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1. INTRODUCTION

Let us consider the functional [3]

b b b b
T(f,9.p.q) == / ¢(x)dz / p(@) f(2)g () do + / p(z)da / o(@)f (z) g (z) da

~ ([Pa@)f @) dz) (J p(2)g (@) dz) = (f7 p(2)f (z) dz) ([2 a(@)g (x) dx) ,
1)
where f and g are two integrable functions on [a,b] and p,q are two positive inte-
grable functions on [a, b].
In the case of f/, ¢’ € Loo(a,b), S.S. Dragmir [9] proved that

2?p(z)dx — (/

a

b b

15(,9:2) < 17 ell | [ pie)i | @), @)

where . b
j p(z) /a p(x)f () g (z)dx )
— [P p(@)f (x) dz [ p(x)g () da.
If f is M-g-Lipschitzian on [a, b] : i.e.

S(f,9,p) = %T(ﬁg,p,p) = /

[f (@) = f(y)| < Mlg(x) —g(y)l; M > 0,2,y € [a,], (4)
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Dragomir proved that

b b b
Sl < M| [ @y [ Pap@ide— ([ g@pz)]. )
Many researchers have given considerable attention to (1) and (3) and several in-
equalities related to these functionals have appeared in the literature, to mention a
few, see [1,2,4-12,14-18]and the references cited therein.
The main aim of this paper is to establish some new generalizations for the extended
Chebyshev functional (1) by using the Riemann-Liouville fractional integrals. We
give our results in the case of differentiable functions whose derivative belong to
Lo ([0, 00]. Then, under the condition (4), we give another class of inequalities.

2. BASIC DEFINITIONS OF THE FRACTIONAL INTEGRALS

Definition 1. A real valued function f(t),t > 0 is said to be in the space Cy, i € IR,
if there exists a real number p > u such that f(t) = tP fi(t), where f1(t) € C([0,c0]).
Definition 2. A function f(t),t > 0 is said to be in the space Cj,pu € IR, if
fmec,.

Definition 3. The Riemann-Liouville fractional integral operator of order a > 0,
for a function f € C,, (n > —1) is defined as

JOf(t) = ey Jot =) f(r)dr; o> 0,t >0,
JOf(t) = f(1),

where T'(a) := [° e “u* 'du.

For the convenience of establishing the results, we give the semigroup property:

(6)

JTBF(t) = JBF(t),a > 0,6 >0, (7)
which implies the commutative property
JeTPf(t) = JPTYf(t). (8)
More details, one can consult [13].
3. MAIN RESULTS
Theorem 3.1. Let p,q be two positive integrable functions on [0,00[ and let f

and g be two differentiable functions on [0,00[. If f',g" € Lso([0,00]), then for all
t>0,a >0, we have:
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’J"‘q(t)J"‘pfg(t) + Jp(t)J%qfg(t) — J¥qf(t) T pg(t) — J“pf(t)J“qg(t)’
9)
< FMloollg Moo [J"q(t)J"tzp(t) + Jop(t)J*tPq(t) — 2(J°‘tQ(t))(J“tp(t))]

Proof. Let f and g be two functions satisfying the conditions of Theorem 3.1 and
let p, ¢ be two positive integrable functions on [0, co].
Define

H(r,p) := (f(7) = f(p))(9(7) —g(p)); 7,0 € (0,1),£ > 0. (10)

Multiplying (10) by “}Ti_lp(T); 7 € (0,t) and and integrating the resulting iden-

()
tity with respect to 7 from 0 to ¢, we obtain

b t — () H (T T
Fa) , =7 -

= Jfg(t) — f(p)Jpg(t) — g(p)Jpf(t) + f(p)g(p)J“p(t).

Multiplying (11) by (t}’zzj)_lq(p); p € (0,t) and integrating the resulting identity

with respect to p over (0,t), we can write

FQE@) /ot /Ot(t = 1)t = p)* ' p(r)a(p) H (7, p)drdp

(12)
= J%(t)Jpfg(t) — J%qf(t) T pg(t) — Jopf(t)Jqg(t) + Jop(t)J*qfg(t).
On the other hand, we know that
H(r,p) = /Tp /Tp ' ()g' (2)dydz, (13)
From the hypothesis f/, ¢’ € Loo([0, 00[), it follows
el <| [ 1wy [T <181l e =02
Hence,
w0 e o o -

< Wllglle 8 it — 7)ot (= p)= 2 (72 = 27p + pP)p(T)a(p)drdp.
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Thus, we obtain the following inequality

1 bt a—1 a—1
Fay 7 = 0T ) H
(16)
<1 Nlsollg oo | Joa(8) T4 p(t) — 2(Ttp(1)) (Jtg(t)) + Jp(£) T E2q(t)|.
By the relations (12),(16) and using the properties of the modulus, we get the
desired inequality (9).

