr(z,y) A pr(z,w), vr(z — 2,y — w) < vr(z,y) vV
vr(z,w),

(IFC‘?) ,LLR(%/\Z, y/\w) > MR($7 y) AMR('Zv w)7 VR(:E/\Z7 y/\w) < VR(xv y) \/VR<27 w);
(IFCE) a2y w) > i, y) Apr(zw), vR(@ Y 2,y Vw) < v, y)Vva(z, ).

Theorem 3.2. Let R = (ug,vg) be an IFE on a residuated lattice L. Then R
is an IFC if and only if it satisfies the following conditions:
(IFC5) pp(w * 2,y * 2) > pr(z,y), vr(T * 2,y * 2) < vr(T,Y),
(IFC6) pr(z — 2,y — 2) > pr(z,y), vr(z — 2,y — z) < vr(2,Y),
(IFCT) (= — 2,2 — y) > pr(e,y), va(z — 2,2 — y) < va(z,y),
([FCS) MR(CC Nzyy N Z) > ,uR(mvy); VR(w Nz y A Z) < I/R(-%',y),
(IFCY) pr(zV 2,y V 2) = pr(z,y), vr(z V 2,y V 2) < vr(z,y)
for all x,y,z € L.

Proof. Let R = (ur,vr) be an IFC on L. We have pur(z,2) =1 and vg(z,z) = 0.
Suppose that x € {*,—,A,V}. By Definition 3.1, ur(x x z,y * z) > pgr(z,y) A
ur(z,2) = pr(x,y) and vi(x * z,y x 2) < vg(x,y) V vr(z,2) = vr(z,y). Hence it
satisfies conditions (IFC5)-(IFC9).

Conversely, since R = (ug,vg) is an IF'E, then

)

pr(T* 2,y *w) >\ [ur(@* 2,t) A pr(t,yx w)]
tel

> pr(T* 2,y % 2) A pr(Y * 2,y * w)]
> pr(z,y) A pr(z,w)
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and

VR 2y xw) < A [ur(e2) V urlt,y«w)]
tel

S pur(x* 2,y % 2) V Ry * 2,y * w)]
< :U’R(‘T’y) v :uR(va)’

Therefore it satisfies conditions (IFC1)- (IFC4) and it is an intuitionistic fuzzy con-
gruence relation.

Example 3.3. Let L = {0,a,b,1} with 0 < a,b < 1 and elements a,b are
incomparable. Define

_ o Of ¥
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SS e elRS
=S Q O
»—\@@Ol
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2 2 = R~
S = S o
el e )

Then L become a residuated lattice. Define fuzzy sets

pr(z,2) = pr(a,1) =1, pr(0,z) = pr(a,b) = pr(b,1) =1
vir(z,x) = vgr(b,1) =0, vr(0,2) = vr(a,1) = pur(b,1) =s
where s+t <1 and z € L. Then R = (ug,vg) is an IFC on L.

In the following theorems, we will show that intuitionistic fuzzy congruence re-
lation on a a residuated lattice is a generalization of fuzzy congruence relation.

Theorem 3.4. Let R = (ugr,vr) be an IFE on a residuated lattice L. Then
R = (ugr,vR) is an IFC on L if and only if the fuzzy sets ur and vy are fuzzy
congruence relation on L, where v =1 — vRg.

Proof. Let R = (ug,vg) be an IFC on L. It is clear that pp is a fuzzy congruence
relation on L. Let x,y,z € L, and * € {*,—, A, V}. we have

VR(zx2,y*2) =1 —vp(zxz,y*2) > 1 - vp(z,y) = vg(z,y),
Hence vy is a fuzzy congruence relation on L.
Conversely, suppose that 4 and vy are fuzzy congruence relation in L. For each
x,y € L and x € {*,—, A, V}. we have
1 —vp(z*z,yxz) =VR(zx 2,y *2) > Vg(z,y) > 1 — vr(7,y)
Then R is an intuitionistic fuzzy congruence relation on L.

Corollary 3.5. Let R = (ug,vRr) be an IFE on a residuated lattice L. Then
R = (pugr,vRr) is an IFC on L if and only if [|[R = (ur, tir) and <> R = (VR,VR)
are intuitionistic fuzzy congruence relations on L.
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Proof. Let R = (ur,vgr) be an IFC on L. By Theorem 3.4, ur = ugr and vg
are fuzzy congruence relations on L and [|R = (ug, tir) and <> R = (Vp,VR) are
intuitionistic fuzzy congruence relations on L.

