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ADAPTIVE WAVELET REGRESSION IN RANDOM DESIGN AND
GENERAL ERRORS WITH WEAKLY DEPENDENT DATA

CHRISTOPHE CHESNEAU

ABSTRACT. We investigate the function estimation in a nonparametric regres-
sion model having the following particularities: the design is random, the errors
admit finite moments of order two and the data are weakly dependent. In this gen-
eral framework, we construct a new adaptive estimator. It is based on wavelets and
the combination of two hard thresholding rules. We determine an upper bound of
the associated mean integrated squared error and prove that it is sharp for a wide
class of regression functions.
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1. INTRODUCTION

Let (X;,Y;)icz be a bivariate stationary random process where, for any i € Z,

f:]0,1] — R is the unknown regression function, (X;);cz is a sequence of identically
distributed random variables having the common known density ¢ : [0, 1] — [0, o0)
and (&;);ez is a sequence of identically distributed variables independent of (X;);cz
satisfying E(&;) = 0 and E(¢]) < oo. Furthermore, we suppose that (X;,Y;);ez is
a strongly mixing process (to be defined in Section 2). This dependence structure
is reasonably weak and has many practical applications (see e.g. [33], [20] and
[28]). Given n observations (X1,Y1),..., (X, Y,) drawn from (X;, Y;)iez, we aim to
estimate f globally on [0, 1]. R

To measure the performance of an estimator f of f, we use the Mean Integrated
Squared Error (MISE) defined by:
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Our goal is to construct fsuch that the associated MISE is as small as possible.
Many methods can be considered (kernel, spline, wavelets,...) (see e.g. [32]). In
this study, we focus our attention on the wavelet methods. They are attractive for
nonparametric function estimation because of their virtues from the viewpoints of
spatial adaptivity, computational efficiency and asymptotic optimality properties.
Further details can be found in [1] and [22].

In the literature, when (X1,Y1),..., (X, Y,) are i.i.d., various wavelet methods
have been developed. See e.g. [14-16], [17], [21], [2, 3], [4], [31], [5, 6], [7, 8], [10], [29],
[13], [34], [23] and [9]. When &;, ..., &, have some kind of dependence (long memory,
p-mixing,.. . ), see e.g. [18], [19], [25], [26] and [24]. To the best of our knowledge, the
wavelet estimation of f when (X1,Y}),..., (X, Y,) are weakly dependent has only
been investigated by [26] and [30]. More precisely, with a non-necessarily bounded
Y1, [26] has constructed a linear non-adaptive wavelet estimator of f which attains
a sharp rate of convergence under the uniform risk over Besov balls. Considering a
bounded Y7, [30] have developed a non-linear non-adaptive wavelet estimator of f
and studied its asymptotic MISE properties. However, the adaptive wavelet estima-
tion of f, more realistic, has never been addressed earlier and motivates this study.
In addition to this new challenge, we relax some classical assumptions on the errors:
Y1 can be non-bounded and the common distribution of &1, ..., &, can be unknown;
only E(¢1) = 0 and E(£2) < oo are required. Furthermore, let us mention that
no “Castellana-Leadbetter”-type condition on the density of ((Xo, Yo), (Xm,Ym)),
m € N, is supposed.

We construct a new adaptive wavelet estimator based on the following steps:
we estimate the unknown wavelet coefficients of f by a new thresholded versions
of the empirical ones, we operate a term-by-term selection of these estimators via
a hard thresholding rule, then we reconstruct the selected estimators by taking the
initial wavelet basis and choosing appropriate levels. Naturally, the definitions of
both thresholds take into account the dependence of the data and are chosen to
minimize the associated MISE. Assuming that f belongs to a Besov balls B,  (H)

(to be defined in Section 3), we prove that our estimator fsatisﬁes

Inny

R(f,f)<C (

ng

>2s/(2s+1)
where C' > 0 is a constant (independent of n), ng = n?(@*+1) and @ refers to the
exponentially strong mixing case. The obtained rate of convergence is sharp.

The paper is organized as follows. Section 2 clarifies the assumptions on the
model and introduces some notations. Section 3 describes the considered wavelet
basis and the Besov balls B, (H). Our wavelet hard thresholding estimator is
presented in Section 4. Its asymptotic performances are explored in Section 5.
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Section 6 is devoted to the proofs.

