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1.INTRODUCTION

Let H denote the family of continuous complex valued harmonic functions which
are harmonic in the open unit disk U = {z : |z| < 1} and let A be the subclass of H
consisting of functions which are analytic in U. A function harmonic in U may be
written as f = h + g, where h and g are members of A. We call h the analytic part
and g the co-analytic part of f. In this case, f is sense-preserving if |h/(2)| > |g'(2)|
in U. See [4].

Let SH denote the family of functions f = h +¢g which are harmonic, univalent,
and sense-preserving in U for which f(0) = f,(0) — 1 =0.

To this end, without loss of generality, we may write

h(z) =2+ ar?¥, g(z) =) bz |ba| < 1. (1)
k=2 k=1
Note that SH reduces to the class S of normalized analytic univalent functions
in U if the co-analytic part of f is identically zero.
Let SH; denote the class of all functions f = h+ g € SH such that h and g has
the form

h(z) =z + Z arz®,  g(z) = Zbkzk, (2)
k k=j

=j+1
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where j € N is fixed. Clearly, SH := SH;.

In 1984 Clunie and Sheil-Small [4], investigated the class SH as well as its
geometric subclasses and obtained some coefficient bounds. Since then, there has
been several related papers on SH and its subclasses such as Avci and Zlotkiewicz
[1], Silverman [9], Silverman and Silvia [10], Jahangiri [5] studied the harmonic
univalent functions. More recently, Ahuja et al. [2] investigated the convolutions of
special harmonic univalent functions and Ahuja [3] studied on connections between
harmonic mappings and hypergeometric functions.

The differential operator D™ (n € Nj) was introduced by Salagean [8]. For
f = h+g given by (1), Jahangiri et al. [6] defined the modified Salagean operator
of f as

D"f(2) = D"h(z) + (~1)"Dg(2),

where

z)=z+ ik"akzk and D"g( Zk"bkz

For f = h+7g given by (1), we defined [12] generalization of the modified Salagean
operator of f :

D3 f(z) = D f(2) = h(2) + g(=),

Dyf(z) = (1 =\ D f(2) + AD'f(2), A >0, (3)
f(2) = DX (DY f(2) - (4)
If f is given by (1) , then from (3) and (4) we see that
Dif(z)=z+ Y [Ak—1)+1"apz" + (=1)">_[Mk+1) = 1]" b2k, (5)
k=2 k=1

When A = 1, we get modified Salagean differential operator [6]. If we take the
co-analytic part of f = h + g of the form (1) is identically zero, DY f reduces to the
Al-Oboudi operator [7].

Denote by SH;(\, m,n,a) the subclass of SH consisting of functions f of the
form (2) that satisfy the condition

Dy f(2)
e ( Dif ()

where DY f(z) is defined by (5) and

>2a, 0<a<l1l meN, neNy, (6)

o0 o0
DY f(2) Z k—1)+ 1" ap2b + (=)™ Ak + 1) — 1] b2k
— k=1
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We let the subclass SH (A, m,n,a) consisting of harmonic functions fp,, =
h + Gy, , in SH so that h and gp, ,, are of the form

hz)=z2= > a2’ gmn(2) = (=)™ b2, ag, b > 0. (7)
k=j+1 py

By suitably specializing the parametres, the classes SH;(\, m,n, «) reduces to
the various subclasses of harmonic univalent functions. Such as,

(i) SH(1,1,0,0) = SH*(0) ([1], [9], [10]),

(11) S-Hl(lv 1,0, a) = SH*(OZ) ([5])a

(iii) SHy(1,1,1,0) = KH(0) ([1], [9], [10]),

(iv) SHi(1,1,1,a) = KH ()

(v) SHi(1,1,n,a) = H(n,a) ([6]),

(vi) SHi(1,m — n,n,a) = Sg(m,n,a) ([11]).

