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ABSTRACT. In the present paper, we investigate some subordination-preserving
and superordination-preserving properties of a class of integral operators which are
defined on the space of meromorphic functions. Several sandwich-type results in-
volving this class of integral operators are also derived.
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1. INTRODUCTION AND PRELIMINARIES

Let X denote the class of functions of the form
1 oo
k
== 1
CREEDILE (1)

which are analytic in the punctured open unit disk
U :={2z: 2€C and 0<|z|<1}:=0U\{0}.

Let H(U) be the linear space of all analytic functions in U. For a positive integer
number n and a € C, we let

Hla,n] == {§ € H(U): f(2) = a+ anz" + anp12" +--- .

Denote by @Q the set of all functions f that are analytic and injective on U\ E(f),
where

E(f) = {668[[}: lim f(2) :oo},

Z—E&
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and such that f’(g) # 0 for e € OU\E(f). The subclass of @ for which f(0) =a (a €
C) is denoted by Q(a).
Let f, g € ¥, where f is given by (1) and ¢ is defined by

()=~ ib ;
9(z) =~ k2
k=0
Then the Hadamard product (or convolution) fx*g of the functions f and g is defined
by
1 [e.@]
(f59)(2) = -+ Y bt =i (g% )(2),
k=0
For two functions f and g, analytic in U, we say that the function f is subordinate
to g in U, and write
fz)<g9(z)  (2€D),
if there exists a Schwarz function w, which is analytic in U with
w(0)=0 and |w(z)|<1l (z€0)

such that
f2)=g(w(z) (2€U).
Indeed, it is known that

f(z) <g(z) (2€U) = f(0)=g(0) and [(U)Cg(U).

Furthermore, if the function g is univalent in U, then we have the following equiva-
lence:

f(z) <g(z) (2€U) <= f(0)=g(0) and f(U)C g(U).

By setting
1

fa(2) = (1 =2t (n>1) (2)
and let f  (z) be so defined that
&) i) = e (>0 3)

In a recent paper, Yuan et al. [6] defined a class of integral operators as follows:

Iﬂ,,u(z) = ;,u(z) * f(Z) (f S E)v (4)
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where (and throughout this paper unless otherwise mentioned) the parameters n
and p are constrained as n > —1 and p > 0.
We can easily find from (2), (3) and (4) that

oo

+ 7(M)k+l apz® (z € U), (5)

7
=0 (TL + 1)k+1

1
n“u(Z) = ;

where (k)m is the Pochhammer symbol defined by
(k)o=1 and (K)m=vw+1)---(v+m—1) (k € N).
It is readily verified from (5) that

z (In-i-l,uf)l (Z) = (n + 1)In7uf(z) - (n + 2))In+1,uf(z)7 (6)

and
2(Zopf) (2) = 0o i1 f(2) = (1 + )T f(2). (7)

In order to prove our main results, we need the following lemmas.

Lemma 1. (see [1]) Suppose that the function H : C> — C for all real s and for all

1+ s
‘< _n(zs) (nen)
satisfies the condition R(H (is,t)) < 0. If the function

p(2) =1+4pnz" + 2™ 4+
is analytic in U and

R(H(p(2),20'(2))) >0 (2 €D),

then
R(p(2) >0 (z € ).

Lemma 2. (see [2]) Let k, v € C with k # 0 and let h € H(U) with h(0) = c. If
R(kh(z) +~) >0 (z € ),

then the solution of the following differential equation:

q(z) z z €U =c
Q(Z)‘i‘m—h( ) (z€U; ¢(0) =)

s analytic in U and satisfies the inequality given by

R(kq(z) +7) >0 (z €U).
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Lemma 3. (see [3]) Let p € Q(a) and
q(2) = a+apz" + ansy12" T+ (¢ # a; n €N)
be analytic in U. If q is not subordinate to p, then there exists two points
20 =roe? €U and & € U\E(f)

such that

1\

q(Uy,) Cp(U), q(20) =p () and 20q (20) = m&p' (&) (m 2 n).

A function P(z,t) (z € U; t 2 0) is said to be a subordination chain if P(.,t)
is analytic and univalent in U for all t =2 0, P(z,0) is continuously differentiable on
[0,00) for all z € U and P(z,t1) < P(z,ta) for all 0 < ¢; < to.

Lemma 4. (see [4]) The function P(z,t) : U x [0,00) — C of the form
P(z,t) = a1(t)z +aa(t)z® +--- (as(t) #0; £ 2 0),
and tliglo la1(t)| = oo is a subordination chain if and only if
%<%>>O (z€U; t20).