2. ASSUMPTIONS ON THE MODEL

e Set, for any i € Z, Z; = (X;,Y;). We suppose that Z = (Z;);ecz is strictly
stationary and exponentially strongly mixing. Let us now clarify this kind of
dependence.

For any m € Z, we define the m-th strongly mixing coefficient of Z by

Oy = sup IP(AN B) — P(A)P(B)|,
(AB)eFZ  \XFZ

where .7-"?0070 is the o-algebra generated by ...,Z_1,Zy and FZ __ is the o-

m,00
algebra generated by Z,,, Zm+1,.... The bivariate random process Z is said

to be strongly mixing if lim,, e @y = 0.

The exponentially strongly mixing condition is characterized by the following
inequality: there exists three known constants, v > 0, ¢ > 0 and 6 > 0, such
that, for any integer m > 1,

< yexp(—cm?). (2)

This assumption is satisfied by a large class of processes (GARCH, ARMA,
ARMA-GARCH, ...). See e.g. [33], [20] and [28].

Remark that, if Z = (Z;);cz is a bivariate sequence of i.i.d. random variables,
we can take 0 — oo.

e We suppose that there exists a known constant C, > 0 such that

sup |f(z)| < C. (3)
z€[0,1]

e We suppose that there exists a known constant ¢, > 0 such that

inf > c,. 4
xé%’l]g(x) >c (4)

3. WAVELET BASES AND BESOV BALLS

Throughout the paper, we work with a compactly supported wavelet basis on
[0,1]. A concise mathematical description of this basis is given below. Let N be
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a positive integer, and ¢ and v be the initial wavelet functions of the Daubechies
wavelets db2N. Set

Gin(x) =220 2x — k), () =222z — k).

Then, with an appropriate treatment at the boundaries, there exists a positive in-
teger 7 such that the system

W= {¢rk, k€{0,...,27 —1}; Pjx; jEN—-{0,...,7— 1}, k€ {0,...,27 —1}},

forms an orthonormal basis of L2([0,1]) = {h : [0,1] — R; fo h?(z)dx < oo}. See
[11].
Any h € L2([0,1]) can be expanded on W as

27—1 0o 271
ZCTk¢Tk +szjk¢jk
=7 k=0

where ¢;; and d;;, are the wavelet coefficients of h defined by

1 1
Cj7k2/0 h(z)gjr(x)dx, dj7k:/0 h(x); i(x)de. (5)

As is traditional in the wavelet estimation literature, we shall investigate the per-
formances of our estimator fA'by assuming that the unknown regression function f
belongs to Besov balls. Their definitions are given below.

Let H>0,5>0,p>1,7>1and LP([0,1]) = {h: [0,1] — R; [} |h(z)[Pdz <
oo}. Set, for every measurable function h on [0,1] and € > 0, A.(h)(xz) = h(z +
€) — h(z), A%2(h)(z) = A(Ach)(z) and identically, for N € N*, AN(h)(z) =
ANV AD)(z) = A(ANT1h)(z). Let

1/p
o™ (t, h, p) sup </ IAN (n) ]pdu> .
eE[ t,t]

Then, for s > 0, we define the Besov ball B, ,(H) by

B, (H) = {h e 17(0, 1)) (/0 (’W)‘ff)/ < H}

Besov balls can be expressed in terms of wavelet coefficients. We have the following
equivalence: h € By .(H) with s € (0,N) if and only if there exists a constant
H* > 0 (depending on H) such that the associated wavelet coefficients (5) satisfy

1/p\ " 1/r

271 1/p o 21
(Z |CT7k|p) + Z 9 (s+1/2—1/p) Z |dj x|P < H*
k=0

j=r
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In this expression, s is a smoothness parameter and p and r are norm parameters.
For a particular choice of s, p and r, the Besov balls contain the standard Holder
and Sobolev balls. See [22, Chapter 9] and [27].

4. ESTIMATORS

The first step to estimate f in (1) from (X3,Y7),...,(X,,Y,) consists in ex-
panding f on the wavelet basis W. Then we aim to estlmate the unknown wavelet
coefficients: ¢; ), = fo z)d;k(x)dz and d;j = fo z)Yj(z)dz. The considered
estimators are described below.