The object of the present paper is to investigate the various properties of har-
monic univalent functions belonging to the subclasses SH; (X, m,n,a) and SH; (A, m, n, a).
We extend the results of [6] by generalizing the operator and we also extend the re-
sults of previous talk of authors [12]. Necessary and sufficient coefficient conditions,
distortion bounds, extreme points and convex combination of above mentioned class
are derived.

2.MAIN RESULTS

In our first theorem, we introduce a sufficient coefficient condition for harmonic
functions in SH;(\, m,n, a).

Theorem 1. Let f = h+g be so that h and g are given by (2). Furthermore,
let

ST (IME=1) + 1" — a Ak = 1) +1]") ax|
k=j+1
+3 (ke +1) = 1™ — (~D)™a Ak +1) = 1]") [b <1 - a, 8)
k=j

where A > 1,0 < a <1, m € N, n € Ng. Then f is sense-preserving, harmonic
univalent in U and f € SHj(A,m,n,a).
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Proof. If zy # zo,

2 by (21 — 25)

‘f(zl)_f(ZQ) S 1_’9(21)—9(2’2 4 =
—h = h(z1) — h =
her) = hlz) 1) =iz (1—2)+ 3 a (- 24)
k=j+1
> k||
> 1_k:j—
L= > klagl
k=j+1
3 ([A(k+1>—11’"*"—1<—1>ma[x<k+1>—1]") by
> 1- = 11_(i M)
—1)+ m nia —1)+ n
1= & Z+1 1—a ’ak’
=J

which proves univalence. Note that f is sense preserving in U. This is because

W (z)] = 1- Z klag] |2
k=j+1
20 (ME=1) + 1™ —a Nk — 1) +1]")

> 1- ) — |ax|

k=j+1
> ([)\(k +1) - 1]m+” —(=D)"a[Ak+1) — 1]”)

> Y T b

k=j

> kbl = |g'(2)] -

k=j

vV

Using the fact that Rew > « if and only if |1 — a + w| > |1 + a — w|, it suffices
to show that

(1= a)DRf(2) + DY f(2)| = [(1 + @) D3 f(2) = DY f(2)] = 0. (9)
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Substituting for DY"*" f(z)and D% f(z) in (9), we obtain

Y

v

[(1—a)D}f(2) + DY f(2)| = [(1+ @)D} f(2) — DY f(2)
21— )|zl — > (Ak—1)+1" (1 —a) + [A(k — 1) + 1)) |ag| |2|"
k=j+1

_Z] (k+1) —1]" (1 — @) + (=)™ [A(k + 1) — 1] |by] | 2|

= > (=D + 1™ = 1+ a) [ME = 1) +1]") |ag] |2]*
k=j+1
D" Ak ) =217 = (1 ) e 1) = I o

21— a)lz| —2 —Z+1 (A —1) + 1™ —a[A(k — 1) + 1]") |ay| |2|F

—22([ (k+1) = 1™ ¢ a Ak +1) — 1)) |bg||2|*, m is odd

21 —a)lz| —2 —Z—H (AE—1) + 1" — @ [A(k — 1) +1]") |ag] |2[*

—2 2, (A +1) = 1™ —a Mk +1) = 1]") |bg] |2, m is even

\

2(1a)z{1 i (AE -1+ 1™ —a Ak —1)+1]")

k—1
4 — ]2
k=j+1

l—«o

[ele] . m+n me o n
(M) 17— DGk 11)bkzk1}

k=j

|ax|

l—«

2(1a){1 i (A — 1)+ 1™ —a Ak — 1) +1]")

k=j+1

0 _qman ™ _1In
B UG ES i o IR} 1])bk}_

k=j

This last expression is non-negative by (8), and so the proof is complete.
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Theorem 2. Let finn = h+3,,, be given by (7). Then finn € SHj(A,m,n,a)
if and only if
> (M=) + 1" —a Mk = 1) +1]") a (10)
k=j+1

+§: (Ak+1) = 1" = (=D)™a Ak +1) — 1]") b < 1 — a,
k=j

where A>1,neNy, meN, 0<a<1.

