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ON SOME PELL POLYNOMIALS

SERPIL HALICI

ABSTRACT. In this study, Pell polynomials and its some properties are inves-
tigated. Furthermore, some explicit formulae for sums of these polynomials are
derived using the matrices.
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1. INTRODUCTION

It is well known that Fibonacci polynomials, f,, (z), by as follows

fo(@) =2 fn1 (@) + fa2(x),n =3, (1)

where fi (z) =1and f2(z)= . In [5], these polynomials are studied by Jacobsthal
and defined as
In () = Jp—1 () + 2 Jp—2 () ,n > 3, (2)

where J; (z) =1 and J (z) = 1. Lucas polynomials are defined as
L, (x)=xLp—1(x)+ Lp—o(x),n >2 (3)

where Ly () = 2 and L (x) = = . It follows from the recursion relation definition
can be seen that L, (1) = L,, n > 0. That is, the sum of coefficients of L,, (z) is
nth Lucas number. Similarly, f, (1) = F, and, J, (1) = F,, n > 0. The some well
known identities related with them are as follows;

2fn4m (2) = fn (2) Lin (2) + fim (%) Ln (x) , (4)
Fotm () = Fa (@) Fror (2) 4 i (2) fn (2. (5)
Lp(z) = fo+1(z) + foo1 (@), (6)

(2 +4) f7 () = Lot (@) + Ly (2), (7)
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Far1(2) faor () = f7 (@) = (=1)". (8)

Pell polynomials, P, (x), are defined by
Py (z) =22Pp1 (%) + P2 (2), (9)

where Py(x) = 0 and P (z) = 1, n > 2. Similarly, Pell-Lucas polynomials are
defined by

Qn (2) = 22Qn—1 () + Qn—2 (), n > 2 (10)

where Qo () =2 and Qi (z) =2x .

It is note that P,(5) = fu(z), and Q,(5) = Ln(x). Several interesting proper-
ties of polynomials P, (x) can be also written; when P, () is the n‘" Pell polynomial,
then for n > 2, Pell polynomials have not the same degree. The leading coefficient
of P, (z) is 2"~!. For n odd number, the coefficients of P, (z) are even numbers,
except for constant term. For n € N even number, we say that 2x divides P, ()
which x # 0. For all n, deg [P, (x)] = n — 1. Notice that for n € N even and n > 2,
the last terms of P, (z) are nx.

njlo 1 2 3

0 |0

1 |1

2 |2

3 14 1

4 |8 4 (11)
5 |16 12 1

6 |32 32 6

7 |64 80 24 1

8 | 128 192 80 8

Let P (n,j) denotes the element in row n and column j, where j > 0, n > 1. In
according to this table, for n > 3 we can write the following equation;

P(n,0)=2P(n—2,0)+P(n—1,0). (12)

For example, we have P (7,0) = 2P (5,0) + P (6,0) = 64. It can be seen that
every row sum in the array of coefficient in the table is a Pell number. Also, we can
write the following property;

5]
P(”aj) = Py, (13)

J=0

V|3
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where P, is the n'® Pell number. The relationships between P,(z) and Q,(x) can
be derived by using Binet formulas. Some of them are

Qn(z) = Pogr(z) + Proi(w), (14)
Pys1 () Pomi(z) — Pa(x) = (1), (16)
Qn+1()Qn—1(x) — Qn () = 4(=1)"" (2 + 1). (17)

2. SOME PROPERTIES OF PELL POLYNOMIALS

In this section we give some formulae for sums of the Pell Polynomials by using
the matrices. If P, n'" is the Pell polynomial, then

(Hm)”_ (- m)”
22 +1

The generating functions for Pell and Pell-Lucas polynomials are

1
Pt = —p 1)

and 2w+ 1)
Qz,1) = l—gxﬁ’ (20)

respectively. The n'" Pell polynomial can be also computed using by the matri-
ces. In order to this, we must firstly present a theorem describing the sequence of
determinants for a general tridiagonal matrix. Let A(n) be a family of tridiagonal
matrices as follows

ail Q12
a1 G2 0G23

A (n) = az2 Aass . . (21)
.- an—1,n

pn—1 Onn

Theorem 1. ([2]) The determinants of A(n) matrices are
det(A(1)) = a1
det(A(2)) = a220a1,1 — 02,1412
det(A(n)) = apndet(A(n — 1)) — ann—1an—1ndet(A(n —2)).
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By considering this theorem, we can compute the n* Pell polynomial. So, we
can give the next theorem.

Theorem 2. If D,, (x) is a n X n tridiagonal matrixz where Do (x) =0 and
1 2

0 2z 1
D, (z) = i 2@ .. : (22)

then for n >0 , det (D, (z)) = P, (x).