Set
ng

Inng’

where ng = n/ %+ g is the one in (2) and p = \/(Cf +E(£3))/cx.
For any integer j > 7 and any k € {0,...,2/ — 1},

Tn = 1

e we estimate c¢;, by

n

1 i o
cj,k_Ezm%k(&)ﬂ{‘%%k(xi)— } o

i=1

where, for any random event A, 1 4 is the indicator function on A.

e we estimate d;j by
n

. 1 Y;
dip=-5 1y (X)L v,

=1

i S%}' (7)

Remark that ¢; ;, and C/i\jJC are thresholded versions of the standard empirical wavelet
estimators for (1) (see e.g. [14-16]). Such a thresholding has been introduced by
[13] for (1) when (X1,Y1),...,(X,,Y,) are d.d.d.. In our study, it allows us to
have non restrictive assumptions on &1, ...,&, and treat the weak dependence of
(X1,Y1),..., (X, Yn). R

We define the hard thresholding estimator f by

27—1 Jj1 29-1
Z Cr, k¢‘rk + Z Z d] k]I{‘d Pm”}% k( ) (8)
Jj=1 k=0

where ¢, , is defined by (6) with j =7, c@k by (7), 71 is the integer satisfying

1 .
5719 <2 < ng,
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K> 24+16/(3u) + 4/(1/u)(16/9u2 + 2) with u = (1/2)(c/8)"/(+1) and

An = b lnﬂ.
ng

The main idea of the hard thresholding rule used in (8) is to estimate only the
“large” unknown wavelet coefficients of f (and remove the other). Indeed, they are
those which contain its main characteristics. The definition of the threshold A, is
based on theoretical consideration (see Proposition 3 below).

Let us mention that fis adaptive i.e. its construction does not depend on the
smoothness parameter of f. However, it depends on the factor 0 related to (2).

More details on hard thresholding estimators in wavelet estimation are given in
[22, Chapter 11].

5. RESULTS

5.1. AUXILIARY RESULTS
Propositions 1 and 2 below show moments properties for (6) and (7).

Proposition 1. Consider (1) under the assumptzons of Section 2. For any
integer j > 7 and any k € {0,...,27 — 1}, let dj;, = fo x)Yjp(x)dr and d]k be
(7). Then there exists a constant C > 0 such that

~ 1
E((dj,k—d X ) <o
ng

This inequality holds with c;j = fo x)¢; k(x)dx instead of d;j and ¢;y, defined by
(6) instead of dj .

Proposition 2. Consider (1) under the assumptzons of Section 2. For any
integer j > 7 and any k € {0,...,27 — 1}, let dj;, = fo x)Yjp(x)dr and djj be
(7). Then there exists a constant C > 0 such that

E ((C@k - dj,k)4> <C.
Proposition 3 below determines a sharp concentration inequality for (7).

Proposition 3. Consider (1 ) under the assumptzons of Section 2. For any
integer j > 7 and any k € {0,...,27 — 1}, let dj), = fo x);k(x)de, djj be (7)
and

Inn
Ap = b —0

ne
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Then, for any & > 2+ 16/(3u) + 4+/(1/u)(16/9u? + 2) with u = (1/2)(c/8)/ 0+,
we have

d 1
P (‘dj,k — djk| = mn/2> <201+ 46_27)?'
%

5.2. MAIN RESULT

Theorem 1 below investigates the performance of ]?under the MISE over Besov
balls.

Theorem 1. Consider (1) under the assumptions of Section 2. Let F be (8).
Suppose that f € B, .(H) with r > 1, either p > 2 and s € (0,N) or p € [1,2) and
s € (1/p,N). Then there exists a constant C' > 0 such that

Inng

R(f, /) <c<

;
ng

)25/(2s+1)

where ng = n?/(0+1)

The proof of Theorem 1 uses a suitable decomposition of the MISE with the
results in Propositions 1, 2 and 3.

If we restrict our study to independent (Xi,Y1),...,(X,,Y,) i.e. 6 — oo, our
rate of convergence becomes (Inn/n)?/(2s+1) which is the standard “near optimal”
one in the minimax sense. See e.g. [22, Chapter 11] and [13].

Note that the rate of convergence (Inng/ng)?*/(s*1 is also attained by the ab-
stract minimum complexity regression estimator in [28, Theorem 2.1] but for a
slightly different regression problem with more restrictions on (X1, Y1), ..., (Xn, Yn),
&1,...,&, and f (see [28, Section II.B]).