Proof. The ”if” part follows from Theorem 1 upon noting that ﬁj(A,m, n,q)
C SH;(\,m,n,a). For the "only if” part, we show that f,, & SH;(A,m,n,a) if
the condition (10) does not hold.

Note that a necessary and sufficient condition for fi, , = h+g,,, given by (7),
to be in SH (A, m,n, ) is that the condition (6) to be satisfied. This is equivalent
to

o0

(I-a)z— > (NE—1)+1™" —a Ak — 1)+ 1]") az*
Re _ k=j+1 _
2= S Dk = 1)+ 1" a4 (—1)m2n 1SS (k4 1) — 1] b2k
k=j+1 k=j

S (D) — 1 (CDma A+ 1) — 1)) bzt
k=i

o = >0. (11)
= 3 k=1 + 1" a2k + (~1)m2neL Y (k1) — 1" bz
k=j+1 k=j

The above condition must hold for all values of z, |z| = r < 1. Upon choosing the
values of z on the positive real axis where 0 < z = r < 1 we must have

o0

l-a)— > (AEk-1+1"" —aA(k—1)+1]")a) rk!
k=j+1
1= 3 Mh=1) 4+ 1%ap 51— (—1)m S Ak 4 1) — 1]% by rh—1
k=j+1 k=j

S5 (k1) = 1™ = (S Ak 1) — 1)) by, rE
k=)

= = > 0. (12)
1= Y D=1+ 1 ap k-t — (—)m S Ak + 1) — 1] by vk
k=j+1 k=j

If the condition (10) does not hold, then the numerator in (12) is negative for r
sufficiently close to 1. Hence there exist zg = rg in (0,1) for which the quotient in
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(12) is negative. This contradicts the required condition for fy,, € SH;(A,m,n,«a)
and so the proof is complete.

Theorem 3. Let fn, ., be given by (7). Then fimn € SH;(A\,m,n,a) if and only
if
fm n Z thk: + Ykgm,nk (Z)) 5
k=j

where h;(z) = z,

— 5 11—« k . .
hk(z) =z ([A(k_1)+1]7rL+7L aMk—1)+1]" ) (k =] + ].,j + 2, ),
_ _1\ym+n—1 11—« —k
I (2) = 2+ (=1) (A D) -1 — (Chyma (k1) —1]") ~

(k=7,j+1j+2,..),
oo

> (X +Yi) =1, X, >0,V >0.
h=j
In particular, the extreme points of SH;(A\,m,n,a) are {hx} and {gmn, }-

Proof. For functions f,  of the form (7) we have

fron(2) = D (Xphi(2) + Yigmm, (2))
k=j
B [e’e] L [e’e] 1—a Zk
- I; (% + %) kzj;l (ME=1) + 1™ —a Ak —1) +1]") X
m n— 11—« ke
+ 12 k+1 ]m+n_(_1)ma[)\(k+1)_1]n)ykz .
Then
2 (AME=1) + 1™ —a Mk — 1) +1]")
k:zj;rl 1-a

11—«
" ((D\(kz—1)+1]m+n—oz[)\(k—1)+1] )X’“>
(kD) =™ — ()M Ak + 1

—1
5 1 )11

k=j
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l—«o

8 (([/\(k: +1) = 1™ — (=D)ma Ak + 1) — 1)) Y’“)
Z Xk+ZYk_1—X <1,

k=j+1

and 5o fin € SH;j(A\,m,n, ).
Conversely, if f,n € SH;(A,m,n,«a), then

1l -«

= G- a - D+ 1)

and 1— &
%S D T (CDma e D) - 1)

