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1. INTRODUCTION

Let as usual B ={z € C" : |z| < 1} be the open unit ball of C" and S the unit
sphere plane of C". Let dv be the normalized Lebesgue measure on B and do the
normalized rotation invariant Lebesgue measure on S. We denote by H(B) as usual
the class of all holomorphic functions on B.

For any real parameter a we consider the weighted volume measure

dva(2) = (1 — |2/%)*dv(2).

Suppose 0 < p < oo and o > —1, the weighted Bergman space A, consists of
those functions f € H(B) for which

Il = [ 17 Pdua) < .
Let 7 > 0 and z € B, the Bergman metric ball at z is defined as

D(z,r)={w e B: B(z,w) = %logi

Where the involution ¢, has the form

Zz— Pz(w) - SzQz(w)
1—(w,2) ’

p2(w) =
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where by s, = (1 — ]2\2)%, P, is the orthogonal projection into the space spanned
by z € B, i.e. Py(z) = w22 py(w) =0 and Q. = I — P, (see [4]). The volume of

B

D(z,r) is given by (see [4])

_ R2n(1 _ ‘Z|2)n+1
v(D(1) = e

where R = tanh(r). Set |D(z,r)| = v(D(z,r)). For w € D(z,7), r > 0, we have that
(see, for example, [4])

(1= 2" = (1= Jw[)™ ! = 1= (z,w)["T < |D(z,7)| (1)

and
|D(z,7)[**"H < va(D(z,7)). (2)
For any ¢ € S and r > 0, the nonisotrpic metric ball @, (¢) is defined by (see [4])

Q) ={z€B: |1— (2,07 <r}.

A positive Borel measure p on B is called a y—Carleson measure if there exists
a constant C' > 0 such that

w@r(¢)) < Cr* (3)

for all ¢ € S and r > 0.
A well-known result about the y—Carleson measure (see [3]) is that u is a
~v—Carleson measure if and only if

s [ (e ) <o >0 g

The area operator relates to the nontangential maximal function, Littlewood-
Paley operator, multipliers and tent space. It is very useful in the harmonic analysis.
On the unit disk, the boundedness and compactness of the area operators was studied
by Cohn and Wu respectively on the Hardy space and the weighted Bergman space
(see [1,3]).

Motivated by the results of [1,3], we define the area operator on the unit ball as
follows. Let p be a positive measure on B, we define Lusin area operator

Ga(O) = [ Py wnm, f € H(B).

Here T'; (&) is the corresponding Koranyi approach region with vertex £ on S, i.e.

L,(6)={z€B: |1 - (20| <o(l—]z?), o >1}
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The purpose of this paper is to study the area operator on the weighted Bergman
space in the unit ball in C™.

All embedding theorems we prove in this paper for area operator in the ball
were obtained recently by Z. Wu for n=1 (case of unit disk), as in [3] our proofs
are heavily based on various properties of so-called sampling sequences or r-lattice
{ax} in the unit ball (see [4]) and various estimates connected with Bergman metric
ball in C™ ([4]). In next section we collect preliminaries, in final section we provide
formulations and proofs of all main results of this paper.

Throughout the paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation A =< B means that there is
a positive constant C' such that C1B<A<CBand A < B if there is a positive
constant C such that A < CB.

2.PRELIMINARIES

To state and prove our results, let’s collect some nice properties of the Bergman
metric ball that will be used in this paper.

Lemma 1. ([4]) There ezists a positive integer N such that for any 0 <r <1
we can find a sequence {ay} in B with the following properties:

(1) B = U, D{ap, )

(2) The sets D(ay, 7) are mutually disjoint;

(3) Fach point z € B belongs to at most N of the sets D(ay,2r).

Remark 1. If {ax} is a sequence from Lemma 1, according to the result on
page 78 of [4], there exist positive constants C,Co such that

o /B e da(2) < 3@~ a1 < /B F@Pdva(z)  (5)

for all f € AL. Such a sequence will be called a sampling sequence or r-lattice

for AL,

Lemma 2. ([4]) For every r > 0 there exists a positive constant C, such that

cl<

T —1_‘Z|2— <C’I‘7

for all a and z in B such that $(a,z) <.

Lemma 3. ([4]) Supposer >0, p > 0 and o > —1. Then there exists a constant
C > 0 such that

[F)IP < 1- ’ZS)n+1+a /D(z,r) |f(w)[Pdva(w)
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for all f € H(B) and z € B.
Lemma 4. ([4]) Suppose s >0 and t > —1. Then

/ H_f“‘g“ ~ (1 [2P)~ (©)
e (1 [w]?)!dv(w)
/B 11— (2, w)|[rHi+trs = (=)~ (7)
as |z| — 1°.

