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RADIUS OF STARLIKE AND PARTIAL SUM PROPERTY FOR
HOLOMORPHIC FUNCTIONS DEFINED BY KOMATU
OPERATOR

A. TEHRANCHI, A. MOUSAVI AND N. VEZVAEI

ABSTRACT. In this paper we investigate some important properties of a holo-
morphic functions with negative coefficients by using Komatu operator. We provide
necessary and sufficient conditions, radius of starlikeness, convexity and close-to-
convexity for this class.
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1. INTRODUCTION AND DEFINITIONS

Let B denotes the class of functions analytic in the unit disk A = {z € C: |2| < 1}
and let 7 denotes the subclass of B consisting holomorphic functions of the form

o

f2)=2=) a, (1)

k=2

which are analytic in the unit disc A.

Definition 1.1. The operator kC is the komatu operator ([2],[5]) defined by

R CES 1\ ftz)
k;g_/o ) t <logt> ot
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By applying a simple calculation for f € T we get

[(c+1 0
kg:Z_Z(c—i—k) anzt. (2)
k=2
From now on in this paper let
c+1\ 5 - k
&(e0) = () = ha=2- > (e, O)ar2F, (3)
k=2

Definition 1.2. A function f(z) in 7 is said to be in class of T(«, 3, ¢,9) if
ke
L] a @

{K)
i {z[k2<f>1’}> k()

where 0 < a<1,0<8<1,¢>—-1andd > 0.

Definition 1.3. A function f(z) € B is said to be convex of order p(0 < p < 1)
if and only if Re {1 + ZJ{,,;S)} >, z € A (see [4]).

A function f(z) € B is said to be starlike of order u(0 < p < 1) if and only if

Re{1+ 3G} > 1, 2 € A (see [1], [4)).

The family 7(«, 3, ¢, ) is a special interest for it contains many well-known as
well as new classes of analytic univalent functions. This family is reviewed by Sh.
Najafzadeh and A. Ebadian in [3], and also A. Tehranchi and S.R. Kulkarni in [5],

[6].
2. A NECESSARY AND SUFFICIENT CONDITIONS FOR f TO BELONG TO 7(«,[3,¢,0)

The following theorem gives a necessary and sufficient condition for a function
to be in 7(a, 3, ¢, d). Before proving the theorem we need the following lemma.

Lemma 2.1. Let0<a<1,0< <1 andyeR. Then Re(w) > ajw — 1|+
if and only if

Re[w(1 + ae™) — o] > 3. (5)
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Lemma 2.2. Let 0 < 8 < 1 and w € C. Then Re(w) > [ if and only if

jw—=(1+8)] <|w+ (1 =75
There is a mistake in the proof of Theorem 2.2 in [3], which is corrected as in
the following:

Theorem 2.3. Let f € B. Then f(z) € (e, 3,¢,9) if and only if

[+ a) — k(o +B)]

13 (e, 0)ar < 1. (6)

k=2

Proof. Let us assume that f(z) € 7(a,3,¢,6). So by Lemma 2.1 and letting

8
w = Z[’ng((?)], in (4) we obtain

Re[w(1 + ae™) — ae] > B.

So
z— Z (e, 0)ap2"
Re 50:1 (1+ae”) —ae™” —3| >0
z (1 - Z k& (e, 5)akzk_1)
k=2
then
1= 8= (1—Bk)&(c,0)arz"" — ae Y (1= k)&(c, d)arz""!
R k=2 k=2
€ o
1-— Z k&g (e, 5)@;62]“*1
k=2

The above inequality must hold for all z in A. Letting z = re~* where 0 < r < 1

we obtain
oo

_1 - 08— Z(l — Bk) + ae? (1 — k)&(c, 6)aprt!
=2 > 0.

1- Z k& (c, 8)apr* !

