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RESULTS ON FINITENESS OF GRADED LOCAL COHOMOLOGY
MODULES

M.H.B1JAN-ZADEH AND FAISAL HASSANY

ABSTRACT. Let R = @, N, [in be a Noetherian homogeneous ring with local
base ring (Rp, mg) and irrelevant ideal R, let M be a finitely generated graded R—
module. In this paper we show that if Ry is a local ring of dimension one, then
Hf%+(H7},LOR(M)) is Artinian for each i € Ny. Let f be the least integer such that
H} (M) is not finitely generated graded R—module. In this case, we prove that
LR+ (H,, p(M)) is Artinian for all i < f. Finally let s be the largest positive integer
such that H, p(M) is not Artinian. Then we prove that H, »(M)/RiH, p(M)

is Artinian for all 7 > s.
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1. INTRODUCTION

The local cohomology theory has an important role for the derived category
and Grothendieck’s duality. For instances, one place to find a relatively simple,
concrete exposition in Hartshorne’s book [Ha]. The notions local cohomology and
derived category have successfully invaded branches of mathematics as remote as
mathematical physics and even C*-Algebra. In this paper we study graded local
cohomology.

Let R = @, N, Btn ba a Noetherian homogenous ring with local base ring
(Ro,mp). So Ry is a Noetherian ring and there are finitely many elements Iy, -+ , [, €
Ry such that R = Rq[ly,---,l;]. Let Ry := €, cy Rn denote the irrelevant ideal
of R and let m := mo € R denote the graded maximal ideal of R. Moreover Let
qo € Ro be an mg-primary ideal. Finally let M = €p,,., My, be a finitely generated
graded R-module.

Brodmann, Fumasoli and Tajarod in [2] showed that if the local base ring Ry
s of dimension one, then for all i and for all mg-primary ideal gg the graded R-
modules H, (M)/qoH ., (M), (OvH;;H(M) qo) are Artinian and hence the length of
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the components of these graded modules have polynomial growth. Next, the au-
thors in [3] showed that the degrees of these polynomials are independent of the
choice of qp. In the case dim(Ry) = 2, the situation changes drastically. Here,
the graded R-modules (O’H;'H(M) mg) and Hp, (M)/moHp, (M) need be Artinian
in general (¢f.[BFT, Examples4.1,4.2]). Moreover the above numerical functions
need be polynomial in this case, as shown by examples of Katzman and Sharp.

Let g = g(M) (referred to the cohomological finite length dimension ) be a the
least integer i such that the Ro-module H, (M), is of infinite length for infinitely
many integer n. Authors in[3] showed that if i < g then I'p, (Hj, (M)) is Artinian.
Let ¢ = ¢(M) (referred to the cohomological diension of M with respect to Ry) be
the largest integer i such that Hj, (M) # 0. Rtthaus and sega in [8] proved that
Hf, /moHg (M) is Artinian. Sazeedeh in [3] generalizes this result for invariant a =
ar+ (M) which is the largest positive number i such that Hp, (M) is not Artinian.
In this paper we will obtain some parallel conclusion to this results when we change
the places the irrelevant ideal R, and maximal ideal mg of Ry. In the following we
state some of our results which we have prove in this paper.

Let (Rg, mp) be alocal ring of dimension one. Then we show that H§+/(H71710R(M))
is Artinian for each i € Nyg. Moreover, we prove that Hy, (M)/R, H,, (M) are Ar-
tinian for all ¢ € Ny. Let f be the least integer such that Hf;o (M) is not finitely
generated graded R-module. We will show that I'r4 (ano r(M)) is Artinian for all
i < f. Lastly if s is the largest positive integer such that H; p(M) is not Artinian.
Then we prove that H}, (M)/RyH}, »(M) is Artinian for all i > s.

2. THE RESULTS

Theorem 1 Let Ry be a local ring of dimension one. Then H};{JF(H%ZOR(M)) is
Artinian for each i € Ny.

Proof.As Ry is of dimension one, there exists an element x € mg such that x is
a system of parameter of Ry. Moreover, since since there is a trivial isomorphism
H} p(M)=H) (M/Ty,,(M)), we may assume that ', (M) = 0; and hence there

moR
exists an element xy € mg such that it is an M-sequence. By using the usual short

exact sequence constructed by zg, there exists an exact sequence
0 — Do r(M/20M) — Hyppq(M)=>Hy (M) — 0.
Application of the functor H}ﬁ(—),. to this exact sequence induces the following

exact sequence Hp (Tmor(M/zoM)) — Hpy, (H, (M))ﬂ>H}'%+(H1 (M)) —

moR moR

H]Z;f(f‘mOR(M/xoM)). We note that Hj,  (Dpor(M/xoM)) is Artinian, and hence
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(0 Hip, (HL, (M) x) is Artinian. On the other hand, since Hfﬁ (Trmgr(M/xoM)) is

z-torsion, using Melkersson Lemma, we get our assertion.

Theorem 2 Let f be the least integer such that H;;OR(M) is not finitely generated
graded R-module. Then FR+(H;;10R(M)) is Artinian for all i < f.
Proof. At first, we assume that ¢ < f. In this case, since ano r(M) is finitely
generated and mg-torsion, I'p, (ano r(M)) is finitely generated and m-torsion and
(M)) = 0 and this implies
that T'r, (H,, z(M))is Artinian. Let i = f. As there is an isomorphism H}, (M) =
Hy p(M/Tyor(M)) for each i, we may assume that I'y,r(M) = 0 and so there
exists an element x € mg such that it is an M-sequence. In view of the usual short
exact sequence constructed by z, we have the following exact sequence

so there exists an positive integer ¢ such that thR+ (anOR

HI L (M) — HI L (M/2M) — Hypg (M) o g (M).

moR

Consider U = Im(H]_p(M) — HI_L(M/xM)) and V = (0 o) z). We

note that HL;}%(M ) is finitely generated and mg-torsion and so is V. This im-
plies that HE+ (V) and H}h(HL;}l%(M)) are Artinian for all 4 and hence I'g, (V) =
. . . o . f
I'r. ((0 Y, D) x)) = (0 T, (1), (M) ) is Artinaian. Now. since I'r, (H;, p(M))

is z-torsion, by using Melkersson Lemma the result follows.

