Acta Universitatis Apulensis No. 29/2012
ISSN: 1582-5329 pp. 197-215

SOME SUBCLASSES OF ANALYTIC FUNCTIONS DEFINED BY
GENERALIZED DIFFERENTIAL OPERATOR
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ABSTRACT. Let A denote the class of analytic functions in the open unit disk
U = {z : |z| < 1} normalized by f(0) = f/(0) —1 = 0. In this paper, we intro-
duce and study certain subclasses of analytic functions. Several inclusion relations
of various subclasses of analytic functions, coefficient estimates , growth and dis-
tortion theorems, Hadamard Product, extreme points, integral means and inclusion
properties are given. Moreover, some sufficient conditions for subordination and
superordination of analytic functions, and application of ®—like function are also
discussed.
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1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of analytic functions of the form
o
f(z) :z—l—Zakzk (1)
k=2

in the open unit disk U = {z : |z| < 1} normalized by f(0) = f/(0) — 1 =0.
For a function f € A, «a,8,u,A > 0 and n € N, we define the differential
operator, as follow:

D°f(z) = f(2),

Dia i) = (“EIIEN )+ (B )er e,
DR(0,8,1)f(z) = D(Di(e 5, w)f(2))
DR( B0 f(z) = DD o B, ) f(2)) )
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If f is given by (1), then from (2), we see that

[e.o]

Diapmfe) = z+) (CHUEMEZDER 4
k=2

which generalizes many operators. Indeed, if in the definition of DY (a, 3, u)f we
substitute the following:

e 3=1, u=0, we get
DY¥(,1,0)f(z) = D" f(2) = z + ZZ‘;Q(%)”%Z”“ of Aouf, El-Ashwah
and El-Deeb differential operator|[1].

e a=1,8=o0and p=0, we get
D¥(1,0,0)f(2) = D" f(2) = 2+ Y o1+ A(k — 1))"axz* of Al-Oboudi differ-

ential operator[9].

e a=1,08=o0,p=0and A =1, we get
D?(1,0,0)f(2) = D"f(2) = 2+ Y 505 (k)"az" of Salagean’s differential oper-
ator [5].

ea=1 =1 A=1and u=0, we get
D7 (1,1,0)f(2) = D"f(z) = z + ZZOZQ(%)"%Z]“ of Uralegaddi and So-
manatha differential operator [2].

e =1, A=1and u=0, we get

D7 (a,1,0)f(2) = D"f(2) = 2z + 332, (5E4)"ax2* of Cho and Srivastava dif-
ferential operator [3,4].

Now we define some new subclasses of analytic functions by using extended multiplier
transformations operator.

Definition 1. Let f € A. Then f € M‘;\“,’f“(é) if and only if

(D3 (e, B 1) (=)
%< Dy e, B, ) £ (=)

>>& 0<d<l, zeU.

Definition 2. Let f € A. Then f € ./\/’fékﬁ“(é) if and only if

(=D} (e, B, 1) £(2))')
" < (D3 (e, B, 10 £ ()

>>& 0<do<l, zel.
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Definition 3. (®—Like Function)[6,11] Let ® be an analytic function in a do-
main containing f(U), ®(0) =0 and ®'(0) > 0. The function f € A is called ®-like

if
%(;{;Ej%) >0, zel.

This concept was introduced by Brickman [6] and established that a function f € A
1s univalent if and only if f is ®— Like for some .

Definition 4.[10] Let ® be an analytic function in a domain containing f(U),
®(0) =0 and ®'(0) =1, and ®(w) # 0 forw € f(U)\ {0}. Let q be a fixed analytic
function in U, q(0) = 1. The function f € A is called ®-Like with respect to q if

Definition 5.[7] Denote by Q the set of all functions f that are analytic and
injective on U — E(f) where

E(f) ={¢CedU: ;eré_f(Z) = oo}

and are such that f'({) # 0 for ( € OU — E(f).