It is known(see, e.g. [4]) that for every 6, there exists a sampling sequence {a;}
such that d(a;,ax) > g if j # k and

> Xp(ase)(2) < C. (8)
ps

Lemma 5. Leto >1,t>0,8€ 8, T,(¢€) ={z: [1—&z| <o(1—|z|)n}. Then

there exist o(o, t) > 1 such that D(z, t) C T'z(§) for all z € T'5(£).

Proof of Lemma 5 Let w € D(z,1), z € I'5(£). We will show that w € T5()
for some o > 1. Since z € I'5(§), then |1 — &£z| < o(1 — |2]), hence

1= (& w) 11— (& 2)| + (6, 2) — (€, w)
o(l—|z]) + [z — v
o(l = |w]) + (o + 1]z —wl.

IN A IA

We will show |z — w| < o1(1 — |w|)% for some o1 > 1. This is enough since
w € D(z,t) is the same to z € D(w, t) we have by exercise 1.1 from [4]:

‘Pw(z) — C|2 + |Qz(w)|2

R2o? o, < 1. (9)
where
(1-R?>)w 1— |wl?
Rt =tanh(t), ¢ = I —par 20 1 = T Repu
(z, w)w (z, w)yw
Py(2) = 5 Qu(2) =2 —
@)= S0 Que) =2 - B
Hence
|2 — w| S01<Iz—Pw!+ <Z|ﬁ3w ‘c’+lc—wl>; (10)
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1— R? Cy
le —w| < \w[(l -1 R2|w|2> = R2(1 — |w]) = Ss. (11)
It is enough to show
(z, wyw (z, wyw 1—Jw® \2_
e e ) o
Note
2
|z—w|2 <C | _ |2 + _ <z,w>w (z,w)w (13)
<Cslle—w z w]? e cl .
Hence from (9)
lz—w* < Cule —w]® + R?%0y)
R*(1 — |wf)
< 2 2 T/
< C4<SQ(|U)|,R) + 1= R?[w|?
R(1— |w?)2 \?
< —_— ] .
< O (52 t- R2[wl?

Hence |z — w| < C5(1 — ]w|)% Hence we complete the proof of Lemma 5.
Remark 2. For n = 1, Lemma 5 was proved by Wu’s paper in [3].

Lemma 6. Let ju be a positive Borel measure in B. Let D(w, t) C T'o(£), w €
'+ (&), where 1,0, &, t are from Lemma 5. Let f € H(B). Then

[ ldu(z) _ | )
A& RTEE '/zt T ez )

Remark 3. For n = 1, Lemma 6 was provided in Wu’s paper in [3].

Remark 4. The careful inspection of proof of Lemma 5 shows that we can find
d, & > 0 such that D(a, §) C T'5(§), if a € T5(£), o > 1, for some fixed 7, 5 > 1.

Proof of Lemma 6. Since xp(. (W) = Xpw,(2), z,w € B, t > 0. Using
Lemma 3, Lemma 5 and Fubini theorem, we have

1 ()ldu(z) | Y du)
/& =R 5(7n@u—VWH<A@J“”d<Ou—MW

S / (1’22n+1/ |f ()X D(w, ) (2)dv(w)dp(z)
/a(f /T (1- ]2 2n+1|f( W)X p(w, ) (2)dv(w)dp(z)

A&wabhdﬂm(ﬁmﬁwwﬂmm»
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Hence we complete the proof of Lemma 6.

We denote by (A%); the space of all holomorphic functions in the unit ball such
that

)P —
Hle(D // )P =) dv(z)do(§) <oo,neN,0<p<oo, a>-—1,
r'e(§)

(1— |z

where B )
€)= {2 €B: [1—€2] < t(1— [2])7, £ > 1}

enlarged approach region.
Note for n = 1, (4%); = AL. Since for every t > 0,0 < p < 0o, @ > —1,n >

1,n€eN,
11 < | / O u(ayas(e

[i(§) ={zeB: 1 =& <t(1-|2])}, t > 1,

where

we note that
2)Pduy(z) < z2)Pduy (2
/M)m VPdva(z) < /|f< ) Pdva(2)
3 e,
A //rt(a e ©
(2)
(

B //Ft(@ Ro=E

where 0 < p < 0o, a > —1, f € (A5)1(B). We will use this observation in the proof
of Theorem 1.