Mention that the obtained rate of convergence can perhaps be improved by con-
sidering another thresholding rule as the block thresholding ones (see e.g. [5,6] and
[9]) or with more restrictive assumption on the model as “Castellana-Leadbetter”-
type condition (see e.g. [26]). Another possible perspective of this work is to consider
the case where g is unknown. A pertinent approach could be to use warped wavelets
in the construction of our hard thresholding estimator as it is developed in [23] for
the i.i.d. case. All these aspects need further investigations that we leave for a
future work.

6. PROOFS

In this section, C represents a positive constant which may differ from one term
to another.

6.1. PROOF OF PROPOSITION 1
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For any i € {1,...,n}, set

Y;
Wik = —~¥ik(Xi).

Since X; and &; are independent and E(&;) = 0, we have

E(Wi k) = E(@%k@l))

f(Xq)

B (200 ) + BB s )zm( )
f(Xq) L o\d
e (Syuea) = [ HG s
1

— [ f@inte)ds
0
Hence, since W1 j,..., Wy jx are identically distributed,

djg = EWik) =E (Wl,j,kﬂﬂwl,j,ug%}) +E (Wl,j,kﬂ{\wl,,-,kb%})
1 n
= E (n > Wi,j,kﬂ{|wi,j,k|<wn}> +E (Wl,j,kﬂ{|wl,j,k|>%}) : (9)
i=1
This with the elementary inequality (z + y)? < 2(z? + 4?), (z,y) € R?, imply that

E ((dj — djp)?) <24+ B), (10)

where

n

2
( (WigaLow, i< }—E(Wi,j,kﬂ{|wi,.j,k<m>)>
=1

:\P—‘

and

2
B = (E (IWigalTgw, 500 ) )
Let us bound B and A (by order of difficulty).

Upper bound for B. Since Wy, .\ >y,} < [W1,5,kl/7n, we have

E(WE;4)

E (IWLj,kI]I{|W1,j,k|>vn}) <
Tn
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Let us now bound ]E(ijk) Since X; and &; are independent and E(&;) = 0, we

have
2

E(W?, 1) p
>)+2E(51>E IX) 2 (Xl))

+
&=

Using (3), (4) and fol ?’k(:z:)dx = 1, we obtain

f2(X1) o 2 Lo
E<92(X1) j,k(X1)> < C*E <92(X1) j,k(X1)>
L,

—21# r=0C% | —?, (2)dx
—c/fwwm<m ¢z [ vty

/ 7 (@) **-

IN

And, in a similar way,

1 1
E<92<1X1>w]2,k(X1)> = /Oftar)lbik(w)g(w)dx:/o g(lx)¢g2,k($)d$

1, 1
< e/, Y5 p(z)de = .
So
1
B(WE;5) < —(C2 +E(€]) = u* = C. (11)
Therefore
2
2 E(WZ, ) 1 Inng
B = ( (|W1]k|]1{|W1]k|>7n})> < < %’J < C? < CTQ (12)
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Upper bound for A. We have

1 n
A =V <n ZWi,j,k]I{|Wi,j,k|<’Yn}>

i=1

1 n n
= =5 20> Cov (WaykTgw,uisom)s WeisLgwealson) )
v=1 /=1

1
< EV (Wl,j,k]I{|W1,j,k|§’Yn}>
9 n v—1
T2 >_ 2 Cov (Wv,j,kﬂ{\wu,j,klévn}’Wf:ﬂ':kﬂ{‘wﬂf”“'g%}) W
v=2 (=1

Using (11), we obtain

A\ (W]-vjvk:[[ﬂwl,j,k‘S’Yn}) <E (Wf,j,k]lﬂwl,j,k'S'Yn}) < E(le,j,k) < MQ =C. (14)

Let us now bound the covariance term. It follows from the strict stationarity of
(Xi, Yi)iez that

n v—1
>_ 2 Cov (vajvk]l{lwv,j,klgn}» Wm,kﬂ{\vw,j,us%}) ‘
v=2 (=1
n
= [>_(n—m)Cou (Wo,j,kﬂﬂwo,j,uswn}y Wm,j,kﬂﬂwm,j,k\g%})
m=1

n
< ny. ’COU (Wo,j,kﬂ{\wo,j,mg%}v Wm,j,k]lﬂwm,j,mswn}) ‘ :
m=1

By the Davydov inequality for strongly mixing processes (see [12]), the inequality
‘W01j1k|]1{‘WO,j,k‘S'Yn} < max(vn, [Wo,;k|) and (11), for any ¢ € (0,1), we have