Definition 6. (Subordination Principal) [8] For two functions f and g, analytic
in U, we say that the function f is subordinate to g in U, and write f(z) < g(2) (z €
U), if there exists a Schwarz function w, which is analytic in U with w(0) = 0 and
|w(z)| < 1, such that f(z) = g(w(z)).

Lemma 1./8] Let q(z) be univalent in the unit disk U and 6 and ¢ be analytic
in a domain D containing q(U) with ¢(w) # 0 when w € q(U),

Q(2) = 2q(2)8(q'(2))  h(z) = 0(q(2)) + Q(2),

suppose that Q(z) is starlike univalent in U and %(Zg(iz) ) >0 forz € U if pis

analytic in U with p(U) C D and

—

0(p(2)) + 20" (2)¢(p(2)) < 0(a(2)) + 24 (2)d(a(2)),
then
p(2) < q(2),

and q is the best dominant
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2.CHARACTERIZATION PROPERTIES

In this section, we study the coefficient estimates and intend to prove the distor-

tion theorems via two different techniques for the functions contained in the classes

Theorem 1.If an analytic function f belongs to A satisfies the following condi-
tion i.e

i(k—a)(“(“sjf’;_ 1”5)"\%\9—5, 0<4<1. ()
k=2

then f € MSIH(9).
Proof. Let f € Mi,’f #(6§), then from Definition 1, we have

(DY e, B ) f(2))
M Dt A 1)

)>0, 0<d<l1, zeUl.

We also know that
R(w) >« ifand only if |1 —a+w|> |14+ a— w),
this implies that
(1 = 0)Dx(a, B, 1) f(2) + 2(D5 (e, B, 11) £ (2))']

> [(1+0)DX(av, B, ) f(2) — 2(DX (v, B, 1) f(2))'|
such that

= a+ (p+A)(k—1)+ 8\»
|(2—6)z+k22(1+k:—6)( S ) ai|-

62+ 31— k+8)(% + Tﬁ’;_ D+ ﬂ)"akzﬂ > 0-
k=2

So after simplification, we have

> a+(p+N(k—-1)+p
(2 — 26) |ax|
-3k (THERE D),

or

S5k - (0 +aA)+(i; D48y 0y < 1 - )
k=2
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is our required result.
Finally the result is sharp with extremal function f given by

Z (a+(u+f)(k 1)+ﬂ) s

a+0
Taking suitable values of parameters and function f in the class M?\‘f #(§), Theorem
1 gives us the following immediate results.

Corollary 1.Let the function f defined by (1) be in the class M?{f“(&) Then
we have

k] < a(+1(;+f>)<k—1)+ﬂ L
(k — 5)<a—+5>

Corollary 2.Let the hypotheses of Theorem 1, be satisfied. Then for § = p =
A =0, we have

lag| < k> 2.

w\»a

Theorem 2.If an analytic function f belongs to A satisfies the following condi-
tion i.e

ik(k—a)(“(“sl(l;_1)+5>"|ak|31—5, 0<s<1. (5
k=2

(f € Ay, B, A > 0,0+ B#0,n € N,)
thenfe./\f/\aﬁ“( ).
Proof. The proof is similar to that of the proof of Theorem 2.

Similarly, for a function f to be in the class Ny ’kﬁ’“ (0), we deduced a result from
Theorem 2, as follow:

Corollary 3.Let the function f defined by (1) be in the class Nf"ﬁ“( ) . Then
we have

lax] < (-1+<_+6A)>(k D\t k=2
a+(u —
Bk - §) (A=D1

201



M. Darus and I. Faisal - Some subclasses of analytic functions defined by...

3. GROWTH AND DISTORTION THEOREMS

Theorem 3.If an analytic function f belongs to A satisfies the following condi-

tion i.e

i(k—a)(o‘“““)(’“_l)+ﬁ)”ak\g1—5, 0<s<1, (6)

k=2 atf

then f € /\/li{’,f’“(é) and

)