Conversely, let [|[R = (ur,pr) and <> R = (Vr,vg) be intuitionistic fuzzy
congruence relations on L. Then pr and vy are fuzzy congruence relations on L.
By Theorem 3.4, we obtain that R = (ug,vg) is an intuitionistic fuzzy congruence
relation on L.

For any ¢ € [0,1] and a fuzzy set p in a non-empty set X, the set
U(p,a) = {o € X : () = a},

is called an upper a— level of u and the set

L(p,a) ={z € X : p(z) < af,

is called a lower ar— level of p.

In the following theorems, we will study the relationship between congruence
relations and intuitionistic fuzzy congruence relations on a residuated lattice.

Theorem 3.6. Let R = (ugr,vr) be an IFR on a residuated lattice L. Then
R = (ur,vRr) is an IFC on L if and only if for all o, B € [0,1], the sets U(ug, )
and L(vg, 3) are congruence relations on L.

Proof. Suppose that R = (ug,vg) is an IFC on L and «, 8 € [0, 1].
(i) First, we will show that U(ug, @) is an equivalence relation on L.
e Since up(x,x) =1 > a, then (x,2) € U(ug, «). Hence U(ug, «) is reflexive.
e It is clear that U(ug, ) is symmetric.

o Let ($7y)7 (yvz) € U(/LR,OZ). Then MR($7y)aMR(y7 Z) > a. Since R = (MRv VR) is
an intuitionistic fuzzy equivalence relation on L, we obtain that

a < pr(z,2) A pr(2,y) < té/L[uR(w,t) A pr(t,y)] = pror(x,y) < pr(z,y),

Therefore U(pug, «) is transitive. Hence U(ug, @) is an equivalence relation on L.
Suppose that x € {*, —, A, V} and (z,y), (z,w) € U(pgr, @). Then pur(z,y), pr(z, w) >
«. By Definition 3.1, we have

a < pr(x,y) A pr(z,w) < pp(Txy, 2 xw),

that is (x x z,y *w) € U(pug, «). Hence U(ug, ) is a congruence relation on L.
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(ii) Now, we will prove that L(vg, ) is a congruence relation on L.
e Since vr(z,x) =0 < 3, then (x,z) € L(vg, 3). Therefore L(vg, ) is reflexive.
e It is obvious that U(ug, o) is symmetric.
o Let (z,v), (y,2) € L(vg, 8). Then vr(z,y),vr(y, 2) < 8. Since R = (ug,vgr) is an
intuitionistic fuzzy equivalence relation on L, we get that

B> VR(.Q?,Z) \ VR(Z7y) > /\ [VR(JZ',t) v VR(ta y)] = VROR(x>y) > VR(.T,y),
z€L
Therefore L(vg, 3) is transitive. Hence L(vg, 3) is an equivalence relation on L.
Let x € {*,—,A,V} and (z,y), (z,w) € L(vg, B). Then vr(z,y),vr(z,w) < f. We
get that

B> vr(z,y) Vr(z,w) > vr(z *y, z *w),

i. e, (x*z,y*xw) € L(vg,B). Hence L(vg, ) is a congruence relation on L.

Conversely, Suppose that for all «, 5 € [0,1], the sets U(ua, ) and L(vy4, ) are
congruence relations on L. We will prove that R = (ug, vg) is an intuitionistic fuzzy
equivalence relation on L.

e Since U(ug,1) and L(vg,0) are reflexive, then R(z,z) = (1,0) for each x € L.

e It is clear that R is intuitionistic fuzzy symmetric.

e Suppose that z,y,z € L. Let pug(x,z) = s; and pgr(z,y) = t1. Put a = s1 Aty.
Then pgr(x,z),pr(z,y) > «. Hence (z,2),(z,y) € U(pa,a). Since U(pa,q) is
transitive, we obtain that (z,y) € U(pa, @), that is

pr(z,y) > o= s1 Aty = pr(z,2) A pr(z,y).
Since z € L is arbitrary, we get that

pr(z,y) > \G/L pr(T,2) A pR(2,Y)-

Now, let vr(z, z) = sg and vg(z,y) = ta. Put 8 = soVita. Then vg(x, 2),vg(z,y) <
3. Hence (z, 2), (z,y) € L(vg, 3). Since L(vg, (3) is transitive, then (x,y) € L(vg, ),
that is