L k=2

By letting » — 1 through half line z = re~* and the mean value theorem we have

e}

Re |(1—8) = ) [(1—Bk) + a(l = k)l&(c, O)apr™ 1| >0,
k=2
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so we get

Z [(1 —|—Oé)1—_k‘(a +ﬁ)]§k(c’ 5)% < 1.

g

k=2

Converesely, let (6) holds. We will show that (4) is satisfied and so f(z) € 7(«, 3, ¢, 9).
By Lemma 2.2 it is enough to show that

[w(l + alwl|+ B)] < |w+ (lafjwl|B)],
If

R=|lw+1—-0—-alw-—1|
o0

2z — Bz — Z[l + (1= B) + a — aklé(c, 6)ayz®

k=2

b
LAY

This implies that

e}

2|

"= Lrem [2 L

[+ (1+a) = k(e + B)k(c, 5)%] -

Similarly, if L = |w — 1 — 8 — ow — 1|| we get

L< % B+ Y K+ (1+a) = k(a+ B)é(c, 6)ax | .
EC =
It is easy to verify that R — L > 0 and so the proof is completed. O

Corollary 2.4. Let f € 7(a, 3,¢,0) then

1-p5
[(1+ ) = k(o + B)]ék(c,0)’

ap < n=223,4,---

Theorem 2.5. if ¢; < ¢, then 7(«a, 3, ¢2,0) C 7(a, B, ¢1,0).
Proof. Let f(z) € 7(a, 5, c2,6). Then we have

Z [(1 +a)1__k(a +ﬂ)]§k(0275)ak < 1.

8

k=2
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But & (c, §) is an increasing function of ¢, so &x(c1,d) < &k(c2,0), and hence we have

3 [(1+ a)l—_kgoz +5)] Exler, D < 3 [(1+ a)f_l}(a + )] E(ca, )ay, < 1,
k=2 =4

therefore f(z) € 7(«, 8, ¢1,0).

Theorem 2.6. (Growth Theorem) If f(z) € 7(«, 3,¢,0), then

(1_6) (1_ﬁ) |Z’2 (7)
(1=0)—(a+p) 1=p)—(a+pB)"

2| = |2 < IR2(H)] < Jz] +

Proof. Let f(z) € 7(«, 3, ¢,0). In view of Theorem 2.3 we have

oo 1-8
1) .
2 D) < T (o )
Therefore
K2(f)] < |2| +Zak§k(ca 5)z[*
=2
<zl + 217 ) ardile, 9)
o
1-p 2
R e L
and

KA = 12l = D aréile, 0)l=*

k=2
> |2 = |21 ) aréi(e,6)
k=2

1_5 |Z‘2
(1—=5) = (a+p)

3.RADIUS OF STARLIKENESS, CONVEXITY AND CLOSE-TOCONVEX

<z =

In this section we will calculate Radius of Starlikeness, Convexity and Close-to-
convexity for the class 7(a, 3, ¢, ).
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Theorem 3.1. Let f € 7(«, 3,¢,0). Then f(z) is starlike of order (0 < p < 1)
in|z| <r=ri(a,B,cd,u) where

k—1

(k= p)(1 = B)

T’l(Oé,/B,C,(S,,Uz) = Hl%f |:(

Proof. For 0 < u < 1 we need to show that
We have to show that

()
£ 1| <1-p

- Z apz (k= 1)
k=2

/z) 1- Zakzkfl
k=2
> aglzF (k- 1)
k=2

<

<1_:U’a

o0
1-— Zaﬂz]k*l
k=2
.- k-1 (k=
= Zak|z| T, )< 1.
k=2 —H

By Theorem 2.3, it is enough to consider

(1= [+ @) = k(a+ F)]
(k= p)(1 = p)

This completes the proof. O

|Z|k—1 <

fk(C, 5)

Theorem 3.2. Let f € 7(a, 3,¢,0). Then f(z) is convex of order u(0 < p < 1)
in 12| < 1= ra(c B, ¢, 6, 1) where