> _
1) 2 el = g5
and 15 e
- 2
< .
1) < el + 5 i)
Proof. Let f EMA’ﬁ’ (6), this implies that
S (k- <a+ (14 N)(k —1)+5>"|ak|§1_57 0<s<1.
a+p
k=2
But
a+(u+A)+8
C-o (5 ) Zr ¢
<S-a)(*F o+ A)E _1”6)”!%!31—5, 0<o<1,
P a+f

implies that

(2_5)(a+(ﬂ+)\)+ﬂ)ni‘ak‘§1_57 0<6<

a+p =
o 1_
> axl < +(5+A)+ﬁ _ 0<d<l.
k=2 (2—5)(57+,3>

Since

0.)
=12+ a2
k=2
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()] < Jol+ ) lall2?).
k=2

1-9 a+p

n|.2
2—5(a+u+A+ﬁ) 1271

[F ()] < 2] +

Similarly
FG) =12+ art|
k=2

(&) = |2l = Y lall2?).
k=2

1—5( a+p
2—da+pu+A+p

)"[#2].

1f(2)] = |2 =

Theorem 4. Let the hypotheses of Theorem 2, be satisfied,then

1-90 a+pf

ni.|2

£ =2 1 - g (s

and < 1—5 CB+,8 n 2
SN < 1+ g g (s )

Proof. Working on the same lines as in the proof of Theorem 3, one can easily
prove this theorem as well.

Theorem 5.1If an analytic function f belongs to A satisfies the following condi-
tion i.e

E:%_ﬂ(a+W+AXk—U+B

" <1-— <
S )MM_l 5, 0<d<1, (7)

1-96
DX (e, B, 1) f(2)] = || = fé|2|27

2
and L5
[DX(e, B, m)f(2)] < [2] + 5— 5|Z|2-
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Proof. Let f € Maﬁu(é), this implies that

S (k- (‘H (e + Ak _1)+ﬁ>”|ak|§1—5, 0<d<1.
P a+p

But

(2_5)<a+(ﬂ+a)\2i—(ﬁ +B> Zlakl

<3 (k- 5)(a+ (1 +cjzr(5_ 1) +ﬁ>n|ak| <1-5
k=2

implies that

(2_5)§:(O‘+(“+A)(k_1)+ﬂ)nyaky§1—5, 0<5<1

k=2 a+tp
S rat(p+N(k—1)+8 1-6
k;( o+ 0 ) lal = 55y

Because

D30, B, ()] = [+ 3 (ST DEZ DL,y

—~ a+ 3
Mk -1 n
D§ e |<\z|+2(0‘+ U= D20 24,

this implies that

1—90
D30, 8. ()] < 2l + 512"

similarly

DY, B0f ()] = [+ Y (SHUEDEZ DAY
k=2

ag||2",

oz+(u+)\)(k:—1)+ﬁ)"‘
a+p

DR (e, B ) f(2)] = 2] = D (

k=2

this implies that

—5
"]

DR B ()] el = ==
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Theorem 6.Let the hypotheses of Theorem 5, be satisfied,then

1—-9
D308, 1) ()] 2 Iel = 55— g5 11

and oy
DR B )] € [+ g 1

Proof. Use the same method of the proof of Theorem 5 to get the result.
Theorem 7.Let the hypotheses of Theorem 3, be satisfied, then

1-¢ a+f
! >1_2 n
£ 2 1= 25— (ol
and 1.5 L5
"(2) <14 2-— - "2].
£ < 1+ 25 (o

Proof. The proof is similar to that of the proof of Theorem 3.

4 . EXTREME POINTS

Theorem 8.(a). If fi(z) = z, and

. — (1 — 6) i .
fi(z) =2+ (k_5)<a+(u+>\)(k—1)+ﬂ)"z 1=2,3,4
a+0

Then f € Mi‘g“(é), if and only if it can be expressed in the form f(z) = > 2, Xifi(2),
where X\; > 0 and Y2 N = 1.
(b). If f1(z) = 2,

(1-9) ;.
fi(Z):Z+ nzl 7’:2)3>4"'
k(k‘l_é)(W)

Then f € Nﬁf’”(é), if and only if it can be expressed in the form f(z) = > 72, Xi fi(2),
where A\; >0 and Y ;0 N = 1.

