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A SUBORDINATION RESULT FOR A CLASS OF ANALYTIC
FUNCTIONS

B.A. FrRASIN

ABSTRACT.In this paper, we derive a subordination result for the class A* (51, O,
Bs; A) of analytic functions, where 3, 3, and (35 are complex numbers and A > 0 .
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1.INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form :

fR) =2+ an2" (1)
n=2

which are analytic in the open unit disk A = {z: |z| < 1}. For two functions f(z)
given by (1) and g(z) given by

g(z) =z + Z 2" (2)
n=2
their Hadamard product (or convolution) is defined by
(fx9)(2) =24 ancaz™ (3)
n=2

Let A(5;, Ba, B3; A) denote the subclass of A consisting of functions f(z) satis-

fying
B,z (“@)l + By2? (f(;))” + B42° <f(;)>m <A (z€A) (4)
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for some complex numbers (3;, 85 and (3, and for some real A > 0. The class
A(Bq, By, B5; A) was considered by Uyanik et al. [6].
Uyanik et al. [6], proved that, if f(z) € A satisfies

o0

Y (n=1)(IB:] + (n = 2) |Bs] + (n = 2)(n — 3) |Bs]) |an| < A ()

n=2

for some complex numbers [3;, 5 and (3, and for some real A > 0, then f(z) €
A(By, By, Bs; A).-
Let us denote by A*(53;, s, B3; A), the class of functions f(z) € A whose coeffi-
cients satisfy the condition (5). We note that A*(51, By, B3; ) C A(S1, Ba, B33 ).
In this paper, we prove a subordination result for the class A*(3;, Ba, B3; A).
Before we state and prove our main result we need the following definitions and
lemma.

Definition 1. ( Subordination Principle). Let g(z) be analytic and univalent
in A.If f(z) is analytic in A, f(0) = g(0), and f(A) C g(A), then we see that the
function f(z) is subordinate to g(z) in A, and we write f(z) < g(z).

Definition 2. ( Subordinating Factor Sequence). A sequence {b,}>2, of com-
plex numbers is called a subordinating factor sequence if, whenever f(z) is analytic,
univalent and conver in A, we have the subordination given by

ananzn =< f(2) (z€ A, ap=1). (6)
n=2

Lemma 1. ([7]). The sequence {b,}°, is a subordinating factor sequence if
and only if

Re{1+2ibn2”}>0 (z € A). (7)
n=1

2. MAIN THEOREM

Employing the techniques used by Singh [4], Srivastava and Attiya [5] and Attiya
[2] (see also [1], [3]), we state and prove the following theorem.

Theorem 1. Let the function f(z) be defined by (1) be in the class A*(B1, Ba, B3; ).
Also let K denote the familiar class of functions f(z) € A which are also univalent
and convex in A. Then

A .
oag R <) (2eAigek), (8)
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and
A+ By

Bl
18|

The constant SoTE the best estimate.

Re(f(2)) > -

(8, € C={0}, z € A). 9)

Proof . Let f(z) € A*(By, B2, 05;A) and let g(2) = z + io: cnz” € K. Then

164
2(A +[64)

|81
W (z—i— Zancn ) .

Thus, by Definition 2, the assertion of our theorem will hold if the sequence

-
0+ 15" f ey

is a subordinating factor sequence, with a; = 1. In view of Lemma 1 , this will be
the case if and only if

(f*9)(=)

|81
{1+§ >\+|ﬁ1 }>0(2€A). (10)
Now, since

o(n) = (n = 1)(|A1] + (n = 2) [Ba] + (n = 2)(n — 3) |B5])

is an increasing function of n(n > 2), we have

‘51’ - n
Re{l—i— )\_Hﬁl’nz:anz }

o |ﬁ1’ 1 S n
B Re{1+A+|ﬁ1|2+/\+|ﬁllz|ﬁl|anz}

2|8
> _)\+2|51T )\+|ﬁ’2 D)((81] + (n —2) B
+ (n=2)(n—3)[8]) lan|r"
Bl A
P AP EaAN
> 0 (]z|=r<1),
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Thus (10) holds true in A. This proves the inequality (8). The inequality (9) follows

by taking the convex function g(2) = 1% = z+ > 2" in (8). To prove the sharpness
n=2

Pl

of the constant —21L— we consider the function fo(2) € A*(B1, Ba, B3; A) given by

A+2]B,]°
A
fo(z) = 2 = 5=2°
’ |51
Thus from (8), we have
|84 <
_ <
20+ a0 X T

It can easily verified that

min {Re (MM]‘O(@)} - —% (z € A).

: A .
This shows that the constant oFE] S best possible.

Putting 8y = A =1 and 3, = 3 =0 in Theorem 1, we immediately obtain the
following corollary:

Corollary 1. Let the function f(z) be defined by (1) and satisfies the condition

o

D (n—1)an| < 1. (11)

n=2

Also let I denote the familiar class of functions f(z) € A which are also univalent
and convex in A. Then

%(f*g)(z) < g(2) (z€eA; gek), (12)

and

Re(f(2)) > —2,  (z€A). (13)

The constant % 1s the best estimate.
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