COU (Wovjvk]IHWO,j,k‘S'Yn}’ WmJ’k]I{'Wvak'S’yn}) ‘
1-q
< 10ag, (E (\Wo,j,k!w(l_q) H{\Wo,j,ugw}))
1007, (E (IWo,j,kIQ"/ (- H{\Wo,j,us%}WoQ,j,k))

3 q
< Cal, (20 (H))l TEWE,)) T < Cal, (ﬂ) '
0

1—q

Thanks to (2), we have > oy <155 exp (—egm?) = C. So
1

<Cn <”9>q. (15)

In ng

n
> > Cov (Wv,j,kﬂ{|wv,j,k|s%}7 We,j,kﬂﬂwe,j,usvn})
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Taking ¢ = 1/, we have nj/n = 1/ng. The inequalities (13), (14) and (15) imply

11 1 9 1
A§C<+2n(ne>>§cn920 <o (16)
non In ng n ng g
It follows from (10), (12) and (16) that
~ lnng
L <Cc—=
E (4 —djp)?) <O (17)

Replacmg (;5 instead of ¥ in the previous proof, one can show that (17) holds with
Cik = fo x)¢;k(x)dx instead of djj and ¢;j, defined by (6) instead of d; .
The proof of Proposition 1 is complete.

6.2. PROOF OF PROPOSITION 2

We have
’djk_ j.k <|djk’+’d
We have
PR ol ISP < = g1y [
akl = 9(X7) 3k A {‘%@%k( . S%} ST = H Inng’

i=1

It follows from (3), the Cauchy-Schwarz inequality and fol wik(ac)dx =1 that

1 1
sl < /0 @)l < C. /0 ()|

1 1/2
2 =C, < [ 1o
C* </O' ¢]7k($)d$> C C ln ne

i — di] < O] 22 (18)

In ng

IA

Therefore

By (18) and Proposition 1, we have

E ((ds — dj)") < O ((djge — dj0)?) < <o o e _ o

Inng Inng mng

Proposition 2 is proved
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6.3. PROOF OF PROPOSITION 3
For any i € {1,...,n}, set
Wiin = ———i 1(X;).
27.77k g(Xz) J7k( 74)

By (9), we have

|djn — djkl
1 n
= |n 2 (Wi,mkﬂ{\wi,j,ug%} -k (Wi,j,kﬂﬂwi,j,usm)) —k (Wl,j,k]l{\wl,j,um}) '
=1
1 n
S (Wi:j,kﬁ{\wi,j,usm -E (Wi,j,kﬂﬂwi,j,kls%})) +E (!WLJ',H]IHWLJ-,MW}) :
=1

Using (11), we obtain

2
E (|Wluzk!H{\Wl,j,um}) < E(V:;jk) S ui h;;:e = An-
Hence
P (|d — il = £An/2)
< P ( ii (Wm,kﬂ{\wi,j,mgm -k (Wz‘,j,kﬁ{|wi,j,k|s%}>) > (k)2 = 1)%) :
=1

(19)

Let us now present a Bernstein inequality for exponentially strongly mixing process.
This is a slightly modified version of [28, Theorem 4.2].

Lemma 1. [28] Lety >0, ¢ >0, 0 > 1 and (S;)icz be a stationary process such
that, for any integer m > 1, the associated m-th strongly mizing coefficient satisfies

Qm < i exp(—cma).

Let n be a positive integer, h : R — R be a measurable function and, for any i € 7Z,
U; = h(S;). We assume that E(Uy) = 0 and there exists a constant M > 0 satisfying
|Ui| < M. Then, for any A > 0, we have

1 n
P<|nZUi

i=1

2, 0/(0+1)
> )\> < 2(1+ 4e 2y)exp (—2( uAn ) ,

E (U?) + AM/3)
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where u = (1/2)(c/8)"/ 0+,
Set, for any i € {1,...,n},
Uiik = Wijnlgw, ;u1 <o) — E (Wi,j,kﬂ{\wi,j,ugm) :

Then Uy jk, ..., Uy are identically distributed, depend on the stationary strongly
mixing process (X;, Y;)iez which satisfies (2), E(Uy ;) = 0,

Uikl < Wikl Tgw, i<y +E (IWLj,kIlI{\wl,j,k\s%}) <27

and, by (11),

E(Uf ) =V (Wl,j,kﬂﬂwl,j,ug%}) <EWE;.) < p.