VR(JU,Z/) < ﬂ =82 Vi = VR(JJ,Z) \ VR(Zay)'
Since z € L is arbitrary, we get that

vr(z,y) < é\L vr(x,z) Vvg(z,y).
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Therefore Ro R C R and then R is intuitionistic fuzzy equivalence relation.

e Let x € {*,—,A,V}. Suppose that ur(z,y) = s3 and pgr(z,w) = t3. Put a =
sgAts. Then pugr(z,y), pr(z,w) > a. Hence (z,y), (z,w) € U(ua, ). Since U(pa, @)
is a congruence relation, we obtain that (z x z,y xw) € U(ua, ), that is

pR(T* 2,y *w) > a = s3 Atz = pr(2,y) A pr(2,w).

Suppose that vr(z,y) = s4 and vr(z,w) = t4. Put f = s4Vty. Then vr(z,y), vr(z,w) <
3. Hence (z,y), (z,w) € L(vg, 8). By assumption, L(vg, 3) is a congruence relation,
we obtain that (z x z,y xw) € L(vg, 3), that is

vR(zx 2,y w) < B = 54V ts = vp(z,y) V vR(z, W),
Hence R = (ug,vg) is an intuitionistic fuzzy congruence relation on L.

Corollary 3.7. Let R be a relation on o residuated lattice L. Then R is a
congruence relation on L if and only if (xr, Xgc) is an IFC on L.

Proof. Let R be a relation on a residuated lattice L. Since xr and xpc are fuzzy
sets in L such that xg(z,y) + xpe(z,y) = 1 for all z,y € L, then (xg, xpc) is an
IFR. We have U(xgr,o) = R, for all 0 < o < 1 and U(xp,) = L x L for o = 0.
Also, L(xpo,B) = R, for all 0 < 3 < 1 and L(xpe,B) = L x L for § = 1. By the
above theorem (xg, xpr) is an intuitionistic congruence relation on L if and only if
R is a congruence relation on L.

4. IFC INDUCED BY IFF

Definition 4.1. Let R = (ugr,vr) be an IFC on a residuated lattice L. Then
the fuzzy subset Ap = (ap,vay,) which is defined by
pagy(z) = pr(z,1) and va,(x) = vg(z, 1),
is called the intuitionistic fuzzy subset induced by R.

Theorem 4.2. Let R = (ur,vr) be an IFC on a residuated lattice L. Then Agr
s an intuitionistic fuzzy filter of L.

Proof. Let x,y € L be arbitrary. Then

(IF1) ay(1) = pr(1,1) = pr(z — 1,1 — 1) > pp(z,1) = pa,(2),
vap,(1) =vr(l,1) =vrp(z — 1,1 = 1) <vp(z,1) = va,(x).

(IF2)
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pap(y) = pr(y,1) = pr(y vV (z* (z = y)),y V1) > pr(z* (z — y), 1 x 1)
> pr(x, 1) Apr(e — y,1) = pay(x) A pag(z — y),

(IF3)

vap(y) = ve(y,1) = va(y V (¢ (z — y)),y V1) <vgr(z* (z —y),1x1)
<vr(z,1)Vvg(x —y,1) =va,(x) Vva,(z —y).

Definition 4.3. Let A = (ua,va) be an IFF of a residuated lattice L. The
intuitionistic fuzzy relation Ra = (1r,,VR,) on L which is defined by
bRy (T, y) = palr — y) Apaly — ),
VR, (7,y) = va(z — y) Vvaly — o),
is called the intuitionistic fuzzy relation induced by A.
Lemma 4.4. Let A= (ua,va) be an IFF of a residuated lattice L. Then
(1) pa(x — y) < pal(z*2) = (yx 2)], valz — y) > val(z * 2) — (y * 2)],
(2) pa(z = y) <pa((y — 2) = (x — 2)), valz — y) 2 va(ly — 2) — (z — 2)),
(3) pa(zr — y) <pal(xAz) = (YA 2), valx = y) Zvallz A z) — (YA 2)),
(4) pa(x —y) <pa((xVz) = (yV=2), valz —y) 2val(zVz) = (yV2)),
for all x,y,z € L.
Proof.(1) and (2) follow from Proposition 2. 2 parts (4), (5) and Theorem 2.9
part (1).
(3) Since (z A z2)*(z —y) < (zx(x = y))A(z*x(y — x)) <yAz, then (x — y) <
(x A z) — (y A z). Hence (3) hold by Theorem 2.9 part (1).
(4) By proposition 2.2 part (3), (zVz)*(z — y) = (zx(xz — y))V(zx(z — y)) < yVz.
Then x — 2z < (x V z) — (y V 2). So (4) obtain by Theorem 2.9 part (1).