Set,

_ m—+n —a _ n

X, — ((A(k—1)+1] - [A(k—1)+1] )% (hmjt1it2.)
(Ak+1) =1 — (=)™ [ME + 1) — 1]7) . .
Y, = I— o b (k:]7]+17]+27‘“)

and

ijl— ZXk+ZYk

k=j+1

where X; > 0. Then, as required, we obtain

fm,n( ) X 2+ Z thk: +2Yk9k

k=j+1

Theorem 4. Let fn,, € SHj(A\,m,n,a). Then for |z| = r < 1 we have

‘ (1-a) _ DD (D™D 1) j+1
|f7f2n(2)| < (by)r <(AJ+1)m+"—a(Aj+1)” A+ —a(Aj+1)" bj ) r
an
[fu(2)] > (1= b;)r — ( (1=a) _ P\(j+1)—1}m+"—(—1)ma[>\(j+1)—1]"b,) pitl
= J A+ —a(Aj+1)" A+ —a(Aj+1)" J '

Proof. We only prove the right hand inequality. The proof for the left hand
inequality is similar and will be omitted. Let fp,,, € SH;(\,m,n,a). Taking the
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absolute value of f,, , we have
()] < @4b)r+ Y (ap+bp)r"
k=j+1

L+b)r+ Y (ap+by)rit
k=j+1

IN

1—a
A+ 1™ —a (A +1)"
o0 . m-+n - . n

l—«

= (1+bj)7’+

(ak + bk) pitl
k=j+1

(1-— a)rj+1
N+ D)™ —a(Nj+1)"
. i (([/\(k — )4+ 1" —a Ak —1) +1]7)

IN

(1+bj)7“+

ag
- 11—«
k=j+1

. (A(k+1) — 1™ _1(__;)% Ak +1) — 1)) bk>

(1— a)rj+1
N+ D)™ —a(Nj+1)"
y (1 DG - - ()M MG 1) - 1J”bj>

IN

(1+bj)7°+

11—«
= (1+bj)’l”

+ ( (1—a) _ D)= (=) aAGHD 1" ) i
M+ —a(Aj+ )" A+D™  —a(Aj+1)" ! '
The following covering result follows from the left hand inequality in Theorem
4.

Corollary 1. Let fn,n of the form (7) be so that fmn, € SHj(A\,m,n,a). Then

{w | < N+ —aN+1D)"+1-a
N+ —a (N +1)"
LN AED™T —a MDD+ ) YT (D) e MG+ ) - 1]”,)}
M4+ —a(Aj+1)" !
C frmn(U).

161



E. Yasar and S. Yalcin - Certain subclasses of harmonic univalent functions...

Theorem 5. The class SiHj()\,m,n, a) is closed under conver combinations.

Proof. for i > j, let fun, € SH;j(A,m,n, ), where fp, . is given by
[e.e]
Frn(2) =2 = }j a2+ (=LY by 2
k=j+1 k=j

Then by (10),

2 (A =1+ 1" —a Ak —1) +1]")

Z 1-« s

k=j+1
> ([/\(k +1) - 1]m+" — (D) [AMk+1) — 1]”)
b, < 1. 1
+Z o ki < (13)
k=j
oo
For Zti =1, 0 <t¢; <1, the convex combination of f,, ,, may be written as
i=j
(o] o0 [e.¢] (o]
Zt fm nz =z — Z Ztiaki 2" + (_1)m+n712 Ztibki z*.
k=j+1 \i=j k=j \i=j

Then by (13),

o) _ m+n a -
5 (IA(k—1)+1] - A(k—1)+1]" thak

k=j+1
= (A +1) = 1™ — (=1)ma Ak + 1) — 1]")

11—« thk

> 2 (A =1+ 1" —aME - 1)+ 1]")

= Zti Z 11—« Ak

k=j

(A +1) =1 = (=D)ma Ak + 1) — 1]7)

+Z 11—« bk
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This is the condition required by (10) and so Ztifmm(z) € SH;(\,m,n,a).
i=j
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