It follows from Lemma 1 that
1 n

P ( - > Ui
i=1

< 2(1 +4e 2y) exp <—

> (k)2 — 1))\n>

u(k/2 —1)2X\2ny
2 + 202 - 1>mn/3>> | (20)

In ng ng In ng
/\mnzuwiu,/lizﬂz, Ap = pP——.
ng nny ng

Combining (19) and (20), for any & > 2+ 16/(3u) + 4+/(1/u)(16/9u? + 2), we have

We have

P (|dj — djkl > £An/2)

u(k/2 —1)%Inng )

< 2(1+4e”y)exp <_2 (14+2(k/2-1)/3)

 u(r/2—1)3 1
— 2(1 +4672’y)n9 2(14+2(r/2—-1)/3) < 2(1—1—4672’)/)*4
n
0
This ends the proof of Proposition 3.
6.4. PROOF OF THEOREM 1
We expand the function f on W as

271 oo 291

f(z) = Z CrkPr () + Z Z dj 10k (),
k=0

Jj=1 k=0
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where ¢, = fo z)dr i (z)dz and dj ), = fo )Y (z)da
Since W is an orthonormal basis of I.?([0, 1]), we can erte

1
R =8 ([ (T - s@)Pas) =0+ v 4w (21)
0
where
271 1 29-1
U= Z E ((/C\T,k‘ — C‘r,k)Q) , V = Z E ( i, kI[{Id |>f€)\n} d] k) )
k=0 j=71 k=0
and .
oo 27-1
> > dik
j=j1+1 k=0

Let us now bound U, W and V.

Upper bound for U. Using Proposition 1 and 2s/(2s + 1) < 1, we obtain

USCQTMSC(M

ng

)25/(2s+1)
. (22)

Upper bound for W. For r > 1 and p > 2, we have B, (H) C B; ,(H). Since
2s/(2s + 1) < 2s, we have

wW<C § 27215 < 02~ 2318<Cn_25<0< ) <C’( ) )
ng ng
J=Jj1+1

For r > 1 and p € [1,2), we have B} .(H) C B;E/Q_l/p(H). Since s € (1/p, N), we
have s +1/2—1/p > s/(2s+1). So

W< C Y 9-2(s+1/2-1/p) < (r9=21(s+1/2-1/p)
J=ji1+1

< On 72(s+1/2 1/p) <C <1nn ) 2rt/z=t/) <C <1nn9)25/(28+1)'

ng o ng

Hence, for > 1, either p > 2 and s € (0, N) or p € [1,2) and s € (1/p, N), we have

1 2s/(2s+1)
n 1o > . (23)

Nng

wee (e
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Upper bound for V. We have

V=Vi+V+V3+V, (24)
where .
Jj1 29—-1
T 2
Vi= Z Z £ <(dﬂ',k —djk) H{@,k\zmn}H{\dj,kkmn/z}) ,
j=7 k=0
Jj1 29—-1
T 2
V2 = Z Z E <(dj’k —djk) ]I{@,k\zmn}]I{\dj,k\zn,\nm}) ,
j=7 k=0
j1 29—-1
_ 2
Vs = Z Z E (dj,k]l{@,kkmn}]I{\dmz%/\n})
=7 k=0
and _
J1 29-1
_ 2
‘/4 - Z Z E (djvk]l{‘gj’k‘<ﬁ)\n}]I{‘dj’k‘<2f€/\n}) :
j=7 k=0

Let us now investigate the bounds of Vi, Vs, V3 and Vj.
Upper bounds for Vi + V3. Remark that:

{|@,k| < KAn, |djg] > zmn} c {@k —dj > mn/z}, {y@,u > kdn, |djk| < mn/z} -

{1930 = sl > wra /2 and {1l < who, 1del = 20} € {Jde] < 2y = dyl}

So ‘
Jj1 29—-1

Vi+V<CY M E ((C@',k - dj,k)2ﬂ{|@,k_dj,k|>mn/2}) :
Jj=7 k=0

It follows from the Cauchy-Schwarz inequality, Propositions 2 and 3 that

T 2
E (= 47, g, enr2))