A

1—z\

We will also need Khinchine type estimate.

Remark 5. Let us remind classical Khinchine’s inequality. Let ¢ € [0, 1),

1, 0§s—[s]<%,

ro(s) =
-1, $<s—[s]<1l
rj(t) = r9(27t), 7 = 1,2,.... Classical Khinchine’s inequality says:
N P 1 N | /X B
CP(Z ’aj’2> < / | > ajri()|Pdt < C(Z ’%’!2> ,0<p< oo,
=0 0 j=0 PN =0
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Where a; are real numbers.
We will also use the following assertion.

Remark 6. Note that for any {z;}-r-lattice in B and any large enough m and

for .
(1—|21)
A—g)"™ 5T

for sufficient small r > 0, f(z) = >, a;f;(2) is in AL(B) by Theorem 2.30 of [4] for
any a; € [P and Hﬂ|A§ < Cllajllie-

fi(z) =

j=1,2,...,2€B

3. MAIN RESULTS

The goal of this section is to prove several direct generalizations of recent results
of Z. Wu from [3] on the action of Luzin area operator in Bergman classes in the
unit disk. We consider such an area operator based on ordinary Koranyi approach
region and expanded admissible approach region that coincide with each other in
case of unit disk and study it is action on Bergman classes in the unit ball.

Theorem 1. Let p be a positive Borel measure in B. Let f € (Ah)1, p < q<
00, 0<p<1, a>—1. Then

{/S </Ft(§) W)qda(f)}é < C||fll(az),, for some t > 1

if for some § > 0, fD(zﬁ) dp(w) < C(1 — |z|)7, where v = %"‘H +n— 4. The

reverse assertion is true for AL class and enlarged approach region.

Remark 7. For n = 1, obviously enlarged approach region coinciding with
ordinary approach region, moreover A5 = (A%);, Theorem 1 was obtained by Z. Wu
in [3].

Proof of Theorem 1 First note that from Theorem 2.25 of [4] it follows that
for some ¢ > 0 in formulation of Theorem 1 can be replaced by for any § > 0 .
First we prove the second part. Let us note that the following estimate is true

by Lemma 4.
1 _ m
allag <€, i fu(e) = — 01D
(1—az)"" v

where a € B is fixed, m > 0. Hence

o { [ 628 o) <
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We now estimate G = G(f,, pt) from below. For that reason we use the following
estimates.

First if z € D(a,¢), then by Lemma 2, we easily get |fo(2)] < (1 — |a])~
On the other hand, the accurate inspection of proof of Lemma 5 (see Remark 4)
shows that we can find 6, § > 0 such that D(a, 0) C [5(€), if a € ['x(€), o > 1, for
some fixed o, ¢ > 1. Using all that we can estimate G(f,, 1) from below to obtain
the estimate we need. We have

Ifa(Z)ldu(2)>q
G(fas ) > d
o 2 [ (/D(a,5> G pr )
C(1—a)™"7 7 (u(D(a, 8)))"
1
— . d
Ty
where I,(a) = {£ € S: a € T'x(§)}, 0 >0, a € B. As it was noted in [4], the
following estimate holds.

I (a)] = / de = / Xrw e dE = (1= la])™.
I5(a) S

Hence we have that

G(fas )" = C(p(D(a; 0)))*(1 = |al) -

So finally we have

+n+1

A\

oc+;1+1 g—ng+n

a+n+1 +n77

p(D(a,6)) < C(1 — |al) 7

for some 6 > 0 and all a € B.
For ¢ = 0o, we have

#(Da,9)) cef 1fa(2)ldu(z)

(1—Jaf) 5+ EE
e | Fal2)ldu(2)
fo (=)
< C”faHAg'

The condition we obtained above on measure is also sufficient. To show that we

will need new estimates. For that reason we choose {z;} lattice (8-lattice) in B with
0 less than 9,

at+n+1 4n— n

1(D(z,0)) < C(1—|z]) " » “,
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Hence

i = (], 245

M(D ng) P
< {C > ( sup f(w)o (1_(’2’)21
DB ATz EPE0) ’
<c ¥ ( sup ~\f6w)V> (1= [l
D(z3) N WEPE0)

Furthermore D(w,8) C D(zj,QS) it w e D(zj,g) by triangle inequality for (3
metric = ((z,w). And by Lemma 3 and Lemma 2

f,<OZ/ P ol oy ),

(ZJ7

Since by Lemma 3 and Lemma 2, for w € D(z;,0)