Theorem 4.5. Let A = (ua,va) be an IFF of a residuated lattice L. Then
Ra = (r,sVR,) ts an IFC on L.

Proof. 1t follows from Lemma 4.4.

Theorem 4.6. Let A = (ua,va) be an intuitionistic fuzzy filter on a residuated
lattice L. Then Ar, = A.

Proof. Let xz € L. Since A is an intuitionistic fuzzy filter of L, by (IF1)
fiap, (r) = pr,(2,1) = pa(z — 1) A pa(l — ) = pa(z),
Vag, (@) = VR, (2, 1) =va(z — 1) Vva(l — z) = va(2).
Hence Ar, = A.

Theorem 4.7. Let R = (ugr,vr) be an IFC on a residuated lattice L. Then
Ra,, = R.

Proof. Let x,y € L. Then
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BRa, (@, y) = pag(@ = y) A pag(y — @)
= pur(z — y,1) Apr(y — =,1)
= pr(r — y,y = y) Nur(y — 2,2 — )
> pr(T,y)

and

VRap, (2,Y) = vag(® = y) Vvay(y — )
=vr(x = y,1) Vvr(y — z,1)
=vr(z —y,y —y)Vvg(ly — z,x — x)
S I/R(«T,y)

Therefore R4, 2 R. Conversely, we have

pr(T,y) > pr(T, 2V y) Apr(T VvV y,y)
=pr(zV (y*(y —z)),zVy) Apr(zVyyV(zx(z—y)))
> pr(Yy * (Y — 2),y) A pr(z,z * (2 — y))
>ur(y*(y—x),yx 1) Apglzxl,zx(x —y))
> pr(y — =,1) Apr(l,z — y)

= pap(y = ) Npag(z —y) = MRAR(‘T7y)

and

IN

vr(z,zVy)Vvg(rVy,y)}
r(xV (y*(y—x)),zVy) Vrr(@VyyV(rx(x—y)))
r(Y* (y — 2),y) Vvr(z,z* ( — y))
Ry * (y — x),y*x 1) Vrg(z* Lz (z —y))
r(r —y,1)Vur(l,y — z)
Ar(T = Y)Vvag(y — x) =vr,, (2,y)

VR(:E’ y)

NS

[ IAIAIA I
N

X

Therefore R4, C R.

Corollary 4.8. (Correspondence theorem) There is a bijection between the set
of all intuitionistic fuzzy congruence relations and the set of all intuitionistic fuzzy

filters A = (pua,pua) of a residuated lattice L such that pa(l) =1 and va(1) = 0.

Proof. Denote the set of all intuitionistic fuzzy congruence relations on L by
IFC(L)and the set of all intuitionistic fuzzy filters such that pa(1) = 1 and v4(1) =0
by IFF(L). Define ¢ : IFC(L) — IFF(L) by ¥(R) = Agr and ¢ : IFF(L) —
IFC(L) by ¢(A) = Ra. By Theorems 4.3 and 4.4, 1) and ¢ are well defined. By

Theorems 4.6 and 4.7, ¢ and ¥ are inverse of each other.

Definition 4.9. Let R be an intuitionistic fuzzy congruence relation on a resid-

uated lattice L and a € L. Define the complex mapping R, : L — I x I as follows:
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Ry(x) = R(a,z), for all x € L
Then R, is an IFS and it is called an intuitionistic fuzzy equivalence class of R

containing a.

Proposition 4.10. Let A = (ua,va) be an intuitionistic fuzzy filter of a resid-
uated lattice L and Ra be the IFC induced by A. Then the following hold:
(1) (Ra)a = (Ra)y if and only if pa(a — b) = pa(b — a) = pa(l) and va(a — b) =
va(b — a) = vy(l),
(2) (Ra)a = (Ra)1 if and only if pa(a) = pa(l) and va(a) = va(l).