PTOOf' (a‘) Let f(Z) = Z?il AZ(}c’t(’z% i = 172737”' A’L >0 with ZrLoil )\1 =1
This implies that

f(z) =) Nifil2),
i=1
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_ ) (1-9) i
&) = A ;2 e (k - 0) (a+(u+2>+(§_1)+ﬁ)”z )
S6) = ME+ TN+ gA ) <a+w+2+g By )
S (1-9) i
1) = Z;)‘ )+ Z;)‘ (a+ AN (k= 1)+ﬁ) ),
1= K3 Jr
_ Sy (1-9) i
o) = e zz; . (k—9) (a+(u+x)+(§1)+ﬂ>”z ’ ®)
Since
(1-95) o+ (u+ Nk —1)+ By
Z)\ 5)( o+ 0 )

<a+ ,u+>\) (k— 1)+5>"
=2

1=

2
=1 -M)1-9)<(1-9)
The condition (6) for f(z) = > "2, Xifi(2), is satisfied- Thus f € Mil,f“(é)

Conversely, we suppose that f € ./\/la’ﬁ #(6), since
1 —
k| < (+< +f))(k nea\ K=
N _
(k — ) (“T)
We put
at (N (k—1)+8\"
(k—0) (%fg)
)\i = a; k Z 2,
(1—9)
and -
A=1-) "\,
i=2
then

=> Nifi2)
i=1

The proof of the second part of the Theorem 8 is similar to 1st part.
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5.INTEGRAL MEANS INEQUALITIES

For any two functions f and g analytic in U, f is said to be subordinate to g in
U, denoted by f < g if there exists a Schwarz function w analytic in U satisfying
w(0) =0 and |w(z)| < 1 such that f(z) = g(w(z)), z € U.

In particular, if the function g is univalent in U, the above subordination is
equivalent to f(0) = ¢g(0) and f(U) C g(U). In 1925, Littlewood [12] proved the
following Subordination Theorem.

Theorem 9.If f and g are any two functions, analytic in U, with f < g, then
for p >0 and z =re?, (0<r<1),

2m 2m
/0 qu"(z)l“cles/O lg(2)|"do.

Theorem 10.(a). Let f € M$PH(8), and fi be defined by

(k — 5)<a+(u+o):)+(gfl)+ﬂ) )

fe(z) =2+ =3 2k >2.

If there exists an analytic function w(z) given by

o (1—
[w(z)]Ft = (k_(s)(‘”(““ig 1)+5> Zakz ,

then for z =re?, and (0 <r < 1),

2 2m
/ | f(re?)|1do < / | fr(re®) |1 do.
0 0

(b). Let f 6/\/;\1”6“( ), and fi be defined by

ooy (et (E=D+8\"
k(k 5)( oth ) k

fe(z) =z + %) k>

If there exists an analytic function w(z) given by

o (1)
Il = k(k — ) (NG5 Z“’“'Z ’
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then for z = e, and (0 < r < 1),

27 X 2w )
/ |f(re')|#d6 < / | fx (ret®)|#db.
0 0

Proof. (b). We have to show that

2 . 2 .
/ Frei®)|d < / ()| o,
0 0

or

o oo o k(k_é) (M)n
kp a+0 I
z+ apz d@g/ z+ Z"|Hde,
[ astras [ 5
or
om o 2 k(k—(g)(%ﬂ;*wy
1 k=lingg < e k=11kqp
/0 \ —i—Zakz ]d&_/o 11+ ) 2" Hde,

k=2

By using Theorem 9, it is enough to show that

o0 k(k —6) w "
1—&-2%21"’*1{1—&- <(1_5)+ﬁ ) zkil,
k=2

Now by taking

) k(k — 0) %W "
1+ Zakzk_l =1+ ( 1-9) ) (w(z))k_l,

After simplification we get

_ (1-5)
)" = k(k — 5)(a+(u+x)+ig 1)+ﬁ> Zakz ’

this implies that w(0) = 0, and

- (1-6)
|[w(2))*] = ’k(/{ - 5)(a+(u+2+lg 5 +B> Zakz ,
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or

B (1—-9) > _
Hw(z)]k‘ - k(k _5)(a+(u+ii(g—1)+ﬁ>" é ‘aksz I,

By using (4) we get
[w(2)]* < [2] < 1.