Proof. We can easily seen that Dg (z) = 0, det (D; (x)) = 1, det (D2 (z)) = 2.
We assume that |D,,—; (z)| = P,—1 (z) and |Dy—2 (z)| = Pp—2 (z). Then from by
the Theorem 1 we can write

|Dn ()] = 2 |Dp-1 (2)| = * | Dy—z (2)| = 20Pp-1 (2) + Po2 () = P (). (23)

Thus, the proof is completed.
Now, let us define a matrix different from D,, (z) as follows
2 1
0 2z =1
D; (z) = i 2x ... . (24)
1
1 2z

If D} (z) matrix is defined as above, then, for n > 1 we get
|Dy, ()] = Qn—1 () . (25)
If we consider the recurrence relation for Pell polynomials, then we have the following

theorem.

Theorem 3. Ift is a square matriz with t* = 2xt + I, then for all n € Z we
have
t" =Py (x)t+ Py (2) 1, (26)

where Py, (z) is a n'™ Pell polynomial and I is a unit matriz.

Proof. If n = 0, then the proof is obvious. It can be shown that by induction
that
t" =P, (z)t+ Py—1(x) I (27)
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For every n € N, we will show that ¢t = P_,, (x)t+P_p,—1 (x)[. Let y =2z —t =

—t71. Then y? =2zy+ I and y°® = 422y + 2z + y. Thus, we get
y' =P, (x)y+ Po_1(z) 1.
Therefore, we can write
Y= (—1)" " = (1) P () g+ (—1)" Py (2) T, y =22 —t.

So, we obtain
tT"=P_p(x)t+P_p_1(z)l.

Thus, for all n € Z we have

t" =P, (z)t+ P,—1(x) .
Let us consider the following matrix for using in the next theorems. If
2z 1
[Vl
then, it is known that

e N

and det (P™) = (—1)". So, we can give the following theorem without proof.

Theorem 4. For alln, m € Z we have
Prym () = Pog1 (2) P (2) 4+ P (2) P (2)
Qnim (2) = Qny1 (z) P (2) + Qn (2) B ().
Furthermore, from multiplication of P"(x) and P™(x) we have

2Pnym (2) = Py (2) Qn (7) + P () Qm (2) -
Also, from P4, (z) polynomials, we can get

Py (2) + P} (2) = Pona (2).

Corollary 1. For all n, m € Z we have

(=1)" Pron (2) = P () Ppy1 (x) — P (2) P (2).-
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Proof. By the matrix properties, we can write
P (x) = P™ (z) P (2)

and

Since,

Pry1 () Pao1 (%) = P (2) P (2)  Poy1 () P (2) — Prg (%) P (
P (%) Poy (2) = P (@) Prn—1(2) Py () Pro1 (%) — P (%) P (2)

It follows from that
(_1)n Prn (x) = Py (x) Pha (33) - by (x) Pt (x) .

So, the proof is completed.

Furthermore, for all n,m € Z one can write

By the properties and definition of the P™ (z) matrix it can be seen that
det (P™" (z) + (—1)" P™ ™ (x)) is equal to

(Pt (2) Qn (2) = P (2) Qn (2)) (Prt1 (2) @n (2) + P () @n (2)) -

Moreover, we can get

Qntr (%) + Qn—yr () = Qn (2) Qy (7).

Now, we will give a sum formula for the Pell polynomials.

Corollary 2. For P, () and Qn, (x), we have

Z Pm($) _ Pn—&-l(x) +2Pn(x) B 1’

m=1

i ~ Qui1(r) + Qu(z) —2 - 22
mz_:lQm(x) = 2x ’

respectively.
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Theorem 5. Ifn € N and m, k € Z with m # 0, then we have

: P (2) (1= (P (2))"™*" ) P* (2)
jz; ij—f—k: (SU) = 1+ (_1)m — Qm (m) . (48)
Proof. 1t is well known that
(1= (P @)") = (1 = (P (@) Y. P™ (). (49)
j=0
If det(I — (P™ (z)) # 0, then we have
(1= (P™ (2))) 7 (I = (P™ ()" = P™ (x), (50)
j=0
and .
(T = (P™ (@)~ (1 = (Pt (@) = 37 Pt (@), (51)
=0
Also, we can get
i - Znopmj-q-k-H (l‘) 'iopmj-l»k (l‘)
pmi (IL‘) _ ]:n %: (52)
4=0 Z Prjir () Z Prjie ()
7=0 7=0
Since L= Pyr (&) P (@)
— I —(P™ (x _ — m41 (X —Im (T
LR [ S Y PR
and det(A) =1+ (—1™) — @, () . We have
1 1 1— P, (x) P, ()
e mTra | e 1 Rew | O
So, we can obtain that
n Py (@) (1= (P™ (@)""") P* ()
JZ_% Pk (®) = ——r o (55)

Thus, the proof is completed.
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