Lemma 5. (see [5]) Let ¢ € H[a, 1] and ¢ : C*> — C. Also set

¢ (a(2),2d(2)) = h(z) (2 €1).
If P(z,t) := ¢ (q(2),t2¢'(2)) is a subordination chain and p € Hla,1] N Q(a). Then

h(z) < ¢ (p(2),20'(2)) (2 €U)

implies that
q(z) <p(z)  (z€).

Furthermore, if ¢ (q(2),2¢'(2)) = h(z) has a univalent solution q € Q(a), then q is
the best subordination.

The main purpose of the present paper is to investigate some subordination-
preserving and superordination-preserving properties associated with the operator
I, .. Several sandwich-type results involving this operator are also derived.
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2. MAIN RESULTS

We begin by stating the following subordination result involving the operator
Loy

Theorem 1. Let f, g€ X and n > —1. If

A0 W
R(1+ 20 s et v = T, (®)

where
1+ (n+1)? = |1 - (n+1)%
4(n+1) ’

then the following subordination relationship

pi=

2Ly 1 f(2) < 2Ipn u9(2) (z€eU)

implies that
ZInJrl,,LLf(Z) = zZnJrl,,ug(z) (Z € U)

Furthermore, the function I,41,9(2) is the best dominant.

Proof. Let us define the functions F and G by

F(z) = 2Int1uf(2), G(2):=2Tnt1,u9(2). (10)

We here assume, without loss of generality, that G is analytic and univalent on U
and

g'@Q)#0  (iKI=1).
If not, then we replace F and G by F(pz) and G(pz), respectively, with 0 < p < 1.

These new functions have the desired properties on U, and we can use them in the
proof of our result. Therefore, our results would follow by letting p — 1.

We first show that if the function Q be defined by

zg//(z)
g'(z)

Q(z) =1+ (z € U), (11)

then
R(Q(z)) >0 (z € ).

By virtue of (6) and the definitions of G and v, we know that
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Differentiating both sides of (12) with respect to z, we get

) = (14 47 ) 96 + 2070 (13

After some simple calculations, in conjunction with (11) and (13), we easily get the
relationship

(2) _ QG
1+ o0 _Q(z)+Q(z)+n+1._lh( ) (z€ ). (14)
We also deduce from (8) and (14) that
R(h(z)+n+1)>0 (z € U). (15)

Furthermore, by Lemma 2, we conclude that the differential equation (14) has a
solution Q € H(U) with

Let us put
H(u,v) :=u+ ———+p, (16)
where p is given by (9). From (14), (15) and (16), we obtain
R(H(Q(2),29(2))) >0 (z € ).

Now we proceed to show that

R(H (is, 1)) < 0 (seR;t§—12§>, (17)

Indeed, from (16), we have

(n+ 1)t < U(n, s)

R(H (is,t)) = R [ is + ————— + >: A L B
(H(is, 1)) ( istn+1 In+1+is|? p= 2|n+ 1+ is|?

where
U(n,s):=(n+1-2p)s* —4p(n+1)s —2p(n+1)> +n+ 1. (18)

For p given by (9), the coefficient of s? in the quadratic expression ¥(n,s) given
by (18) is positive or equal to zero. Furthermore, we observe that the quadratic
expression W(n,s) by s in (18) is a perfect square, which implies that (17) holds.
Thus, by Lemma 1, we conclude that

R(Q(:)) >0 (zeU).

222



7.G. Wang and F.H. Wen - A class of integral operators preserving...

By the definition of G(z), we know that G(z) is convex.
To prove F < G, we let the function P(z,t) be defined by

1+t
n—+1

P(z,t):=G(2) + < ) 2G'(2) (z€U; 0=t < 00), (19)

since G is convex and A > 0, we have

OP(z,t)

L 141t
5, |=0=9(0) <1

Tt . 0<
+n+1>5£0 (z€U; 0=t < 0),

and 20P(z,t)/0z
( OP(z,t)/0t

Therefore, by Lemma 4, we obtain that P(z,t) is a subordination chain. It follows
from the definition of subordination chain that

):(1+t)3?(Q(Z))+n+1>O (z €U).