(-pli+a)—ka+p)], 7
k

ro(a, B8,¢,0, 1) = irlif = =7 &r(c, d) . (9)
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Proof. We show that ij,lzg) <1-—up,
o0 o0
Z k(k —1)agz""! Z k(k — 1)ag| 2|
ie. k=2 < k=2 <1-—up,

1— Zkakzkfl 1— Zkak\zﬂk*l
k=2 k=2

o0 k—
= Zak|z|k_1k <1_'u> < 1.

k=2 H
By Theorem 2.3, it is enough letting

|Z|k—1 < (1 — M)[(l + Oé) — k(a + ﬁ)]
- k(k — )1 - p)

This completes the proof. O

Ek(cv 5)

Theorem 3.3. if f(2) = z — Y reyarz® € 7(a, B,¢,0), then f(z) is close-to-
convez of order (0 < p < 1) in |z| <r=rs(a,f,c,0,u) where
1

(-1t +0) —k@+B)], 1

Proof. 'We must show that [f'(z) — 1| <1 — p for |z| < r = r3(a, 5, ¢, 0, u) when
rs(a, B, ¢, 0, 1) is given by (10). Now

7“3(0[, 6707 57 /L) = I%f |:

z)—1| = Zk;akzk < Zkaﬂz\k <1 -
:i kak |z’k71<1
1—pu )
k=2

By Theorem 2.3, above inequality holds true if

et < (=m0 +0) Kot 9)
k(1= )

This completes the proof. O

&k(c, ).

4 PARTIAL SUM PROPERTY OF 7(a, 3,¢,d)

Theorem 4.1. The (o, 3,¢,0) is convex set.
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Proof. Let f(z) and g(z) be the arbitrary elements of 7(a, B, ¢,0. Then for every
t(0 < t < 1) we show that (1 —¢)f(z) +tg(z) € Q(e, 3, A). Thus, we have

(1—t)f(2) +tg(z) =2 ) _[(1 = t)ag + thy] ¥
k=2

and hence
(= MOt Dl e, o)1~ s+ th) =
k=2
a-ny F a)l__kgo‘ L PR P o (Cha O‘)l__kﬁ(a = Ble, e 00 < 1.
k=2 k=2

Corollary 4.2. Suppose the f(z) and g(z) belong to T(c, 3,¢,6. Then the function
h(z) defined by h(z) = 3(f(z) + g(2)) also belongs to T(c, B3¢, §).

We say that g is subordinate of f denoted by g < f, if g(z) = f(w(z)), where w
is an analytic Schwarz function with w(0) =0, |w(z)| < 1.

Theorem 4.3. Let f(z) € 7(«, 5,¢,0) and g(z) be an arbitrary element of B,
such that g < f, g is subordinate to f;

and if
1 [dF(f(w(z
also if
D I+ ) = k(a+ B)]|gkl
h=2 sz(C? 5) < (1 - ﬁ)’ (12)

|91|

then g € T(a, B3, ¢,9).

Proof. Since g < f, by definition, there is an analytic function w(z) such that
|lw(z)] < |z| and g(z) = f(w(z)). But g is the composition of two analytic functions
in the unit disk, therefore we can expand this function in terms of Taylor series at
origin as below:

oo
§ : n

= gnz
n=0
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where gn is defined in (11). Hence

w(0 w'(0) £ (w(0
= TEO) o OLWO)
Therefore, we can write
z) + ngzk,
k=2
and
K (g(z ka ¢, 0)gpz".

We must prove g(z) € 7(a, 3, ¢,0) or

o0

(1 +a) —k(a+B)]
(1-5)

5]6(67 6)91{? <1

N

By Theorem 2.3 we have
Re Z (1 — Bk) + a(l — k))&(c, 0)grr*1| > 0.
k=2

Letting » — 1 and by (12) the last inequality is true and the result can be obtained.
O
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