Remark 3.2. Applying Theorem 3.1 for o = 1,p(x) = q(z);z € [0, 00[, we
obtain the inequality (2) on [0, ¢].
The second result is the following theorem.

Theorem 3.3. Let p, q be two positive integrable functions on [0, 00 and let f, g be

two differentiable functions on [0,00[. If ', ¢ € Lso([0,0]), then for all t > 0, >
0,06 > 0, we have

T 170 fg(t) + Ja(0)Ipf(t) — JopF(£) T ag(t) — Paf (1) T pg(t)]

(17)
< [flc 1900 [J“p(t)Jﬁth(t) —2(Jtp(t)) (I tq(t)) + JﬂQ(t)JO‘tQP(t)]
Proof. The relation (11) implies that
1 t ot el _ B-1 T T T
St b | T 0 a0 )y "
= J%q(t)J*pfg(t) + Jp(t) ] afg(t) — JPaf () J*pg(t) — Jopf ()T qg(t).
From the relation (13), it follows
1 t
= [ (t=7)*""p(n)|H(7, p)|dr
ING)! /0 (19)
<1 llsollg' 110 [ J2#2p() = 20T %tp(E) + p2T*p(1)]
The inequality (19) implies that
1 t gt o B
St b | 0T = 0 o) plardp "

< 17l 1oo [ 77a(2) 720 (1) = 207°tp())(SP1a(0)) + T*p(0).14(1)].
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Using (18), (20) and the properties of modulus, we finally obtain (17).

Remark 3.4 (i) Applying Theorem 3.3 for a = 3 we obtain Theorem 3.1.
(7) Applying Theorem 3.3 for « = § = 1,p(x) = ¢q(x),z € [0, 0], we obtain the
inequality (2) on [0, ].

Theorem 3.5.Let p,q be two positive integrable functions on [0,00[ and let f,g
be two integrable functions on [0, 0o satisfying the condition (4) on [0, 00[. Then for
all t > 0, > 0, we have:

‘J“q(t)Japfg(t) + Jp(t)J%qfg(t) — Jqf (t)J"pg(t) — J‘“qf(t)J"pg(t)’
(21)
< M [Jop(t)Tqg3 (1) + T a(t)J*pg*(t) — 2J°pg(t)T*qg(t)|.

Proof. Let f and g be two functions satisfying the condition (4) on [0, co[. Then
for every 1,p € [0,t];t > 0, we have

|f(T) = f(p)] < M|g(T) — g(p)|- (22)
This implies that
H(r.p)| < M(a(r) ~9(p)) 7.0 € 0.1]. (23)
Hence, it follows that
1 t
—— [ (t=7)*"'p(7)|H(7, p)|dT
F(a) /0 (24)

< M(Jpg*(t) — 29(p)J°pg(t) + 6*(p)Jp(t) ).
Consequently,

ey =t i

(25)
< M[JQQ(t)JaPQQ(t) —2J%g(t)J%pg(t) + J“p(t)J“qf(t)]
Using (12) and (25), we finally get the desired fractional inequality (21).

Remark 3.6 Applying Theorem 3.5 for a« = 1,p(x) = ¢q(z);x € [0,00[, we obtain
the inequality (5) on [0, ].
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Another estimation depending on two fractional parameters is the following the-
orem:

Theorem 3.7. Let f and g be two integrable functions on [0, 00| satisfying the con-
dition (4) on [0,00[ and let p,q be two positive integrable functions on [0,00[. Then
the inequality

T ()T g(t) + TP(£)I°pf(t) — J°pf ()T ag(t) — Taf ()T pg(t)|

(26)
< M| J7q(t)J°pg*(t) + Tp(t) TPag?(t) — 27°pg(t) Tqg (1))
is valid for all allt > 0,a > 0,08 > 0.
Proof. Using the relation (24), we obtain
st L e o e iy
(27)
< 55 15 (€= )P La(p) [72pg (1) - 29(p) TPy (2) + 6(p)Tp(1)| ) dp.
Consequently,
e e e 0 o iy .

< M| J%(t)Jpg?(t) — 27%qg(t)J°pg(t) + J7qg* () Jp(t)]

Theorem 3.7 is thus proved.

Remark 3.8. (i) Applying Theorem 3.7 for o = 3, we obtain Theorem 3.5.

(77) Applying Theorem 3.7 for @« = 8 = 1,p(x) = q(z);z € [0, 00[, we obtain the
inequality (5) on [0, ¢].
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