< (E ((C/l\jk - dj,k)4))l/2 (P <|C/[Jk —djk| > ﬁ)\n/2>>1/2
1\ /2 1
() =

Since 2s/(2s + 1) < 1, we have

IN

1 i 1 . 1 Inng 2s/(2s+1)
V1+V},§anZ2J§anzﬂgon§C<n> . (25)
0 j=t 0 0 0
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Upper bound for V5. Using again Proposition 1, we obtain

~ 1
E ((dj — djp)?) < C2.
ng

Hence

In ng Jj1 29—-1

Vs O = D20 Wi smn 2y
j=7 k=0

Let jo be the integer defined by

1/(2s+1) 1/(2s41)

1( no <2 < "o ' (26)
2 \ Inny In ng
We have
Vo < Vo1 + Voo,
where .
Inng 2 2]
Va1 = C Z Z {1dj x|>rAn/2}
=7 k=0
and _
Innyg noorl
Voo = 07 Z Z {ldj k|>KXn/2}"
j=j2+1 k=0
We have
} ' 2s/(2s+1)
‘/21<Clnﬂ22jgc 232<c<1nn) )
ng Ny ng

] T

For 7 > 1 and p > 2, since By ,(H) C B3 (H), we have

j1 29-1 oo 29-1

Voo < ;I;ne Z Z kSC Z Zd?,k§02_2j28

An j=j2+1 k=0 j=ja+1 k=0

c <h’l n@) 2s/(2s+1) |
Uz

IA
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Forr >1,p€[1,2)and s € (1/p, N), using ]I{Idj,k\>n>\n/2} < Cldjk[P/ X0, By .(H) C
B;H/Q_l/p(H) and (2s+1)(2—p)/2+ (s +1/2 —1/p)p = 2s, we have

,O0

Iy <n = Inny\ &/ (s+1/2—1/p)
P —j(s+1/2—1/p)p
Voo < Cng)\ﬁ | E g |dj k| §C< p” > | E 2
J=Jj2+1 k=0 Jj=ja+1

(2—p)/2 2s/(2s+1
< o\ e < o (ne T
- ng - g

So, for > 1, either p > 2 and s € (0, N) or p € [1,2) and s € (1/p, N), we have

1
V2<C<nne

2s/(2s+1)
o () -

Upper bound for Vi. We have
Jj1 29-1
2
Vi< Z Z djvkﬂ{|dj,k|<2f€)\n}'
j=7 k=0

Let jo be the integer (26). Then

Vi< Vi1+ Vi,

where
Jo 291 Jj1 29-1
Vir =20 Gl oy Vaz= D D il <o, )
j=7 k=0 j=j2+1 k=0
We have

J2 ja

)25/(2s+1)
J=T Jj=T

For r > 1 and p > 2, since By . (H) C B3  (H), we have

oo 271 ' In g 2s/(2s+1)
‘/21,2 < Z Z d?,k < 02_2]28 < C (n) .
j=ja+1 k=0 0

81



C. Chesneau - Adaptive wavelet regression in random design and general errors...

For r > 1, p € [1,2) and s € (1/p,N), using d?7k]:[{|djk|<2f€)\n} < C)\%_p‘djﬂp’
By, (H) C BytY?7VP(H) and (25 +1)(2 — p)/2 + (s + 1/2 — 1/p)p = 25, we have

i 2-1 Inng (2-p)/2 1 27-1
2—p P — . |P
Ve < o S Siar=c (M) 3 Y

<
Jj=ja+1 k=0 Jj=j2+1 k=0
(2-p)/2 (2-p)/2
< c <1H”9> 8 Y i < ¢ <1an> P ma(s 1721/
B ng .= B ng
Jj=Jj2+1
25/(2s+1)
< C <ln n9> ‘
ng
So, for r > 1, either p > 2 and s € (0, N) or p € [1,2) and s € (1/p, N), we have
1 2s/(2s+1)
Vi<C <n""> . (28)
ng
It follows from (24), (25), (27) and (28) that
1 2s/(2s+1)
veo(n) . (29)
ng

Combining (21), (22), (23) and (29), we have, for r > 1, either p > 2 and
s€(0,N)orpe[l,2)and s € (1/p,N),

R 1 2s/(2s+1)
R(f,f)§0<nn9> |

o

The proof of Theorem 1 is complete.
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