C
TR g

),
< w)[Pdu, (w).
S Aot g, g I dele)

Since for D(z;,0) \T4(€) # @ and for z € D(z;,0) (\T4(€), we have D(z;,20) C
D(z,30) C T5(£),8 > 0, for some & > 0, by Lemma 5 then using (8) we will have

[f(w)[P <

S,(f. <c/ P = |2) " Fdva(z) = M(f,p,q, )

for some o > 0,
q q
(Sp(f7 u))p S C(M(f7p7 q7 a))p .
By Holder inequality and the observation at the end of previous section

|/ (2)[Pdva(2)
(T—lzhm

Hence integrating both sides by sphere S we have finally what we need.

IS )l < Clls gy, = [ [ T

(M(f,p,q,0))7 < | FIE5), /f~(§)
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The proof of Theorem 1 is complete.

The following result follows from Lemma 5 and also can be found in Wu’s paper
for n = 1(see Theorem 3).

Proposition 2. Let a > —1,q € (1,00), p is a positive Borel measure in
B, 6>0,

IAZ(f)IIch:{ / ( / » Mm( >)qdo<5>}; < Cswp /(2.

H/Fr(ﬁ ( D(z,0) Mw))(lah|;(\z);7”rl

for some 5> 0, 7>0.

Then

< 00
La(S)

Proof By Lemma 5, for any t-lattice {2;} in B, we have D(z;, t) C T, (¢) or all
zj € I's(€), for some 7 >0, £ €S, 0 > 1, t > 0. Hence since HAz(l)HLq < 00, we get
what we need. Indeed by (1),(2), Lemma 1 and Lemma 2 we have

/ﬁ(é) </D(z5 I (w)>(1—d1|)2(|z)l"+1

s © Z / (2;,0) (/L)(zj,25) du(w)>(1_d|q;§'|z))2m

3, D(25,0)
02(/ 10
c2 () i < Ot

where at the last step we used arguments provided in proof of second part of of
theorem 1 which were based on estimate (8).
The proof of Proposition 2 is complete.

IN

IN

The following result was obtained by Wu for n = 1. We follow Wu’s ideas
expanding his arguments to unit ball in C".

Theorem 3. Suppose a > —1, 1 < qg<p<oo,t>1, u be a nonnegative Borel
measure in B. Then the following is true.

(L([, Sy e} < i,
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yd
p—1 dv() (p—1)q
Kou= [ ([ autw)’ e L5 (s)
P Jrae \ s (1= |2t

forany o >1,9>0.

Proof Let us consider first p = oo case. The proof follows directly from Lemma
6 that we proved above. Let f € H(B). Then we easily have by Lemma 6

C/ </F © (- ‘LT;EL+)1> do(§),
= ([ )l

M) < (supl£)) - K

IN

where
Hence

This is enough since Koo (1) = K ().
Let ¢ > 1,1 < p < 00. Then again using Lemma 6 and Holder inequality, we
have the following chain of estimates.

B F)ldu(z)
S(ufit) = /F o R

. N Joges dnlw) ol

B Ty (©) (1 —|z])?n+t

(o 0 )

'{/No(s)(l—l\zrl)q</D(z76) dp(w) p(l‘lf('z)’)n}”’_

Hence again using Holder inequality, ¢ = (n + 1)p/, % + 4 =1,

|~

A

[ (80n£.0000€) < UL,

The proof of Theorem 3 is complete.
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The following result was also obtained by Wu for n = 1. We follow again Wu’s
ideas to expand his one-dimensional arguments to the unit ball case in C".

Theorem 4. Let a > —1, g <p < 00,0 < q < 1. Let pu be a nonnegative Borel
measure in B. Then the following statements are true.

1) For any fized o > 0,

(L] G2 oo} <crna
(= ““/% D) PO <l ()

7y ZJEFT

for any T > 0, d—lattice {2}, s = %’f“ +n.
2) If (My) holds for enlarged Koranyi region, then (M) holds for some T > 0
and ordinary admissible Koranyi region.

Remark 8. For n = 1, Theorem 4 was proved by Wu’s theorem in [3].