The proof of the 1st part of the Theorem 10 is similar to second part.

6.HADAMARD PRODUCT
Let f,g € A, where f(z) is given in (1) and g(2) = z+ 3_ b2*, then the modified
k=2
o0
Hadamard productf * g is defined by (f x g) = z + > apbpz*.
k=2

Theorem 11.(a). If f(z) = z+ Z arz® € M ’ﬁ“(é) and g(z) = z + § b2t €
k=2

/\/l)\’ﬁu( ) then prove that (f * g)(z )E M)\’ﬁ“((s).
(b). If f(z) = 2+ Z axz EN/\O‘IE (0) and g(z) = z+ io: by 2" E./\/'fjf’“(é) then
k=2

prove that (f x g)(z )G/\/'fkﬁ“( ).

o0
Proof. (a). Since it is given that f(z) = z + 3. ax2* € M‘;’g’“(é), this implies

that

(k—5><a+(“+:)+(];_ ””)”yaky <1-5 0<s<1.

NE

>
Il
N

Similarly g(z) =z + 3. b2 € Mi",’f’“(&), implies that
k=2 ’

N (0t (AN —1) + Byn -
> 5)( o )l <15 0<s<1.
Since
S a+ (p+A)(k—1)+ 8y
>tk =) (S )
- o+ (pt A (k= 1)+ B\n
Skz2(k—5)< o )lasl <16, 0<s<1
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Implies that

i (a—i— u+/\)(k—1)+,6>n

bl <1—-90, 0<§<1.
P |ax||br| < , 0<éd<

k=2
Or(fxg)(z) € M‘;}f“(&) The proof of the second part of the Theorem 11 is similar
to 1st part.

7.SUBORDINATION AND INCLUSION PROPERTIES

Here, we investigate the inclusion properties of the new classes defined above.
We also find out some subordination results by using the ®—like function.

Theorem 12.Let 0 < a1 < ag < 1,0< 01 <0 < 1,0< pup < pg <1,
0§)\1§)\2<1, and0§51§(52<1, then

o MYPH(8y) C MYPH (1)

MEI(8) € MSTH(6)

MEP2(8) € M (9)

M (8) € MG ()

M (6) © M (6).

Proof. To prove Mi"g’“(ég) - ./\/li",f’“(él), since we have 0 < ¢; < d9 < 1, this
implies that
51 <52, or (1—52) (1—51)

so let
f e MU (6,),

then from Theorem 1, we have
i <a+ u+A)(k—1)+ﬂ)n

a+p

’ak’§1—52, 0<d <1
k=2

This implies that

i(k_(s)(a+(,u+)\)(kl)+ﬁ)”

<1—0<1-9
o lag| < 9 < 1,

k=2
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and therefore

S (k- 5)<a+ (1 +aAi(1;— 1) +ﬁ>”,ak, <1-4,
k=2

implies that
f(2) € M5y,

and hence
MEPH(82) € MSPH(80).

The proof of the remaining parts of the Theorem 12 is similar to 1st part.