Proof. Let (Ra)a = (RA)p. We have (R4)q(a) = (Ra)s(a) and obtain that

(e — @) A (e — @) = iy (,0) = g (a,5) = palb — @) A pala — b),
vala — a)Vvala—a)=vg,(a,a) =vr,(a,b) =va(b—a)Vvala—b),

It follows that

b) = v4(1). By Theorem 2.2 part (5),

@ = a) A iala — b) < pa((@ — ) * (0 — b)) < paz — b
pa(@ — b) A pa(b — a) < pa((x — b) * (b — a)) < pa(z — a)
va(x — a)Vvg(la —b) >va((x — a)*(a— b)) >valxr —b)
va(x = b)Valb—a) >va((x —b)*x(b—a)) >va(x — a)

By using assumption, we have

pa@—0) <pale—8)  and  pa(e —b) < pale — a),
va(x — a) > va(z — b) and  va(zx —b) >va(r — a)

Therefore pa(x — b) = pa(zr — a) and va(x — b) = va(x — a). Similarly, we
can show that pa(b — =) = pa(a — z) and va(b — z) = va(a — x). Thus
(Ra)a(z) = (Ra)p(x) for all z € L.

(2) It follows from part (1).

Theorem 4.11. Let A = (pua,va) be an intuitionistic fuzzy filter of a residuated
lattice L. Define

a=40b if and only if (Ra)a = (RA)p-
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Then =4 s a congruence relation on L.
Proof. The proof follows from Proposition 4. 10.

Definition 4.12. Let A = (uua,v4) be an intuitionistic fuzzy filter of a residuated
lattice L and R4 be the IFC induced by A. The set {(Ra)q : @ € L} is called the
intuitionistic fuzzy quotient set of L by R4 and denoted by L/R4. On this set, we
define

(Ra)a* (Ra)y = (RA)axy > (Ra)a — (Ra)p = (RA)a—b
(Ra)a N (Ra)p = (RA)ary (Ra)aV (Ra)p = (RA)avs

Theorem 4.13. A = (ua,va) be an intuitionistic fuzzy filter of a residuated
lattice L. Then L/Ry = (L/Ra,N\,V,—,*,0.,1.) is a residuated lattice.

Proof. We have (Rj)q = (Ra)p and (Ra)e = (Ra)q if and only if a =4 b and
c =4 d. Since =4 is the congruence relation on L by Theorem 4.11, then all above
operations are well defined. It is easy to show that (L/Ra, A, V,0~,1.) is a bounded
lattice, * is commutative, associative and has 1. as an identity. The operation V
defines a relation < on L/Ry4 by

(Ra)a < (Ra)p if and only if  (Ra)qvs = (Ra)p  for all a,b € L.

This relation is a partial order on L/Ry4. Using Proposition 4.10, we see that
(Ra)a < (Ra)p if and only if @ — b € U(ua,pa(l)) and a — b € L(va,va(l))for
all a,b € L. Now, we will show that (R4)qs < (Ra)y — (Ra). if and only if

(Ra)a * (Ra)s < (Ra)e for all a,b,c € L. We have
(Ra)a < (Ra)p — (Ra)e
e~  (Ra)a < (Ra)s—e by Definition 4.12
—  (a—(b—c)) €U(pa, pa(l)) and (a — (b — c)) € L(va,va(1))
= ((axb) =) € Uva,va(1)) and ((a*b) — ¢) € L(va,va(1))
<  (Ra)asb < (Ra)c

< (Ra)a*(Ra)s < (Ra)e by Definition 4.12.
This completes the proof.

Theorem 4.14. Let A = (ua,va) be an intuitionistic fuzzy filter of a residuated
lattice L and L/R4 be the corresponding quotient algebra. Then the map h : L —
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L/R4 defined by h(a) = (Ra)q for all a € L is a surjective homomorphism and
ker(h) = U(va,va(l)) N L(va,va(l)), where ker(h) = {x € L : h(x) = (Ra)1}-
Moreover, L/ R4 is isomorphic to the commutative residuated lattice L/=4.

Proof. Tt follows from Definition 4.12 and Theorem 4.13, that h is surjective
homomorphism. By Proposition 4. 10 part (2), we have x € ker(h) if and only if
(Ra)z = h(x) = (Ra)1 if and only if if and only if pa(z) = pa(1) and va(x) = va(1)
if and only if x € U(va,va(l)) N L(va,va(l)).

By part (1) and (2) of Proposition 4.10, L/R4 is isomorphic to the commutative
residuated lattice L/=4.
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