¥(2) = G(2) +

—2G'() = P(:,0),

and
P(z,0) < P(z,t) (z€U; 0=t < o0),

which implies that
P(¢,t) ¢ P(U,0)=9(U)  ((€dU; 0=t <o0) (20)

If F is not subordinate to G, by Lemma 3, we know that there exist two points
zp € U and (p € 0U such that

F(z0) =G(Co) and  20F (20) = (1 +1)¢0G' (o) (0=t < 00). (21)

Hence, by virtue of (7) and 21, we have

P(Co,t) = G(Co) +

LG () = F(a0) + 1 20F (20) = 0T uf (20) € H(0).

n 4+ n+1

But this contradicts to (20). Thus, we deduce that F < G. Considering F = G, we
see that the function G is the best dominant. The proof of Theorem 1 is evidently
completed. O

By similarly applying the method of proof of Theorem 1 and using (7), we easily
get the following result.
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Corollary 1. Let f, g€ ¥ and p > 0. If

R (1 + Zj;i’?) > - (z € U; @(2) := 2In u419(2)),

where
I Lt Lt O
77 T 4/1/
then the following subordination relationship

o1 f(2) < 2Lnpig(2) - (2 €U)

; (22)

implies that
ZI":Mf(Z) = ZIn,ug(z) (Z S U)

Furthermore, the function 21, ,9(z) is the best dominant.

If f is subordinate to F', then F is superordinate to f. We now derive the
following superordination result.

Theorem 2. Let f, g€ ¥ and n > —1. If

WO\ et b e T s
%(H WZ)>> b (el $(2) = #Tg(2),

where p is given by (9), also let the function 2I,,9(z) is univalent in U and
2Ln1,,9(2) € Q, then the following subordination relationship
2Ly 19(2) < 2Inuf(2) (z € U)
implies that
Tni1p9(2) < 2ZInpruf(z)  (2€0).
Furthermore, the function zZ,41,9(2) is the best subdominant.

Proof. Suppose that the functions F and G are defined by (10), Q is defined by (11).
By applying the similar method as in the proof of Theorem 1, we get

R(Q(2)) >0 (z € ).

Next, to arrive at our desired result, we show that G < F. For this, we suppose that
the function P(z,t) be defined by (19). Since n > —1 and G is convex, by applying
the similar method as in Theorem 1, we deduce that P(z,t) is subordination chain.
Therefore, by Lemma 5, we conclude that G < F. Furthermore, since the differential
equation

U(=) = G(2) + —20'(2) i= 6 (G(2), 26 (2))

has a univalent solution G, it is the best subordination. We thus complete the proof
of Theorem 2. ]
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By similarly applying the method of proof of Theorem 2 and using (7), we easily
get the following result.

Corollary 2. Let f, g€ X and p > 0. If

R <1 + Zj&i?) > —n (z € U; ¢(2) := 2Ty u119(2)),

where 1 is given by (22), also let the function 21, ,119(z) is univalent in U and
2Ln.9(2) € Q, then the following subordination relationship

Inp19(2) < 2oy f(2) - (z€)

implies that
2Ly 9(2) < 2T 1 f(2) (z € U).

Furthermore, the function 21, ,9(z) is the best subdominant.

Combining the above mentioned subordination and superordination results, we
get the following “sandwich-type result”.

Corollary 3. Let f, gr € X (k=1,2) andn > —1. If

R (1 + izk((;))) > —p (z € U; ¢p(z) == ZIn,ugk(z) (k=1,2)),

where p is given by (9), also let the function 21, ,f(z) is univalent in U and
ZLny1,,f(2) € Q, then the following subordination relationship

ZIn,,ugl(Z) < ZIn,uf(Z) = ZIn,uQQ(Z) (2 €)

implies that

ZIni1,091(2) = ZIng1uf(2) < 2ZIng,ug2(2) (2 €).

Furthermore, the functions 2Zn11,91(2) and zI,41,,92(2) are, respectively, the best
subordinant and the best dominant.

Corollary 4. Let f, gr € X (k=1, 2) and p > 0. If

R (1 + f:ff) >on (2 U; pple) = Tupige(s) (h=1,2)),

where 1 is given by (22), also let the function 21, ,4+1f(z) is univalent in U and
2Ln . f(2) € Q, then the following subordination relationship

ZIn,u+1gl (Z) = ZIn,u+1f(Z) = ZIn,,u+192(Z) (Z € [U)
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implies that
2L 1 91(2) < 2Znuf(2) < 215 192(2) (z €U).

Furthermore, the functions 2L, ,,g1(z) and 21, ,92(2) are, respectively, the best sub-
ordinant and the best dominant.
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