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CERTAIN DIFFERENTIAL SUBORDINATIONS USING
SALAGEAN AND RUSCHEWEYH OPERATORS

ALINA ALB LuPAsg

ABSTRACT. In the present paper we define a new operator using the Salagean
and Ruscheweyh operators. Denote by SR" the Hadamard product of the Salagean
operator S™ and the Ruscheweyh operator R", given by SR": A — A, SR"f (z) =
(8" R") f(2) and A, = {f € H(U), f(2) = 2+ ans12" ™ + ..., z € U} is the
class of normalized analytic functions with A; = A. We study some differential
subordinations regarding the operator SR".
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1. INTRODUCTION

Denote by U the unit disc of the complex plane U = {z € C : |z| < 1} and
H(U) the space of holomorphic functions in U.
Let
Ap={f €H), f(z) =2+ an 12" +..., €U}

with A = A and
Hla,n] = {f € HU), f(2) =a+a2" +anp 12" +..., 2€ U}

fora € C and n € N.

Denote by
2f"(2)
f'(z)

the class of normalized convex functions in U.

K:{feA,Re +1>O,zeU},
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If f and g are analytic functions in U, we say that f is subordinate to g, written
f < g, if there is a function w analytic in U, with w(0) =0, |w(z)| < 1, for all z € U
such that f(z) = g(w(z)) for all z € U. If g is univalent, then f < ¢ if and only if

f(0) = g(0) and f(U) C g(U).
Let ¢ : C> x U — C and h univalent in U. If p is analytic in U and satisfies the
(second-order) differential subordination

D(p(2), 20/ (2), 220" (2); 2) < h(2), zeU, (1)

then p is called a solution of the differential subordination. The univalent function ¢
is called a dominant of the solutions of the differential subordination, or more simply
a dominant, if p < ¢ for all p satisfying (1).

A dominant ¢ that satisfies ¢ < ¢ for all dominants g of (1) is said to be the best
dominant of (1). The best dominant is unique up to a rotation of U.

Definition No. 1 (Salagean [4]) For f € A, n € N, the operator S™ is defined
by S":A— A,

S°f(z) = [f(2)
S'f(z) = 2f(2)
S"f(z) = 2(S"f(2)), zeU.
Remark No. 1Iff € A, f(z) = 2+>_72, ajz, then S™f (z) = DI j"a;zd,
zeU.

Definition No. 2 (Ruscheweyh [3]) For f € A, n € N, the operator R" is
defined by R" : A — A,

Rf(2) = f(2)
R'f(2) = 2f'(2)
(n+1)R"™Mf(2) = 2(R"f(2)) +nR"f(z), zeU.
Remark No. 2 If f € A, f(z) = z + Z‘;‘;Qajzj, then R"f(z) = z +
> iea COnyga;2?, 2 € U.

Lemma No. 1 (Miller and Mocanu [2]) Let g be a convex function in U and
let
h(z) = g(z) + nazg'(2), zeU,
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where a > 0 and n is a positive integer.

If

n+1+.

p(2) = g(0) + pu2" 4 Pny12 .., z€U

is holomorphic in U and
p(2) + azp'(z) < h(z), z€U

then
p(z) < g(2)

and this result is sharp.

2. MAIN RESULTS

Definition No. 3 [1/ Let n € N. Denote by SR™ the operator given by the
Hadamard product (the convolution product) of the Salagean operator S™ and the
Ruscheweyh operator R", SR™ : A — A,

SR"f(z) = (S"*«R") f (2).

Remark No. 3 If f € A, f(z) = 2z + Y;2,a;2/, then SR"f(2) = 2z +

00 n n 2,7
2 =2 Cplyjai" a5

Theorem No. 1 Let g be a convex function such that g(0) = 1 and let h be
the function h(z) = g(2) + 29’ (2), 2z € U. Ifn € N, f € A and the differential
subordination
n

n+1z(SR”f(z))"<h(z), zeU (2)

%SR"Hf (2) +

holds, then
(SR"f(2)) <g(2), z€U

and this result is sharp.
Proof.  With notation p(z) = (SR"f (2)) = 1+ 372, Cty i 15" a5z " and

p(0) =1, we obtain for f(z) =2 +> 72, a2,
p(2) + 20 (2) = LSR™If (2) 4 22 (SR f (2))".
We have p(z) + zp’ (2) < h(z) = g(2) + z¢' (2), z € U. By using Lemma 1 we
obtain p(2) < g(2), z € U, ie. (SR"f(2)) < g(2), 2z € U and this result is sharp.
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Theorem No. 2 Let g be a convex function, g (0) = 1 and let h be the func-
tion h(z) = g(2)+ 29 (2), z € U. If n € N, f € A and verifies the differential
subordination

(SR"f (2)) < h(z), z€U, (3)
then .
Ssz(z) <g(z), z€U

and this result is sharp.
Proof. For f € A, f(2) =2+, ajz’ we have

SR f (2) =2+ 372, Cpi a3, zeU.

" _ SRf(2) _ A2 C;l+j71jna]2'zj _ ) n n 2, 5—1
Consider p (z) = > = =1+ 2,Chy 155277

We have p (2) + 2p’ (2) = (SR"f (2)), z € U.
Then (SR™f (2)) < h(2), z € U becomes p (2)+zp' (2) < h(2) = g(2)+24 (2),
z € U. By using Lemma 1 we obtain p (2) < g (2), z € U, i.e. %ﬂz) <g(2), zeU.

Theorem No. 3 Let g be a convex function such that g (0) = 1 and let h be the
function h(2) = g(2) + 29’ (2), z€ U. If n e N, f € A and verifies the differential

subordination " ,
2SR f (z)
(SW) =< h(Z), z &€ U, (4)

then SR (2)
" z
— U
SE"7 (2) <g(2), z¢€
and this result is sharp.

Proof. Yor f € A, f(z) =z+ Z;’ig ajz) we have
SR'f(2) =2+ 72, C[L‘Jrj,lj”ajzzj, zeU.
Consider

L SRMF(z) 2+ Crlijmtla3zd LY, Ol ad !

z) = = - = , — .
p(z) SR"f(z) z+ Z;iz Cﬁ+j_1j”a§zﬂ 1+ Z;iQ Cg+j—1]na?23_1

We have ( » ( )),
roy . WR"f(z (SR"f (2))’
p(2)= W_p<2) : W
Then " )
pe) ()= ()
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Relation (4) becomes p (2) + zp’ (2) < h(z) = g (2) + 2¢' (2), z € U and by using
Lemma 1 we obtain p(z) < g(z), z € U, i.e.

SR™L (2)

W-<g(z), zeU.
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