Proposition 3 Let (Ry, mg) be a local ring of dimension one. Then
Hy, (M)/RHy, (M)

are Artinian for all i € Ny.

Proof. Since M is finitely generated, there exists a free resolution --- — R" —
R™ — M — 0 of R-modules. Consider K; = Ker(R™ — R™+1). By applying the
functor V' ®p — to the above exact sequence, we get the following exact sequence
0 — Torl(M,V) - K@r M — V ®@g R — V ®zr M — 0. The above exact
sequence implies that V ®pr M is Artinian. Now, if we replace K by M, then we
conclude that K ®p M is Artinian too and hence Torf (M, V) is Artinian. Now, by
using an easy induction we can get our claim.

Theorem 4 Let s be the largest positive integer such that anOR(M) s not Artinian.
Then H}, o(M)/RyH}, o(M) is Artinian for all i > s.
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Proof. At first consider ¢ > s. In this case ano r(M) is Artinian and then the
graded module H}, (M)/RH}, (M) is Artinian by the previous lemma. Now,
assume that ¢ = s. By a usual proof mentioned in Proposition (3), we may assume
that the residue field Ry/my is infinite. Let d = dim M. We proceed by induction
on d. Set d = 1. Since, for each i € Ny, there is an isomorphism anOR(M) =
H}, g(M/Tyor(M)), we may assume that I'y,z(M) = 0. Now, by a similar proof
that mentioned in Proposition (3), we can get our assertion. Suppose, inductively
that the result has been proved for all values smaller than d and we prove it for d.
Consider the exact sequence 0 — I'r, (M) — M — M/T'r, (M) — 0. Application
of the functor H, »(—) induces the following exact sequence

Hy,,r(Cry (M) — Hy, p(M)=H,

m

oR(M/T R, (M)) = Hy (DR, (M)).

Set U = Ker(a),V := Im(a) and W := Coker(a). It should be noted that
anOR(FR+(M)) is Artinian for each i € Ny and so are U and W. Now, consider the
following exact sequences

0—U— H z(M)—V =0,

0—V — H, p(M/Tg, (M) —W — 0.

By effecting the functor R/R+®p- to the exact sequence above and using Lemma
1.4, we can conclude that R/Ry ®g H}, p(M) is Artinian if and only if R/R, ®r
Hy r(M/Tg,(M)) is Artinian; and hence we may assume that I'r, (M) = 0. In
view of the previous argument, we can choose an element x € R; which is an
M-sequence and then there is an exact sequence 0 — MM — M JxM — 0.
Applying the functor Hf;no r(—) to the exact sequence above induces the following

exact sequence

Hyo g (M/xM) — Hypo (M) Hy, g (M) — H,

m

Jr(M/zM).

By a similar proof that mentioned in [S,Lemma 2.2], we can deduce that a,,r(M/xM) <
amor(M). As dim M/xM = d — 1, induction hypotheses implies that R/R; ®p
Hpy p(M/xM)is Artinian. Now set A := Coker(z.). Applying the functor R/R®g
— induces the exact sequence

idR/R+®CIZ.

R/Ry ®p Hpyg(M)————R/R, ®p Hp,, g(M) — R/Ry ®r A — 0.
Since z € R; the map idr/gr, ® . is zero and hence there is an isomorphism

R/Ry ®r H};, r(M) = R/Ry ®r A. On the other hand there is an exact sequence
0 — A— Hp »(M/xM) — B — 0 in which B is a submodule of the Artinian
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module an'g}%(M) Now, by effecting the functor R/R; ®pr — to the above exact
sequence and using Lemma 2.4, we can conclude that R/Ry ®pr A is Artinian and
S0 iS H?iLQR(M)/R‘i‘anQR(M)

Proposition 5 Let mg be a principal ideal of Ry. Then HE+ (H;OR(M)) is Artinian
for alli,j € Ny.

Proof. Since myg is principal. there is H,jno(M) =0 for all j > 1. If j = 0, then
o (M) is a finitely generated graded myo-torsion R-module, and hence for each i,
there is an isomorphism H}'_Lr (Cing (M) = HE (T, (M)). We note that the last term
is Artinian and the result is clear in this case. Now, consider j7 = 1. Since there is
an isomorphism H,, (M) = H} (M/Tp,(M)), we may assume that Iy, (M) = 0.
thus there exists an element x € mg which is a non-zerodivisor with respect to
M and so there is the following exact sequence 0 — M M —- M JxM — 0.
Application of the functor Hj,,(—) to this exact sequence induces the following
exact sequence 0 — T (M/zM) — H} (M)=>H], (M) — 0. Now, if we apply
the functor H}%Jr(—) to the last exact sequence, we get the following exact sequence

Hj;il(rm(M/xM)) — Hh([{}no(M))&Hh(H}no(M)) — 0. Tt should be noted

that H}il (Cpng (M /zM)) = Hi-Y(T,, (M/zM)) is Artinian. So this fact implies

that (0 CH(HY, (M) x) is Artinian. Now, since HJ%A%Jr (H},(M)) is a-torsion, using
mo

Melkersson’s Lemma this module is Artinian.
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