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SUFFICIENT CONDITIONS FOR UNIVALENCE OF CERTAIN
INTEGRAL OPERATORS

ROXANA SENDRUTIU, GEORGIA IRINA OROS

ABSTRACT. In this paper we study certain integral operators and we determine
conditions for their univalence using some univalence criteria obtained by Ahlfors
[1], Becker [2] and Pascu [4].
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1. INTRODUCTION AND PRELIMINARIES

Let H be the class of analytic functions in the open unit disc
U={z€C: |z| <1},

An={feH: f(2)=z2+an12" +a,02"2+ ..., 2€ U},

with A1 = A,
S={fe€ Al fis univalent in U}.

In order to prove our main results we shall make use of the following lemmas.

Lemma A. ([1], [2]) Let ¢ be a complex number with |c| < 1, ¢ # —1. If
f(2) =2+ a2 + ... is a regular function in U and

")
7 | ="

for all z € U, then the function f is reqular and univalent in U.

clzl? + (1= |2*)

Lemma B. [5] Let a be a complex number, Re a > 0, and ¢ a complex number,
le| <1, c# —1 and f(2) = z + azz® + ..., a regular function in U.
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If
z2f"(z
af'(z)

~—

<1

cla** + (1 —[2[**) -

for all z € U, then the function

1
/ uo‘_lf’(u)du] R

Fal) = o

is reqular and univalent in U.

Lemma C. [3] If f € A satisfies the condition

2f'(2)
f*(2)

—1‘§1, zeU

then f is univalent in U.

Lemma D. [4] Let a be a complex number, Re a > 0, and f € A.

If

1— ’Z‘QRC o' zf”(z)
Re « f(2)
where B complex number, Re 8 > Re «,
then the function

<1, zeU

1
Fs(z) = [g / w1 f’(u)du]ﬁ
0
18 univalent in U.

2. MAIN RESULTS

Theorem 1. Let M > 1 and o with Re o > 0 be a complex number, a # 1, and
¢ be a complex number, with |c| < 1, ¢ # —1. Let the function g € A, satisfies the

conditions
195)) <3
z
2 1
z°g'(2) 1| < 1 ,
g%(2) ~3M -2
forall z e U, and
3la — 1
lc] + <1
|af
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then the function

1s in the class S.

Proof. We let

The function is regular in U.
Differentiating (5), we obtain

a—1

F(z) = {g(z)]m cev,

z

f(z) = zeU

a—lywq?ﬁ*.w%a—ma

M2 z 22 ’

and

2f'(z) _a—1 (Zg’(z)
f'(z M2\ g(z)
Using (1), (2), (3) and (6), we calculate

1), zeU. (6)

—~~

a o Mzf"
clz[2 + (1 — s 22

af'(z)
cwﬁﬁ+uwwﬁW;M<f$%*ﬂ
zg'(2)

9(z) 1’
2g'(2) ‘

9(2)
2g'(2)
9(z)
2g'(2)| |9(2)
9%(2) z

la — 1]
- M|

< lel=f?37] + |1 — |=[*37]

o — 1
oM

< H_]oz—1|
c
B oo M

< |+|0<—1]
c
B | M

< el +

.

0
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o 1] { 22g/(2) ]
< el + 3M —2)+1
A+ Tanr || e | BM 2
o 1] { 22g/(2) ’ ]
<le| + — 1 (3M —-2)+3M —2+1
At Tanr || e MY
lao — 1] 3la—1]
< 1 M—-24+1| = M =
<lc| + \aIM[ +3 +1] = |e| + M
—1
43t o
a

From (7), using Lemma B, we have G, ) is in the class S.
Remark 1. For M = 1, the result was obtained in [6].

Remark 2. For M = 1, the condition (2) expresses a sufficient condition for
univalence of function g and this result can be found in [3, Lemma C].

Theorem 2. Let M > 1 and o with Re o > 0 be a complex number, a # 1, and
B be a complexr number with Re 8 > Re «. Let the function g satisfies the condition

zq'(2) M
-1 — 8
9(2) ‘ NE a
forall z € U, and
la| < 3Re a, 9)

then the function

Fogn(z) = [ﬂ /0 g [Wr’dur (10)

1s in the class S.

Proof. The function Fy, g s given by (10) is regular in U.

We let N
Fani(z) = /0 [g(“)] YoLeu (11)

u

Differentiating (11) we have
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and

Fa,z,M(Z) M
Using (8), (9), (10), (12), we calculate

2FLy(2)  a [Zgl(z) _ 1} .

1_ |Z|2Rea ZF(;,M(Z)
Re o F! (2)
1_’2‘2Rea g zg'(z) Jl
- Rea M | g(z) B
_ 2Re « /
S el e % N A GO B I
Re o M | g(2) -

1—|z|2Reo‘ || M
Re a M 3

_ 1— |Z|2Rea . |Oz‘

lel o _laf
Re « 3 T 3Rea

From (12), using Lemma D we have that Fy, 5 a7 is in the class S.

Remark 3. For M =1, § =1 the result was obtained in [2].

(12)

Theorem 3. Let M > 1 and o with Re o > 0 be a complex number, o # 1, and
B be a complex number with Re 8 > Re «. Let the function g satisfies the condition

|29 (2)] < M?
forall z € U, and
M < 1
Re o ’
then the function
/()) -1 # B=1_4 a=1 %21
Ha,ﬁ,M(Z) = |: e / u M2 (eg(u)) M2 du , z2eU
0

is in the class S.

Proof. The function H, g s given by (15) is regular in U.
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Let us consider the function

f(z) = /0 ()57 du, zeU (16)

which is regular in U.
Differentiating (16), we obtain

f'(z) — eg(z) 2

o) = Sl @e0iR, zeu
. ') a1
2f"(z) a-—
) =0 zg'(z), z€U. (17)

Using (13), (14), (16) and (17), we calculate

1— ’Z‘2Re « zf”(z) B (18)
Re o f(z) |
1_|Z|2Reoz a—1 ,
= . <
Re o AR
e
. . <
Re a M? ‘zg (Z)‘ -
1= PR Ja=1]
Re o M? -
1_|Z|2Rea |a—1|
= a1 < — < 1.
Re o \a ’_ Re a

From (18) using Lemma D, we have H, g s is in the class S.

Remark 5. For M =1, 3 =1, the result was obtained in [6].

1 1 10 1
E lel. For M =5. =>4+ =4 B3="1 24
xample or 1 , 2+3z,ﬁ 9+6Z’
andgGA,g(z):z—l—Zzz,zEU,Wehave:
13 1
Rea>0,Reﬂ>Rea,|a|:%<§:3Rea,and
zq'(2) z+ 122
=1z 1=
9(2) z+ 42
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