Proof of Theorem 4. Let first condition (Ms2) holds. As in proof of Theorem
1 (arguments in second part of proof based on estimate (8)), D(z;,0)(I's(§) #
implies z; € T, (¢) for some 7 > 1 (Note this for n=1 was proved in [3]). Hence for any
function f, f € H(B), we have the following chain of estimates, let D; = D(z;,9),

|f(2)|du(z) |f(2)|du(z)
/Fa(o (1—|z)" < C Z / (1 —1[z))™
i)

7, DN To(
u(D
< 0% (ap o) 20
Zz&' 0= [
a+n+1
scz<mu yrmwp
. z€D '
g (]
: dﬂ(w)>
(1 _ |zj|)(a+n+l)(%—1)+n D(z;.,6)
1

(1 _ |zj|)a+n+1

at+n+1

S sup | £(2)I(1 = z1)

1
</z><Zj,a> (1= |z =%t
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Hence we only need to show that

at+n+1

(I—=1lzl) 7 sup |f(2)]

ZEDj

is in [? and it is norm dominated by C||f|| 4». This is obvious for A5® = H>°, where
H® is the class of all bounded analytic functions in B. For p < co, we have using
Lemma 1-3

> e (su aup 11 ) < % [ ) < ClsIE,

(25 ,25

This is what we need.

Let us show the reverse assertion in Theorem 4. We will need several auxil-
iary assertions for that. First a theorem from [2], on Khinchine’s inequality for
K —quasinorm || - || of K—qausi Banach space X, then we will need the atomic de-
composition of Bergman classes A%, which can be found in [4] and we will need also
Lemma 5.

Recall that a K —quasinorm || - || for quasi-Banach space X is a function from X
to [0,00) which has all the properties of a norm except that the triangle inequality
is replaced by ||z + y|| < K(||z|| + ||y||) for all z,y € X.

Theorem C. (see [2]) Suppose 0 < 7 < s < 0o, K > 0. There exist positive
constants C' and C' depending only on 1,s, K such that for any quasi-Banach space
X with K—quasinorm || - ||, any positive integer n and any x1,...,x, € X, the

following estimates hold.
1 T 1 1 s 1
C’( Z ri(t)x dt> ’ ( Z ri(t)x dt> |
01 o1y
1 T o\ L
C </ Z ri(t)z; dt> "
0

J
Theorem D. (see [4]) Supposep > 0,a > —1 and | > nmax{1, %}%—O‘Tﬂ. Then
there erists a sequence {zx} in B such that A%(B) consists exactly of functions of
the form

IN

IN

(Ip—n—1-0a)/p

2B, llagle = 1 flLa-

Za 1—|Zk|)

where ai belongs to the sequence space IP and the series converges in the norm
topology of AL(B).

(2, 2k))!
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Remark 9. The sequence z; from Theorem D is a r-lattice, for small enough
r >0 ( see [4]).

Now we turn to the proof of Theorem 4, expanding Wu’s arguments to the unit
ball.
Assume that

{/s (/fu(E ‘{1( zﬁli:\g )>qd0’(5)}; <C|flla, for any o>0.  (14)

Let D, ={z€B: |z| <p}, pe(0,1). Let f € H(B). Put

B |f(2)|du(z)
e = /ﬁ,mDP @[l

Obviously for ¢ € (0,1) by Theorem C we have for any f; € A% (B)

o 1
(f L) =
é,op 0

Using Fubini’s theorem and Khinchine’s inequality (see also Remark 5) we have

/ <Zla3| iz >
LCL. . (Z |aj|2\fj(2)|2>;m>qda(§)
1

Zaﬂj(t)fj(Z)

It is easy to note that constants in equivalence relation (15) do not depend on p
so we can pass to limit p — 1.
Let

If

dt
§0.p

() fi (2

> ami(0)f(2)

() f5(=

dtdo(§).(15)
§0.p

(1 —JzD)™
(1 _7j )m+a+2+

Then by Theorem D and Remark 6

z) = Zajrj(t)fj(Z) € Au(B) and |[|fi]l4z < Cl{a;}w, t €0,1).

{a;} €?; fi(z) = - with m>n+1,7=1,2,..., 2 € B.
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Putting this f; into (14) and (15) and using the fact that
1
3

a; ~ o~
(TlaPiser) > ol < —— 'DLMnﬂ,zjeD(z, )50,
j — |2 v

[( X R ) v < cles.

ipsctoe) (1~ 170

we have

Hence we will have

/S{ > !aj</D(z_5)du(w)>(1 | Swﬂ}qda(g)gcu{%}y;.
» —lz) e

j,Zj EFT (g)

Since as it was noted before if z; € I'-(§) for some 7 > 0, then D(z;,0) C Ty (8).
The proof of Theorem 4 is complete.

Remark 10. It is easy to notice that the proof of the first part of Theorem 4 is
true for all p > 0 and ¢ > 0.
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