Theorem 13.L€t0§a1§a2<1,0§ﬁ1§62<1,0§M1§M2<1,
0§)\1§)\2<1, and0§51§52<1, then

o Nyt (02) € N (61)
o NuR() € NS 9)

o« NRPR(8) € N (6)
o NRETH(0) © NI (9)

. fo;fl’“(d) C ij’,fQ’“(é)-

Proof. To prove /\/’;‘}C’B’“((S) C N;i’ﬁ’”(é)-, we have
0<a;<ar<1l= o <ag,
implies

Vas+B<1jor+ o1+ PFNEZD oy e+ Nk—1)

a+p T a+p
therefore
— 1 o (2t (N E—1)+8\n
gk(k 5)( o )]ak]
- (ot (pH Ak =1+ B\
g;m 5)( S )l
so let

f(z) € N3 (9),
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then from Theorem 2, we have

Zk:(k:—5)(a+(u+)\)(k_l)+ﬁ)n

ap| <1 -6,
a1+ 0 ‘k‘_

k=2

implies that

Zk(k B 6)<a +(p+N)(k—-1) +ﬂ)n|ak|

P az +f3
> N(k—1 n
=2

This show that

ik(k_a)(a+(u+)\)(k—1)+6

n
ap| <1-—96,
az + 3 )‘k‘_

and implies
f(2) € NXLP(8) = NR(8) © N (6);

The proof of the remaining parts of the Theorem 13 is similar to 4th part.

Theorem 14.Let g # 0 be univalent in U such that zq'(z)/q(z) is starlike uni-
valent in U and

a 2q"(2)  2q'(2)
§R<1+7q(z)+ 7@ @) ) >0, a,yeC, ~#0. 9)

If f € A satisfies the subordination

DR A1) DR AR (DR, B ()
B(D} (. 5, 0) (=) (D30 0.0 () (D3 (a. B0 f()

< aq(z) +v24'(2)/q(2),

af

)

then
2(DY (o, B, 1) f(2))'
(D3 (o, B, 1) f(2))

< q(2),

and q is the best dominant.

Proof. Let
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then after computation, we have

2(D3(a, B, ) f(2))"  2®" (DX (e, B, 1) f(2))
(DX (e, B, ) f(2)) ®(DX(a, B, 1) f(2)

which yields the following subordination

2p(2)/p(2) = 1+

ap(z) +72p'(2)/p(2) < aq(z) + 724 (2)/q(2), a,v € C.

By setting,
O(w) =aw ¢(w)=r7/w, ~#0,

it can be easily observed that f(w) is analytic in C' and ¢(w) is analytic in C' — {0}
and that ¢(w) # 0 when w € C' — {0} Also, by letting

Q(2) = 2q'(2)¢(q(2)) = 24 (2) /a(2),
and
h(z) = 0(q(2)) + Q(2) = aq(z) +v2q'(2)/q(2),
we find that Q(z) is starlike univalent in U and that
zh (z)
Q(2)

So by Lemma 1, we have

N (OB (O
—§R(1+7q( )+ 70 .02) ) > 0.

R(

2(D3 (o, B, ) f(2))'
(D3 (a, 8, 1) f(2))

We deduce the following result by taking ® an identity function i.e. ®(w) = w in
Theorem 14, as follows:

Corollary 4.Let q(z) # 0 be univalent in U- If q satisfies (9) and

2(DX (o, B, 1) f(2))' 2(DX (o, B, 1) f(2))" Z(Di‘(a,ﬂ,u)f(Z))’)
(DX (e, B, 1) f(2)) (DX (e, B, ) f(2)) (DX(a, B, 1) f(2))

< aq(z) +v2¢'(2)/q(z),

< q(z).

af

)+(1+

then

and q is the best dominant.
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Similarly, by taking suitable values of a function ¢ in Theorem 14, we deduce
Corollary 5 and Corollary 6 as follows:

Corollary 5.If f € A and assume that (9) holds then

ADY B ()" 144z (A-B)s

1 +
Dy B 0f ()Y 1+B: ' (1+A5)(1+B2)
implies
n /
DBl ATy
(DX (e, 8,0 f(2)) 1+ Bz
and }L‘gi s the best dominant.
Corollary 6.If f € A and assume that (9) holds then
14 Z(Dg(aaﬁ,ﬂ)f(z))/” DR 2z ’
(DY (e, B, f(2)) 1=z (1+2)(1-=2)
implies,
(DR 5w () 142
(DY (a, B, ) f(2)) 1 —=2
and =2 s the best dominant.

1—z
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